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Beenenne
CTpykTypa yueOHHKA

VYuebuuk cocrout u3 10 pasaenos.

IlepBolii pa3ges moa Ha3BaHueM “MHOTOYJIEHBI” OXBATHIBAET CJeAYIOIIUE
CTAaHAAPTHI U MOACTAHAAPTHI.

1.1. 3HaeT yKcia U pa3auuHbie POPMBI IPEICTABICHUS YUCEI, U YCTAHABIUBACT OT-
HOILIEHUS MKy HUMH.

1.1.1. 3HaeT, YTO MHOTOUJICH /-0l CTETIEHN UMEET 7 KOPHEH 1 Ha OCHOBE ATOTO pPe-
1aeT ypaBHEHUs.

1.1.2. Ilpumensier Teopemy besy npu ieineHnn MHOTOUJIEHA Ha JIBYYJIEH.

1.1.3. 3HaeT 1 mprUMeHSET CBOMCTBO €IMHCTBEHHOCTH KOPHS 1-0li CTETICHH.

B atom pazznene npexycmarpuBaeTcs GOpMUpPOBAHHE YMEHHI U TPUMEHEHHE UX TIPH
pelieHne ypaBHeHUH #-0u CTETIeH! TIPY IOMOIIM Pa3fIoKEeHUs MHOTOUJIEHA Ha MHOXKH-
TEJH B Pa3INYHBIX peabHbIX CUTYyalUsX.PaHee yke BHITOTHITUCH YIIPaKHEHHS Ha Pa3-
JI0KeHHE MHOTOYJIeHa Ha MHOYKUTEJIN TIPY TIOMOIIY BBIHECEHUS 00IEr0 MHOKHUTENS 32
CKOOKH U (popMysT OMHOMHATBHOTO pa3NioKeHHsl. B ypokax maHHOTO pasjena 1mocieio-
BaTeJIbHO (POPMUPYETCS] yMEHHE JIeNICHHsI MHOTOUIeHA Ha MHOTOYJICH (B OCHOBHOM Ha
JIBYYJIEH).

1. BeipaxxeHre KOMIOHEHTOB JAEJEHHs JIEIUMOT0, AETUTENs1, YACTHOTO U OCTaTKa.
Vyaruecs T0/DKHBI yMETh Tipu gene- P(x) LT
HUM TIPEICTABUTH MHOTOUIICH B BuIe: B(x) Q) B(x)

2. IIpaBuiio CHHTETHYECKOTO JeJieHns MHOrowieHa (cxema [opHepa) Ha ABywIeH
x — m. [IpaBUIO CHHTETUYECKOTO JICICHUS MTO3BOJISET YUAIIMMCS BBITIONHSATD JeJICHHE
OBICTPO, HCTIOIB3YSI TOIBKO KOI(PPHUIIHEHTHI.

3. Teopema 06 ocrarke. Yuamuecs J0HKHBI IOHUMATh, YTO TP JICJICHUH JIFOOO0TO
MHorowieHa P(x) Ha nBywsieH Bufia X —m ocTaTok Oyaer paBeH P(m), ncnonssys Teo-
pemy 00 ocrarke. JlaHHast TeopemMa IMOMOTaeT ONPENSIUTb SIBISETCS JIM TaHHbBIA JBY-
4JICH MHOKATENIEM MHOTOUICHA, & TAK)KE YCTAaHOBUTH BEPHO JIM BHIMIOJIHEHO JICJICHHE.

4. Teopema 0 pa3noKEHUH HA MHOYKUTEIIN MO3BOJISIET HAUTH MHOKHUTEIH, HA OCHOBE
TeopeMbl 00 OCTaTKe.

5. Teopema o panroHaJIbHBIX KOpHsX. [10 yca0BUIO TeOpEeMbl BO3MOKHO METOAOM
nepebopa HalTH palUOHAJIbHBIC KOPHHM MHOTOYJICHA /1 CTENEHH (eClid OHM CylIe-
CTBYIOT).

6. OcHoBHas TeopeMa aireOpsl - TeOpeMa 0 KOIM4ecTBe KopHel MHoroujena. OHa
JaeT BO3MOKHOCTB TOHSTb, YTO HAXOXKJICHHE KOPHEH JIIOOBIM M3 METOAOB, BOZMOXKHO
TOJIBKO MPU MX CYILIECTBOBaHUU.

Bropoii pasnen nmox HazBanueM “CHcTeMa KOOPAHHAT B IPOCTPAHCTBE U BeK-
TOPBI” 0XBAThIBAET CJIeAYIOLIHe CTAHAAPTHI H NOACTAHAAPTHI.

3.1.1. 3naer nousitue JlekapToBOi CHCTEMbI KOOPAUHAT B MIPOCTPAHCTBE, MOHATHE
BEKTOpa U HAXOIHUT CKAJISIPHOE MPOU3BECHHUE ABYX BEKTOPOB, 33/IaHHBIX KOOPIUHATAMH.

3.1.2. IlpumMensieT pa3in4Hble KOOPAMHATHBIE METOBI NIPH PEIICHUH 3aa4 B MPO-
CTpPaHCTBE.

3.1.4. Pa3naraet BeKTOp, 3alaHHBII B IPOCTPAHCTBE HA TPU HEKOMILJIAHAPHBIX BEKTOPA.
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3.1.3. 3HaeT ypaBHEHHUE IUIOCKOCTH U CEPBl, pelIacT CBSI3aHHbIC C HUMH 3a/Ia4H.
3.2.1. llpumensieT napajuiesbHbII IEPEHOC MPU PELICHUH 3a1a4.
3.2.2. llpumensieT npeoOpa3oBaHus 000U B IPOCTPAHCTBE MPH PELICHUH 3a/1a4.

Ha mepBoIX ypokax 3Toro pasaena hOpMHUPYIOTCS HABBIKA N300paKEHUS TPEXMep-
HOW CUCTEMBI KOOPUHAT ¥ TOYKH B 3TOH cucteMe. ClieayIoliye ypoKH MpeIHa3HauYeHbI
JUTS BBIPAOOTKH YMEHHUS PeIlaTh pa3INdHbIe 3a/1a4d 110 KOOPIWHATaM B IIPOCTPAHCTBE.
Ha s1ux ypokax ydamniuecst TOMKHBI HAyYUTHCS HAXOAWTh PACCTOSHUE MEXITY ABYMS
TOYKaMHU, KOOPAMHATHI CEPEAMHBI OTPE3Ka WIIM KOOPAWHATHI TOUKH, JIENSIIEH OTPE30K B
OTIPENIEIICHHOM OTHOIIIEHUH, KOOPAMHATHI IIEHTPA TSHKECTH TPEYTOIbHUKA U TIPUMEHSTh
9TH TIpaBWIIA MPH PEIICHUN Pa3InYHBIX 33/1a4. B 9TOM paszerne Taxke N3ydaroTcsi BeK-
TOPHI B MIPOCTPAHCTBE W MX CBOWCTBA. Pa3men Takyke OXBaThIBaeT yPOKH, BBIpaOAThI-
BalIe yMEHHE 3alUChIBaTh BEKTOPHI depe3 Oa3uCHBIE BEKTOPBI, HAXOXKEHHE
€IMHUYHOTO BEKTOpA U CKAISIPHOTO MPOU3BEIEHUS IBYX BeKTOpoB. HOBBIH monxon, Ha-
MIpaBIIEHHBIN Ha MMPaKTHYECKOe IPUMEHEHHE, IPE/ICTABICH Ha YPOKaX, CBI3aHHBIX C Ha-
XOXKJIEHUEM CKaJIIPHOTO TPOM3BENIEHUsS JIByX BEKTOPOB. Takum oOpa3zoMm ydariuecs
MMOHUMAIOT, YTO MCTIONB3Ys CKAISIPHOE MPOU3BEICHNE BEKTOPOB MOXKHO HAaWTH yTOI
MEXJTy BEKTOPaMH, YTO UMEET OOJIBIIIOE MPAKTHIECKOE 3HAYCHHE.

B yueOnuKe, MpuKIIaAHBIMA 33TaHUSIMH, ITHPOKO TPE/ICTaBICHBl YPaBHEHHS IPSIMON
1 m1ockocTH. CTpEeMHUTETHLHOE Pa3BUTHE TEXHOIOTHH JellaeT HeoOX0MUMBIM OoJtee Je-
TaJHHOTO M3yYEHHUs BEKTOPOB. Hamprumep, BEKTOPHI IMUPOKO UCTIONB3YIOTCS B KOMITBIO-
TEPHOM IMPOTPaMMHOM oOecredyeHuH. MBI MOXEeM pacroiaratb HeoOXOIuMYIo
nH(GOPMAIIHIO ¥ PUCYHKH B JIFO0OOH TOYKE DKpaHa KOMITbIOTEPA. A 3TO CBSA3aHO C OIpe-
JIeJIEHHEM KOOPJIWHAT TOYKH MPH TIOMOIIN BekTopa. [losromy, BMecTo abcTpakTHOTO
TTOHATHS “‘paIIyC -BEKTOP”, OTPEACIIAIONICTO MOJIOKEHUE JTF000H TOYKH B IPOCTPAHCTBE,
KOTOpPOE MBI UCIIOIF30BAJIM JI0 CETOIHSIIHETO JTHS, BBOIUTCS IHUPOKO UCTIOIh3yeMOe
MTOHATHE “BEKTOP - TO3UIMK . DTHU IMOHATHS JAIOT BOBMOXXHOCTHh OCO3HATH MPAKTHUC-
CKYIO B&KHOCTB TIPOOJIEM.

Tpetuii paznen “IIpenen” oxBaTbIBaeT cieqyIOIHe CTAHAAPTHI U MOACTAHAAPTDL.

1.2.1. 3naer ompeneneHue YUCIOBON MOCIE0BATEILHOCTH U €€ Mpenea.

1.2.2. 3Haet nousTHE npesea QyHKIUU, CBOWCTBA MPEJISIIOB U 3aMedaTeiIbHbIC TIpe-
JICJIbI ¥ TIPY TIOMOIIIU HUX BBIYUCIISET MPEICIbI.

1.2.3. 3HaeT noHATHE HENPEPBHIBHON (PYHKIIMU M MPUMEHSET OCHOBHBIC CBOWMCTBA
HEMPEPBIBHOCTH (DYyHKITUH.

HoBpIil mogxox Ha OCHOBE MEXYHAPOJHOTO OTBITA JaH MPH ONPEAEIEHUHN TIpe-
Jena. B ommuunu oT nmponuion IUTeparypsl, TAC JaBaloch (popMaabHOE TOHSTHE
rpejiena, 3/1ech mpeJie UCCIIeNyeTCsl Ha KOHKPETHBIX peallbHbIX puMepax. OaHo-
BPEMEHHO JaHO W KJIACCUYECKOE OIpeiesieHre mpeena (Ha s3bike “0 - €7).



Tax>xe 1moxa3aHbl TpU IpaBujia (nemee JiBa U3 KOTOPbLIX OYCHb BAXXHbI U Ha-
IVIIHBI U OJIMIKE K SMIIMPUYECKOMY METO/Y ) OIIpe/iesIeH s Ipejieia - rpadMuecKuid,
TaOJIMYHBIC ¥ AHATTUTHYECKUHN. YYaluecss MOTYT IMPUOIM3UTEIBHO OTPEIETHTD Tpe-
Jel1 10 rpaduKy, IpU MOMOIIM TaOIUIbl, MOTYT HalTH MIpefel (€ciu OH Cyllle-
CTByeT), BbIYUCJIUB 3HAYCHUS IIpH HpI/I6J'II/I)K€HI/II/I Kak CIipaBa TaK M CJIEBa K
3aJJaHHOMY 3HAYCHHUIO.

OT0 co3AaeT NPEANOCHUIKH ISl Ty4lIero noHnManus “CyniecTBOBaHUs Ipe-
Jena’ mpu AainbHeleM nzydyeHun. CBOMCTBA NPEAEIOB U 3aMedaTelIbHbIE Mpe-
ACJIbI Jal0T BO3BMOXKHOCTb HaAXOAUTh NPEACIbl aHATUTHYCCKUMU CII0CO0aMHM.

Jliist onpeiesieHus HeNpPepbIBHOCTH (DYyHKIIMU, SIBISIOIIETOCs 10CTATOYHO CI0XK-
HOH TeMOﬁ, JaHbl MHOTOYHCJICHHBIC 3aaHusd, JJIs MO2TAITHOIO U3YUCHMA, 3aKPCII-
nenuss u  kinaccupukanuu. Creayroniye ypOoKH IOCBSIIEHBl  U3YyYEHUIO
3aMeuaTeIbHbBIX MPENeNIoB, COACPXKAIMX TpUroHomeTpudeckue GpyHkimu. HoBsim
ABIISIETCA MOAXOJ JUIs U3y4EHUs] OECKOHEUHBIX MIPEJENIOB U MPEIEIOB B OECKOHEU-
HOCTH.

Taxoke B paszene npeAcTaBIeHbl TeMa YUCI0BOM ITOCIE0BATEIBHOCTH, €€ MOHO-

TOHHOCTHU M OTPAaHUYCHHOCTH.
YerepTsiil pasnes “@urypol Bpamenus. Hiuaunap. Konye. lllap” oxBaTbiBaeT

cjaeylomye CTaHAAPThI M MOACTAHIAPTHI.

3.2.2. Ilpumensietr mpeoOpa3oBaHus MOA00MS B IPOCTPAHCTBE.

3.2.3. Pemaer 3agaun Ha HaXOKJIeHHE OOKOBOH M MOJTHOM MOBEPXHOCTEH 1 00beMa
HWIHHIPA.

3.2.4. Pemaer 3a/1aun Ha HaXOXKJICHHE OOKOBOW U TOJIHOM MOBEPXHOCTEH U 00beMa
KOHyCa M yCEYEHHOI'0 KOHYyCa.

3.2.5. Pemaer 3a1aun Ha HaXOXKACHUE MOBEPXHOCTH M 00beMa Liapa.

3.2.6. Haxonut mioraau moBepxHoCTed 1 00beM yacTell mapa ( cerMeHTa i CeKTopa).

HoBblif ogxo B 3TOM pasjiene COCTOUT B TOM, YTO YYalIHecs HaXOT IUIOLIaIu
MOBEPXHOCTEH (PUTYD ONMBITHBIM MyTEM, TOITOMY HPEACTABICHO MHOTO MPAKTHYECKUX
3aHSITHH, Ha KOTOPBIX y4Yallluecs MOoMy4aloT pa3BepTKH, pa3pe3ast FOTOBBIE (GUTYPBI U MO-
JeTUpYIOT GUTYpBI U3 KapToHa Wik Oymaru. Ha 3Tux 3aHATHSX MIMPOKO HCTIOIB3YIOTCS
3aJjaHusl, IJie HaJl0 BEIYUCIUTD TUIOLIA U TOBEPXHOCTEH Kak KOHyca, TaK M IHJIMHIPA 1
mapa. BeInoHss jaHHble 3aJaHus, ydallnuecs peajibHoO MOHUMAIOT, YTO Ha CAMOM JIeje
MPEACTABISIET TUIOMIA b TOBEPXHOCTH, U, MOXKET CBSI3aTh 3TO C TEOMETPHUECKUMH T10-

HSTHUSIMU, KOTOPBIC TOTOM MTOMOTAIOT IPUMEHSTH (DOPMYJIBbI IPU PELICHUH 3a]1a4.
Hsreiii pasgea “IlpousBoaHas pyHKUMK” 0XBATHIBAET CJeAYIOLINE CTAHAAPTHI

U MOJACTAHAAPTHI.

2.1.1. 3Haer noHsATHE TPOU3BOJHON (QYHKIMU U cBoicTBa auddepeHmpyemMbix
(byHKIMIA, 3HAKOM C OCHOBHBIMH NPABIJIAMHU BBIYUCIICHUS POU3BOAHOM.

2.1.2. HaxomuT npou3BOHYIO0 HEKOTOPBIX (DYHKIMIA IPU MOMOIIU TAOIHUIIBI ITPO-
W3BOJHBIX DIIEMEHTAPHBIX (DYHKIIUI 1 TIPaBHUII BBIYUCIICHUS TPOU3BOIHOM.

2.1.3. [IpuMeHsieT reOMEeTPHUECKUI U PU3MUECKUI CMBICI TIPOU3BOIHOM.

Jlo cux mop 3HaueHue MOHATHS MPOU3BOJAHON OIPaHIMYMBAIOCH TEM, YTO OTPAYKAIO
MTOHATHE MTHOBEHHON CKOPOCTH. MBI IOTBITATINCH MTOKa3aTh MPAKTUIECKYIO 3HAUNMOCTh
MIPOM3BOIHOM, BBIPa3UB MaTEeMaTHUECKHUM SI3bIKOM TIpE/Iesia BCE CaMble MaJleHbKUE 13-
MEHEHHMS B IIPHUPOJIE, TPOUCXOASIINE 32 OU€Hb MAJIEHbKU TIPOMEXYTOK BPEMEHH.
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HJ’IH JAOCTHUIKCHHA YCIICXa HAJ0 NPAaBUJIBHO OIPCACINTL IJIaH }.'[Cf/iCTBHf/i. H03TOMy
JJIsL HpOI/I3BO,I[HOI>'I ObLIH BBCACHBI IIMPOKO paCIPOCTPAHCHHBIC U UMCIOIIINUC BAXXHbBIC
3HAUYCHUA (bHHaHCOBHC 3aJa4u 1 q)HHaHCOBBIG TCPMUHBI - MApPKUHAJIbHBIC 3aTPAThl HA
MMPOU3BOJACTBO, MapKUHAJIbHA HpI/I6LIJ'IL nu Map)KHHaHBHBIfI ,Z[OXO)I.y'{aH_II/IeCSI TaKXC I10-
HUMAKOT, YTO CTaATUCTUYCCKUC JTAHHBIC, KOTOPBIC OHU OIPCACIIAIN AJId PCIICHUA 3a1a4
[0 Ccux mop, TpeGyIOT HaXO0XJACHUA NTUHAMWYCCKUX NAaHHbIX, T.C. yMCHHA HAXOAUTb MI'HO-
BCHHYIO CKOPOCTb UBMCHCHUA OHHOﬁ BCJIMYUHBI IPU U3MCHCHHUN ):[pyroﬁ. OueHb BaXXHO
YMETH OIIPEACIAATE MTHOBCHHYHO CKOPOCTb U3MCHCHUS TEMIICPATYPhbI, 10X044, IIJI0IIa/ I,
YHUCJICHHOCTHU HACCJICHH, KOJIMYECCTBA HpOI/ISBC,[[CHHOﬁ MMpOoAYKIUH, CTPYKTYPbI OpraHOB
B MCOUILIMHEC, BBIBCACHUS JICKAPCTBCHHLIX IIPCIIapaTOB U3 OpraHu3sMa U T.A. O):[HI/IM CJI0-
BOM, B JKU3HU MHOI'OC USMCHYHMBO U 3TU USMCHCHUS ONPCACIIAOTCA IIPU IMOMOIIHA }_'[I/I(l)—
(bepeHHI/IpOBaHI/ISI. B sTom pasacic qJaHbl MCTOAbL ,[[I/Iq)(i)epeHLII/IpOBaHI/IH Ppa3iInYHbIX

(YHKIMI 1 MHOTO 33/1aHUH IPUKIIaJHOTO XapaKTepa.
IlecToii pa3nes mox HazBaHueM “O0beM (GUIyp BpamieHHsI” OXBATBIBAET CJIe-

AyouIe CTAaHIAPTHI U NOACTAHAAPTHI.

3.2.3. Pemaer 3a1aun Ha HaXOXKIeHUE OOKOBOW M TIOJTHOM MTOBEPXHOCTEH 1 00beMa
HWIHHIPA.

3.2.4. Pemaer 3a1aun Ha HaXOKIeHUE OOKOBOW U TIOJTHOM MTOBEPXHOCTEH 1 00beMa
KOHYyCa M yCEYEeHHOTO KOHYyCa.

3.2.5. Pemaet 3aJ1a4yu Ha HAXOXKJIEHUE TTOBEPXHOCTH U 00bema 1apa.

3.2.6. HaxouT TI0mIaiu IIOBEPXHOCTEH M 00beM JacTell mapa (CerMeHTa B CeKTopa).

MpI monBITaNCh H0Ka3aTh (hOPMYIBI IS HAXOXKACHHS 00eMOB (DUTYp BPAIIEHUS KaK M-
MAPUYECKH, TaK U aHamATHIeckn. Hanmpumep, mpu HaxoxaeHnn o6bema mapa ObLIo JaHO
MOIIIaroBoe 00BsICHEHNE, TaHHOE APXUMEIOM, TAKHM 00pa3oM, YTO ydaruecs HabiIro-
JTAOT COOTBETCTBHE MEXTy 00BbeMaMHU ITapa U OMMCAaHHOTO IMIIHHApA. [ eoMeTpryeckoe
JI0Ka3aTeIbCTBO 00BEMa IMapa MpeACcTaBIeHO C TOW TOUKH 3peHus. Takxke, IMIpude-
CKH TPEJICTaBICHBI 00BEMBI IMIIMHAPA U KOHYCa KaKk 00beM KUJIKOCTH B COCYIaX, UMEFO-
IIMX COOTBETCTBYIOUIYIO (opMy. Ydarmiuecs, BBITIONHSS CaMOCTOATEIHHO OIIBITHI,
HAJI0JITO 3aIIOMHUHAIOT JaHHbIE T€OMETPUUYECKHE TIOHATHS M MOTYT JaTh TIPaBHIBLHYIO
OIIEHKY WX TIPAKTUYECKOH BaKHOCTH.

Jaiee ¢purypsl BpaleHus pacCMaTPUBAIOTCS ¢ TOYKH 3pEHHS (PUTYP, TTOITYISHHBIX
BpaIlleHUEM BOKPYT OTHON U3 oceld. OObeM Takoi (pUTypsl MOKHO BBIUUCITUTE, IS 3a-
JAHHBIX TPAHUIL, TIPH ITOMOIIX OTIPEIEIICHHOTO HHTETpaa.

Cenbmoii pazgesa “IlpumMeHeHHe MPOM3BOIHONM K MCCIEJOBAHUIO (PyHKIMIT”
OXBATBIBAET CJIeIyIOIUe CTAHAAPTHI M MOACTAHAAPTHI.

2.2.1. Haxogut cTaliioHapHble TOUKH, PU IIOMOLLIY TPOU3BOJHON U ONPEAECIISET SIB-
JISIFOTCSL JIN OHU TOYKAMH 3KCTPEMyMa.

2.2.2. llpumenser muddepeHnanbHOe HCUNCICHUE TP UCCIIENOBAaHUN (PYHKIIUH 1
MIOCTPOEHHUH UX TPa(UKOB.

Marepuaisl pazaesna HocTpoeHus rpadukoB (PyHKINHU M0 aHATUTHYECKOH (hopmyIe
1 UCCIICIOBAHUS €r0 CBOMCTB OOJIBbIIE MPEACTABICHBI HA KOHKPETHBIX IPUMEpax, a He
Ha TEOPETUUECKUX MaTepuayax. B aToM paszaesne npeacTaBieHbl CUTYallMOHHBIE 3a0a9H
Ha ONTUMH3ALHNIO, I PEIICHHUs] KOTOPBIX IIUPOKO MPUMEHSETCS IPOU3BOAHAS. 3a1aun
Ha ONTHMH3ALMIO, 3TO 337]a4M B KOTOPBIX COIIACHO CUTYallMH HEOOXOIUMO HAWTH MakK-
CHUMaJbHOE WM MUHUMAJIbHOE 3HAYCHUE.
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DTO HampuMep Takue 3aJadyu, IJe MpH KOHCTPYHUPOBAHUU TPeOyeTcs HaMTH Kak
MOYKHO TOJTYYHTh OOJIbILE IPOAYKTA ITPU MAJIBIX 3aTpaTax, KOraa J0XO0 SBISETCS CaMbIM
BBICOKMM HJIU 3aTPaThl HA apeH]ly CaMbIMU HU3KUMH, 3aJla4y HA OINPEICIICHUE ONTU-
MaJbHOH IUIOIIA U, IPY HAUMEHBIINX 3aTpaTaX, MOKPbITHE MaKCUMaJIbHOM IJIOLIa/H,
WM KaK U3MEHHUTH OJHO M3 JBYX M3MEPEHUH, YTOObI IIoMa s Oblila MAKCUMAJIbHON U
T.1. B yueOHuKe 1aH 1u1aH o KOTOPOMY Y4Yalluecsi MOTYT IPOBOAUTH MOCIIEI0BATEIBHO
HCCIIEN0BAaHUE 33JaHUi Ha ONTUMU3aluK. BOT 3Ta nocineaoBarenbHOCTb.

1. BHuMaTenbpHO npouunTaiite yciosue. M300pasure pucyHoK.

2. Co3paiiTe CIMCOK COOTBETCTBYIOIINX EPEMEHHBIX U MOCTOSIHHBIX, YTO OYyAET Me-
HSTBCA, & YTO OCTAHETCSI HEM3MEHHBIM M KaKue eAMHUIIBI OyJeTe Ucob3oBarh. O00-
3HAUBTE HAa PUCYHKE CAMHHUIIBI U3MEPEHUS (€CIIM OHU 3aIaHbl).

3. BriOepuTe COOTBETCTBEHHO MapaMeTp X U KCKOMYIO BEIMYHHY BhIpasuTe GyHKIHEH
fx). Hatigure skcTpeMyMbl 1aHHOH (QyHKINH.

4. OObsiCHUTE NOTYUYCHHBIN pe3ylbTaT Ha IPUMEPE PeaJbHON CUTyaLnH.

BoceMoii pa3aen nox HazBanueMm “MHTerpan” oxBaTbiBaeT cllelyIolie CTAHIAPTHI M
MOJACTAHAPTBI.

2.2.3. 3HaeT noHATHE NepBO0OPA3HON (YHKIMH U HAXOAUT NEPBOOOPA3HYIO0 HEKOTOPBIX (YHKIIMIL.

2.2.4. 3HaeT NOHATHE HEONPEIETCHHOIO HHTErpasia, BRIYUCIACT HHTErpas QyHKIUH IIPH 0~
MOILIY TaOJIMLBI HHTETPAJIOB ANEMEHTAPHBIX (DYHKIMH U IPaBUI HHTETPHPOBAHHUSL.
2.2.5. 3HaeT onpe/ieseHue ONpeeIeHHOTo HHTerpaia 1 npuMenseT popmyiy Hoiotona-JlenOnura.
2.2.6. Ilpu oMol OTpesIeIeHHOTO HHTErpaia HaXOIUT TIIOa/ b KPUBOITMHEHHON Tparewyy.

2.2.7. Ilpu moMomy onpeaeseHHOro HHTerpaia HaXOIUT OOBEMBI TEJ BPAILICHHUSI.

2.2.8. Ucnonb3yeT CBOWCTBO YETHOCTH (HEUETHOCTH) U MIEPHOIUYHOCTH (DyHKINU

JUIS1 BBIYUCIICHUS! OTIPEICIICHHBIX HHTEIPAJIOB.

Yuyanmecs TOHUMAIOT, YTO TIPH MOMOLIH AU depeHnraza MOXXHO HAUTH 3HaYCHHE QYHKIIH
B TOUKE, MTHOBEHHOE M3MEHEHHE U TO, YTO HHTErpall SABISETCS JeHCTBHEM, 00paTHBIM s aud-
(epeHLMPOBaHH, T.€. IACT BO3MOKHOCTh HAUTH M3MEHEHHE Ha JaHHOM MPOMEXKYTKE, CyMMHPYS
BCE 3HAYEHHS IS JAHHOTO MTHOBEHHOTO 3HaYeHHsl. VICIONb3ysl OMBIT MUPOBBIX YYEOHUKOB IS
BBIYHCIICHHUS HHTErpalia OblT IPUMEHEH HOBBIH moaxoA. Takum 00pa3oM Mbl OTKa3aiuch OT KOH-
LETILMK HHTETPaia KaK MIOoMa i KPUBOJIMHEHHOH TpareLny, KOTopasi HCTOJIb30BaIach 10 HACTOSI-
I[ET0 BPEMEHH 1 PUMEHHIIN KOHLETIIHIO IUTOIIA1, OTPAaHHYEHHON ()YHKIMOHATBHON KPHBOH Ha
3aaHHOM oTpeske. Takum 00pa3oM, ydaruecs MOHUMAIOT, YTO [LIOMIA[b MOICIUPYET CUTYaIHIO,
COOTBETCTBYIOLIYIO 3HAYECHHIO (PYHKLUH, JPYTHMH CIOBAMH YTO 3HAYECHHE 3TOH (YHKLUU BbIpa-
KaeTcs PazInYHbIMK SAMHALIAMU H3MEPEHHS - MaHaTaMy, TPaTycaM, KUIorpaMyMamu U T.1. [loms-
THE KPUBOJIMHEHHOH Tpanennu acCOLMUPOBAIOCH C TEM, YTO U3MEHEHHE SBJISAETCS CTATHYHBIM
MOJKET OBITH BBIPAKEHO TOJIBKO €AMHULAME TIIOMAH. bosbIioe MecTo OTBOAUTCS MPHKIAJHBIM
3apanusaM. W TyT npezcTaBieHsl 31241, aHAOTUYHbIE CUTYalMOHHBIM 33/1a4aM Ha JudQepeHiu-
posanue. Hampumep, ecnu B 3a1a4e Ha IPOM3BOIHYIO UCIIONB30BANACH JaHHBIE O MTHOBEHHOM
CKOPOCTH, YBEIMYCHHS KOMMYECTBA OAKTEPHil, TO B MHTETPUPOBAHUH MPEICTABIICHBI 3aa4H, IIe
HEoOXOIMMO HaHTH KOMMYECTBO YBENHUEHHs OaKTEpPUi Ha 3aIaHHOM TIPOMEKYTKE. DTO B3aHMHOE

COOTBCTCTBUC YyHaAIIUCCA B HAITIAAHOM BHUAC MOBTOPSIOT HA KAXKIOM U3 IBYX }/pOKOB.
I[eCﬂTBII(I pa3aes Ha3bIBaeTCH “CrarucTuKa u BepOﬂTHOCTb’ H 0XBATbIBACT CJIC-

AYIOLIHE CTAHAAPTDI U MOJCTAHAPTHL
5.1.1. Boluncnsger qucnepcuio U CpeaHeKBapaTUYHOE OTKIOHEHHUE.
5.2. IloHuMaeT U NPUMEHSIET OCHOBHBIE MOHATUS TEOPUU BEPOITHOCTHU.
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5.2.1. IlpuMeHsieT 3aKOH HOPMAJILHOTO PaclpeAe/ICHUS PU BHIYUCICHUN BEPOSITHO-
CTH COOBITHH.

Jiiss 00pabOTKKM CTATUCTUYCCKUX JAHHBIX OMPEACISIOTCS MpaBUiIa HAXOXKICHUS B
o0IIeM BUJIC U Ha MPUMEPAX TaKUX CTaTUCTUYCCKUX IMOKa3areiel Kak JHUCIepCUs U
CTaHJIapTHOE (Cpe/IHee KBaIPAaTUYHOE) OTKIOHEeHHUE. J[JIs1 OIICHKU CTAaTUCTUYECKUX JIaH-
HBIX UCHOJB3YIOT I'pa)iK HOPMAJIBHOTO paclpeielieHus Kak B 0000IICHHOM BHJIE, TaK
U Ha mpuMepax. Takke Mpu BBHITOTHEHUU 3aJaHUN 1715 IPEICTABICHUS JAHHBIX UCIIOb-
3yeTcs iuarpamma “aiuk ¢ ycamu”. OHa MO3BOJISET SICHO YBUICTh B KAKOM HHTEPBAJIC
JIAHHBIC CKOHIICHTPUPOBAHBI (AIIUK), U, KAKUE JaHHBIC PACIIONOKEHBI CIIpaBa U CjleBa
OT UHTEpBaJia KOHIEHTpaluu (“ychl”’) U AMANa30H U3MECHEHUSI.

Ha ypokax, mOCBSIIIICHHBIX BBIYUCICHHIO BEPOSTHOCTH, MPEJICTABICH 0030PHBIN
IJIaH 3a1aHUN, U3YUYCHHBIX paHee, [ ISl BHIYUCICHUS BEPOSITHOCTH UCIIONB3YIOT PO~
CTPaHCTBO AJIEMEHTAPHBIX COOBITHI U BUJIBI COOBITHH.

JecaTsiii pa3aen nmox Ha3BpaHueM “YpaBHeHHsl, HEPABEHCTBA, CUCTEMbI YPaB-
HEHUI1” 0XBATHIBAET CJIeAYIOLMe CTAHAAPTHI U MOACTAHAAPTHI.

2.3.1. Pewmaet cucreMy TpUrOHOMETPUUECKUX YPAaBHEHUU.

2.3.2. PemaeT cucTeMy NOKa3aTeNbHBIX U JIOTapu(pMUIECKUX YpaBHEHUH.
Pexomenanuu s padoThbl ¢ y4auuxcs ¢ HU3KMM YPOBHeM 00y4aeMOCTH:

1. IlpuyyaTrs npuHUMATh y4acTre B OOCYXKACHUAX MPU UCCIEIOBAHUIX U TPAKTHU-
YECKUX 3aHATHSAX;

2. C nepBbBIX YPOKOB, MPU 0OBSICHEHUU MaTEMaTHIECKOTO TIOHSITHsI, 00paIarh BHH-
MaHHE Ha HETIOCPEACTBEHHOE PUMEHEHHE (POPMYIT M ONPEACTICHUH ISl IPUKIIaTHBIX
3aJlaHui, 3aaBaTh 00yJaroIye 3aJaHus COOTBETCTBYIOIIETO YPOBHS Ha JIOM;

3. [HoowpsTh BHIMOTHEHNE 33AaHUH TIPU IOMOIIX ITPOCTHIX M KPATKUX 00bSCHEHUIA;

4. loOuBarkCsi, YTOOBI TIPH BHIMIOJIHEHUH TEOMETPHUYECKUX 3aIaHIIH YepTEKU ObLIH
BBITIOJTHEHBI MTPH TOMOIIM JTUHEWKH U IIUPKYJIS, UM TIPH MIOMOIIM BBIPE3aHUS U CKIIEH-
BaHUS;

5. [ocne 00bsICHEHNUS TEOPEM U MTPABHJI 3aIIUCHIBATH UX B TETPab CBOUMH CIIOBAMH
Y IPUBOJIUTH TIPUMEPHI.

Pexomenianmu s pa6boTbl y4aUIMXcs ¢ XOPOLIUM YPOBHEM 00y4aeMOCTH:

1. JloOuBaThCst BBIMOIHEHNST BCEX MPHUKIIAJIHBIX 3aJJaHUN 13 YUeOHUKA;

2. B MeToguueckoM mocoOuu /sl yUUTeNsl IPEIICTaBICHO JI0Ka3aTeIbCTBO HEKOTO-
PBIX TEOPEM MPETYCMOTPEHHBIX B YIEOHUKE, a TAKXKE albTePHATUBHbIE JJOKAa3aTeNbCTBA
J0Ka3aHHbBIX TeopeM. OJTapeHHBIM YJaluMCsl PEKOMEHIYETCs BBIITOIHUTH 3TH JIOKa3a-
TEJBCTBA CAMOCTOSTEIBHO. JlaHHbIe paboThl COOMPAIOTCS B TIOPTHOIHO YUAIIETOCs.

3. BeInonHATh POEKTHBIE padOoThl MPHUKIIAJIHOTO XapakTepa B Ooiee pa3BepHyTOMH
dopme.

. http://www.algebra-class.com
Baskuble TMHKU:

. www.classzone.com

. http://www.shodor.org/interactivate/activities
. http://www.mathwarehouse.com

. http://www.netplaces.com

. http://www.purplemath.com

. https://www.khanacademy.org
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Tabauna niaHupoBanus no pasaenay 1

Yueo-
OcHoOBHBIE CTAHAAPTHI KoJ-Bo
Ypok Ne Tema HUK
MOACTAHIAPTHI 4acoB
cTp.
JleneHune MHOTOUJIEHA HA
1-4 | muorowreH. Teopema 06 4 7-12
ocTarke
1.1. 3naer uncna u pas- 5 Teopema o paznoxeHu MHOTO- | 1314
Tu4HbIe (OPMBI TIPE- YJieHa HA MHOKHTEIH
CTaBJICHUS 4YUCET U
Haxoxnenne panpionanb-
yCTaHaBJIMBAeT oTHome-|  6-7 . 2 15-17
HBIX KOpHE
HUSI MEXy HUMHU.
1.1.1. 3Haer, 4TO MHOTO- O KOMIUIEKCHBIX YHCIaX.
yJiey n-oiu CTEIIEHU 8-11 OcHoBHas TeOpEMa ali- 4 18-24
HMEET N KOPHEH U Ha OC- reopsI
HOBE 3TOTO PEIlaeT ypaB- DYHKIUS - MHOTOUIIEH.
HEHUS 12-14 3 25-31
: Panmonanehas QyHKUusA
1.1.2. Tlpumensier Teo-
pemy besy npu senenun 15 O0o01maromme 3aIauns 1 32
MHOTOYJICHA Ha JIBy4JIEH.
1.1.3. 3naer cBOMCTBO
3aganust 1151 CyMMaTHB-
CAMHCTBCHHOCTH KOpHA 16 HOT'O OLIEHMBAHUA 110 Pa3- 1
n-ou CTENCHH U TIPUMe- neny 1
HSIET €ro.
Bcero 16
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Ypok 1- 4. JlesieHne MHOro4jieHa Ha MHoro4ieH. Teopema 00 ocrarke.
4 yaca. Yue0. cTp. 7-12

Coaep:kaTeJbHBIN CTAHAAPT.
1.1.2. Ilpumensier Teopemy be3y npu aeieHnH MHOTOUYJIEHA HA JIBYWIEH.

Hagbiku yuyamerocs:

* BBIMOJTHSET JACJICHUE MHOTOWIEHA Ha MHOTOWICH CTOJIOMKOM;

* 3aIUCBHIBACT ACIUMOE, NEIUTEIb, YACTHOE U OCTATOK;

* 3aIMCHIBAET PABEHCTBO BBIpaXKarollee AeJICHIEe MHOTO4JIEeHa HA MHOTOUJIEH U
MNPUMEHSIET €T0 ISl IPOBEPKU PEIICHMUS %: Q) + %

* BBITIOJIHSCT JICJICHHE MHOTOYWICHA Ha JIBYWICH METOJOM CHHTETHUYECKOTO JIeTie-
P(x) r
HUS M 3aIIMChIBACT PE3YNbTaT B BUJIC =Q(x)+ ——
xX—m xX—m
* [IpH PELICHUH 33aaHUil IPUMEHSIET TeopeMy 00 ocTaTke.

Baumanne ydamuxces akKICHTUPYETCS Ha TOM, YTO JACJICHUC MHOI'OYJICHA Ha
MHOT'OYJICH, B HaCTHOM CJIy4a€ Ha ABYYICH, BBIIIOJHACTCA aHAJIOTUYHO ITPaBUITY
JACJICHUA HECIBIX YHUCCIT CTOJIOUKOM. HY)KHO OTMCTUTD, YUTO IIPU ACJIICHUHN LCJIBIX
YHCCII UX HAAO0 pa3ACiInTb Ha pa3psbl, 3allMCbIBATh B YaCTHOM OAHY HH(bpy Ha
KaXXJI0M HIarc acjacHus n HE 3a0bIBaTh 3aMMMCHIBATh B YACTHOM HYJb, IIPU OTCYT-
CTBUU CAWHUIIBI B Pa3pPAAC. Kak atn IIpaBuJjia TPUMCHAKOTCA MPU ACJIICHUN MHO-
roujeHoB Ha MHorouleH? OObsCHeHUE JACIICHUSA CTOJIOUKOM JacTCA
HCMOCPCACTBEHHO Ha IPUMEPEC B y‘le6HI/IK6.

? Penrenue HeKOTOPBIX 3aJaHUIT U3 yUeOHNKA:
| |

V¥.1. 1) Boinonuure feieHne MHOTOUYIEHA HA MHOTOWIEH CTOIOMKOM.
Pemenue: c) Crayana MHOTOUIEH - JIETUMOE 3AITHIIIEM T10 MOPSIAKY YObIBAHUS
CTeTIeHEeH, a 3aTeM BBITIOJIHHIM JIEIEHHUE CTOTONKOM.

X3+ 22+ 4x+5 x+2
— —x>+4x -4

—x3—2x?
4x? + 4x
 4x2+ 8x
—4x+5
C —4x -8
13

[pu nenenun Mmuorounena P(x) = — x3 + 2x2 + 4x + 5 na Muorounex B(x) =x +2
B 4acTHOM moiryuaetcst Q(x) = —x2 + 4x — 4, B ocratke R(x) = 13.

13



[Tpu nomomm paBenctsa P(x) = B(x) - Q(x) + R(x), npoBeprM nmpaBuiIbHO 1
BBITOJTHEHO JIEJICHHE.

B(x) - Qx) +R(x)=(x+2)(—x*+4x—-4)+ 13=
=—xX 42— 4x-2x>+8x -8+ 13 =—x3+2x2+4x + 5=P(x)

Y .4. BrinionauTe nejeHAE.

b) (x* + 2x2 + 4):(x> - 2)

Pemenue: 3anuiieM MHOTOWICH - JIGTUMOE U MHOTOUJICH - JICJIUTEIb B TIOPSIIKE
yOBbIBaHUS CTEIICHEHW, BBE/IEM B 3aITUCh OTCYTCTBYIOIIME YWICHBI C KOAPPUIUCH-
TOM paBHBIM O U BBITIOJTHUM JIE€JIEHUE CTOIOUKOM.

X0+ 22+ 0x+4 | ¥+H0x—2
x2+4

x*+0-x3 — 2x2

4x2+0-x+ 4

4x>+0x—-8
12
x4+ 2x2+ 4 12

TakuM 00pazoM, —————————— = 2+ 4 +
p 5 x2_2 X 4 x2_2

V.5. 3nas, uro x> — x2 — Sx + 6 = (x — 2) - Q(x), maiimure Q(2).
PeneHue: u3 ycioBus CIEAyeT, YTO MHOTOWIEH x° — x2 — Sx + 6 menuTcst Ha
JByWIeH x — 2 6e3 ocrarka. BrITIONHUB JieneHue HaileM MHOTOUICH - YaCTHOE.

X-x2-5x+6 ’7}6_2
- x>+x-3

X3 —2x?
x> —5x
X2 2x
-3x+6
-~ 3x+6
0

3Haunt, Q(x) =x2 + x — 3. Torna nonyuum, uro Q(2) =22+ 2 -3 =3,

HpI/I JCIICHUHY MHOTI'OYJICHOB BBITIOJIHACTCSI MHOI'O 3a11aHm71, A€ HaOIo0 ACIUTH Ha
JABYYJICH, TAKUM o6pa30M OTMECYACTCA BAXKHOCTh MECTOJIa CHHTCTHUYCCKOI'O ACJIC-
HUHA.
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Ipumep. 2x* +3x3 —x—-5) : (x + 2)

1. KoadurimeHThl MHOTOUJICHA - JISJIMMOTO 3aITUCHIBAIOTCS B TIOPSI/IKE yObIBa-
Hus cterneHedl. OTCYTCTBYOIIUE YICHBI BBOASTCS ¢ KOG (UIMeHTOM paBHbIM (.
2. B nenurene, nBy4seHE BUJA X — 11, BMECTO MIOCTOSIHHOM 71 3aITUCBIBACTCSI CO-
OTBETCTBYIOIIEE YUCIIO.

x+2= 2x4+3x3+0x2—x -5

=x—(52) xo3pPULIHEHTH AETUMOTO

) f 3 0 -1 -5

; -4 2 4 10
—IJZ\/A—S

2

T

K03((pUIIMEHTBI YACTHOTO OCTATOK

203 —x2+2x-5

2x*+3x3—-x-5 o 2 0x_ 54 5
x+2 x+2

Oco0o0¢ BHUMaHUE YIEISIeTCS YMEHHIO TPABUIIBHO BBITTOJIHATH MaTeMaTH-

YECKHE 3alTUCH U CJIOBECHO BhIpakaTh MaTeMaTH4YecKue mporeaypsl. Hanpu-

Mep, MPH BBINIOJHEHUU JICJICHUS MHOTOYICHAa Ha MHOTOYICH, ydalluics

JIOJKEH YMETh CJIOBECHO BBIPA)KaTh MBICb O TOM, KAKHM MOMEHTaM HaJI0 yjie-

JSTh 0c000€ BHUMaHHUE U KaK UCIIOJIb30BaTh BaykHbIC MpaBuia. Ha atoM ypoke

HYXXHO BBIACIIUTDL CICAYIOMUEC BaAXKHBIC MOMCHTBI.

JleneHue cTOIOMKOM sIBIIIeTCs OoJiee 000OIIEHHBIM CIIOCOOOM.

CuHTETHYECKOE ACJICHUEC Ha ABYYJICH BUA X—m SABJISICTCA aJIbTCPHATUBHBIM

P(x r
criocoOoM. Pe3ynbrar neneHus 3arucbBaeTCs B BUIE P _ Q)+ ——
xX—m xX—m

[IpaBUIABHOCTD BBIIOJHEHO JEJICHNE MOXKHO IIPOBEPUTH IIPH oMoy (op-

myiet P(x) = Q(x) B(x) + 7.

Teopema 00 ocrarke (TeopeMa be3y) ucciemyercs KOJIIEKTUBHBIM 00CYKIe-
HHUEM B KJ1acce.

Teopema IIpumep
(P —4x*+5x+1):(x-3)

Ocrarok ot geneHust MHorowieHa P(x)

Ha JIBy4JIEH X — /1 paBeH 3HaYEHHUIO MHO- iy 43‘ 2 16
rouneHa P(x) B Touke x = m: T 1 2 [
r=P(m) P3)=7




U3 Teopembl 00 ocTaTke MOXKHO CAENaTh BBIBOJ, YTO 3HaUCHHE MHOTOUWICHA U
oCTaTKa PaBHBI NIPYU 3a1aHHOM 3HaUYeHHH 7. J{J1s1 3TOro Hy>KHO BBITTOJHHUTH 3a/1a-
HUe cieayromiero tuna. Hanpumep, a) Berancnute 3HaueHue P(2) MHOrowieHa
P(x) =x3 — 4x? + 5x + 3, ucnomnb3ysl METOJI CHHTETHYECKOTO JICTICHUS U TEOPEMY
00 ocrarke.

1. Ilpu npuMeHeHnn TeopeMbl 00 OCTaTKe B IaHHOM IIpUMEpe

HaJI0 CI0BaMu 3amucarh: “ [1o Teopeme 06 ocrarke, 3Hauenue 2 |1 —4 5
ocTaTKa MpH JICJICHUH MHOTOWIEHA Ha JIBYYJICH X — 2 U 3Ha4e- 24
nue P(2) ynkumu P(x) = x* — 4x? + 5x + 3 paBHBI. =21

2. Haiinem ocTaToK IpH MOMOILY CHHTETHYECKOTO JeJICHHS.

3. 3naunt P(2) =5, mpoepum: P(2) =23 -4.22+52+3=8-16+10+3=5

WD W

Pa3pscHUM MpoCTyTO 3aMKCh TEOPEMBI 00 OCTaTKe.

IMpu nenennn MHOTOWIEHA P(x) Ha BYUIEH X — m HCIONB3YETCs CISAYIOIIEe pa-
BeHCTBO: P(x) = (x — m)-Q(x) +r, eciu x = m TOT/IA,
P(m)=(m—-m)Qm)+r =0Q(m)+r=r
b) Halizem aeiicTBUTEIBHOE YHCIIO d, €CIIM U3BECTHO, YTO TIPH JCICHUH MHO-
rouniera P(x) = x* — 2x* + ax — 7 na nByunes (x + 1) ocraTok paBeH 5.
~1)*=2(-1Y+a-1)-7=5; 1+2-a-T7=5,a=-9
MHorounen OoyaeT umeTh Bu P(x) =x* —2x3 - 9x -7

7 Pemenne HeKOTOPBIX 3a1aHMil U3 yUYeOHMKA:
| |

V.10. Muorousnen P(x) pa3aenure Ha IBYWIEH X — m METOJOM CHHTETHYE-
CKOTO JICTICHHS U CPAaBHHUTE MOTYYEHHBI OCTATOK CO 3HAYEHUEM MHOTO-
wiena P(m).

) Px)=4x*+5x*—6x—4;,m=-2

Pemenue: pazgenum MHorowneH P(x) = 4x3 + 5x? — 6x — 4 Ha nBywieH

(x + 2) mpr MOMOIIY CHUHTETUYECKOTO JICJICHHsI. 371eCh, TPUHIMAs BO BHUMaHUE,

4YTO m = —2 3anuIiieM cieaymwomee x + 2 = x — (-2).
43+ 5x2 —6x—4

bl

2 |4 5 6 4
%
b s 6 o
4 3 0

bl

4x>—-3x+0  ocrarok
B ocrarke monyunm » = —4. Tenepb BeraucanM 3Ha4eHne P(-2):
P(-2)=4-(-2+ 5:(-2)—-6(2)-4=-32+20+ 12-4=-4.
Kax BugHo » = P(-2).
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VY.11. 1o Teopeme 00 ocTarke HalauTe: 1) OCTaTOK OT AEICHUS Ha JBY-

yjieH X — 4 MHorowieHa: a) x* + 3x? — 5x + 2

Pemenne: eciu P(x) = x3 + 3x2 — 5x + 2 MHorowien -aeaumoe, a B(x) = x — 4

- MHOTOUWIEH JIEJIUTENb, TO B PACCMaTPHUBAEMOM CITy4ae MPpH m = 4 MOKHO

HaWTH OCTATOK 10 Gopmyie » = P(m):
r=P4)=4"+34>-54+2=64+48-20+2=94.

Y.16. a) [Ipu xakom 3HaYEHUH € OCTATOK MPH JICJIEHUH MHOTOWIEHA
P(x) =-2x%+ cx> — 5x + 2 Ha ABywIeH X —2 paBeH OCTATKy MPHU JCICHUH
3TOrO K€ MHOro4JIeHa Ha JBy4seH x + 17
ITo ycmoButo 71 = r2 , Toraa
P(2) = P(-1). Orcrona:
22 +¢22-52+2=-2(-1) +c(-1)y -5-1)+2
-16+4c—-10+2=2+c+5+2
3¢=33
c=11
[Ipu ¢ = 11 ocraTku npu AeJICHUU OYIyT PaBHBIMH.

V.18. Muorounen P(x) nenmutcst Ha (x — 1) 6e3 ocrarka, a mpu JCJICHUN Ha
(x +2) maet ocrarok 3. Haiiure ocTaToK OT JCICHUS TOr0 MHOTOWICHA Ha
(x2+x-2).

Pemenue: o ycnosuto P(1) =0, P(-2) = 3. Torxa, B o01iem Buje, 0CTaTOK
ot aeneHus P(x) Ha MHorowneH (x> +x — 2) 10JKEH UMETh BUJI MHOTOWJIEHA
TIEPBOW CTENIEHNU:

R(x)=ax+ b.

3HAYUT,

Px)=(x>+x—-2)-Q(x)+ ax+ bumu P(x) = (x+ 2)(x — 1) Q(x) + ax + b.
Ortcrona, 3Has, uto P(1) =a + b, P(-2) = —2a + b MOXHO 3ammcaTh CUCTEMY:

at+ b=0,
2a+b=3
W3 nanno# cuctembl monyyuMm ¢ = — 1, b = 1. 3Ha4uT, OCTATOK OT JICJICHUS

MHorowieHa P(x) Ha MHOTOWIEH (X2 + x — 2) paBeH R(x) =—x + 1.
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Pa6ouwuii 1uct Nel
Nwmsa damuiusa Jara

1) BrimmontHuTe NeiieHne, IpuMeHss AelIeHHe B CTOIOHK.

G —2x+1):(x—1)
B-4x-2x):(x+1)
(F*+8):(x+2)

2) Brinmonaute JACJICHUC ITPU MMOMOIIHU METOAa CUHTCTUYCCKOTO ACJICHUSA.

=5 :(x-3)
(4x>=5x+3): (x+3)

(4x*+2x-3): (x—=2)

3) [1o cxemMe CHHTETHYECKOTO JeJIieHUs HaiiauTe Ko UIUEHTH a, b, c.

21340 7 -1 2l156 a2 3 c
6 4 b30 ac . b 21 72

4) I1pu moMoIy TeopeMbl 00 OCTAaTKEe U CHHTETHYECKOTO JIeTIeHUs,
Haiiaure P(a).

Px)=x*+4x>-8x—-6;, a=-2 Px)=x*+4x*+4x; a=-2
Px)=x*-7Tx*+15x-9; a=1 P(x) =x3+7x> + 4x; a=-1
P(x)=6x°-x*+4x+3; a=3 P(x)=2x—x+10x+5; a=1/2
P(x)=2x*+4x>-10x-9; a=-1 P(x) =2x*+6x> +5x*—45; a=3

18



Padoumnii imct Ne2

Nmsa Damuims Jlara

1) Ilpu nenennn MmuorowneHa P(x) = bx* + ax> + 3x Ha x + 1 B ocTarke 1mo-

nyudaercs —10, nmpu neneHuu Ha x — 2 B ocTarke nosydaercs 26. Haiinure
yucna a u b.

2) Ocrarok npu geneHnn MHorowieHa P(x) = x* — 2x? + @ Ha x — 3 B Tpu paza
OoubIlie OCcTaTKa MPH JISIIEHUH 3TOTO e MHOTOYJIeHa Ha X + 3.

a) Haitnure a .

b) Haitnure octaTok OT AeleHus JaHHOTO MHOTOoWwIeHa P(x) Ha x + 2.

3) [IpoBepbTe ABIACTCS JIM 3aIaHHBIN ABYWICH MHOKHATEJIEM MHOTOWICHA.

a)x +2,P(x)=4x>2—-2x+5
b) 3x — 6, P(x) = 3x*— 6x3+ 6x>+ 3x—30
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Ypok 5. Teopema o pa3/iokeHUHM MHOTOYJIEHA HA MHOKHTEJIH.
Yueb. cTp. 13-14.
Coaep:karebHbIH CTAHAAPT

1.1.2. Ilpumensier TeopeMy besy npu neneHun MHOTo4JieHa Ha ABYYJIEH.
1.1.3. 3naeT u npuMeHseT CBOMCTBO €IMHCTBEHHOCTH KOPHSI /-0 CTETICHH.
Hasbixku yuyamerocs:

* OIPEACIIACT ABISACTCS JIU 3alaHHBIA IBYWIEH MHOKHUTEIIEM MHOTOWICHA,
IIPU IOMOIIH TEOPEMBI 00 OCTaTKe;

* 00BSCHSET TEOPEMY O PA3JIOKCHUH HAa MHOXKUTEIIH Ha IPUMEPAX.

CHauasia BCIIOMHHUM CIIOCOOBI PA3JI0KEHHUSI MHOTOUICHA HA MHOYKUTEITH.
OO6cyxIeHre MPOBOIUTCS HA MTPUMEpax.

1. Paznoxute MmHOTOWIeH 16Xx* — 81 HA MHOXKUTETH.

16x*— 81 =(4x?)>— 92 = (4x2 — 9)(4x>+ 9)= (2x — 3) (2x + 3)(4x2+ 9).
2. Cnoco0 rpynmupoOBKH U BRIHECEHUS 0OIIEro MHOKUTENS 32 CKOOKH.
B+3x2-Tx-21=x2(x+3)-7(x +3)=(x +3)(x*-7)
Jl71st 5THX METOZIOB, MBI IPUMEHSITH (POPMYIIBI COKPAIIICHHOTO YMHOKEHHUSI.
Taxoke BCOMHUM, TIPABUJIO PA3JIOKEHUS TpeXwieHa Ha MHOXUTENH. Terneps
MOCMOTPHUM KaK MOYKHO Pa3IOKHUTh HA MHOXKUTEIIM MHOTOUJICH BBICIIMX CTeE-
MIEHEH, UCTIOIB3Ys TeopeMy 00 OCTaTKe M Pa3NIOKCHUH HA MHOKHTEIIH.

Ecau IpH JCJICHUHW MHOI'OYJICHA HA MHOT'OYJICH OCTATOK PaBCH HYJIIO, TO MHO-
TOYJICH - JCIINUTCIIb ABIACTCA MHOXHNTCIIEM MHOFO‘-IJIeHa - JCJINMOTO.

P PO O py = emQ

TeopeMa 0 pa3JjioKeHHU HA MHOKHUTEH

Teopema IIpumep

Teopema. Eciy 4uciio m sIBISIeTCS KOPHEM |Tak kak, P(—1) = 3(—1) +
MHOrowieHa P(x), To aByd4ieH x — m siB- |+ 2(~1)2 + 1 = 0, To ABy4IeH
JsieTCcd MHOXKUATENIEM MHOrouneHa P(x). |y +1 gensercs MHOXuTEIEM
BepHo 1 00paTHOE yTBEPKIEHHUE, T.€. €CIH |MHOroYIeHA

JBYYICH X — /M SIBIISICTCS. MHOXKHTENEM MHO- [P(x) = 3x3 + 2x2 + 1.
rouiena P(x), to P(m) = 0.

VYyamuiics, ucnonb3ys TeopeMy 00 OCTaTKe, MPOBEPSET ABISETCS JIM 3a/1aH-
HBI IBy4JIEH MHOKUTENIEM MHOrowieHa. OcTaabHble MHOKUTEIN OH HAXOIAUT

MIPH TOMOIIM CUHTETHYECKOTO JCTICHUSI.
IIpumep 1. 3Has, uro f(—3) = 0, pa3noKUTE HA MHOKUTEJIN MHOTOUJIEH

f(x)=2x+11x>+ 18x + 9.

Pemenne: tak xak f(—3) =0, To nByuwieH x — (—3) =x + 3 ABIAETCSA OHUM U3
MHOXXHTEJIEH MHOTowIeHa f{(x), Ipyroi MHOKHUTENb HAlJAEeM P ITOMOIIH
CUHTETUYECKOTO JICTICHHUS.
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233 11x* 18x i 233+ 11x2+ 18x + 9 = (x + 3)(2x? + 5x + 3)
3102 1 18 9 22+ 5x+3=0,x1=-1,x2=-3/2
-6 15 -9 23+ 112+ 18x +9=2(x +3)(x + 1)(x + 3/2)
2 5 3 0
VYyamuiicss 0OJHOBPEMEHHO MPUMEHSISI M, METOJ JCJICHUS U, TEOpeMy 00
OCTaTKe, ONPEeNsieT SBISETCS U AByWIEH MHOKUTEIIeM MHOrowieHa. Ha-
pUMED, B MPUMEPE HUXKE OH Cpa3y MPUMEHSIET TEOpEMY.

? Pemrenue HEKOTOPBIX YNIPaKHEHUS U3 Y4eOHHKA:
u

V.3. 3nag, uto fla) = 0, pa3noxKuTe MHOTOWICH Ha MHOKUTEIIH.

1) f(x)=x*—12x>+ 12x + 80; a=10
Pemenne:Ilpu / (10) = 0 muorouwieH f (x) menurcs Ha aBywieH (x — 10) 6e3
ocTaTka: X3 —12x>+ 12x + 80

S

10 I 12 12 80

l -20 -80
e

3HAYUT, MOYKHO 3aITHCaTh x3 —12x2+ 12x + 80 = (x — 10)(x* — 2x — 8). Otcrona,
pasiarasi KBaJpaTHBIN TPEXUICH Ha MHOKUTEIIH MOJYYUM:

X =122+ 12x +80=(x — 10)(x — 4)(x + 2)

V.7. Vcnionb3yst TeopemMy O pa3jioKeHUU HAa MHOKUTEIN TTOKaXKUTE, YTO JBY-
uieH x + 1 sBnsieTcss MHOXHUTeeM MHOrowieHa P(x) = x» + 1, u He sBnseTcs
MHOXXHTEJIeM MHOTrowieHa Q(x) = x> — 1.

Pemenne: o reopeme 06 ocrarke P(—1) = 0.

[Iposepum: P(—1) =(-1)* + 1 =—1 + 1 =0, 3HauuT x + 1 ABIAETCS MHOXKHTE-
aem P(x). Q(-1) =(-1)» -1 =-1—-1=-2, 3Hauut

x + 1 He sABIAETCS MHOKHUTEIIEM MHOTOWIeHa Q(X).

Ypoxk 6 - 7. Haxoxnenue pauuoHaJIbLHbIX KOpHeii. 2yaca. Y4e0. cTp. 15-17.

Conep:xaresbHblil cTanaaprt. 1.1.3. 3HaeT u npUMeHseT CBOMCTBO eIUH-
CTBEHHOCTH KOPHSI 71 -OH CTENEeHH.

HaBbiku yuyamierocs:

® OIpCACIACT SABJIACTCS JIU SaI[aHHBIﬁ JABYYICH MHOXUTCJIICEM MHOT'OYJICHA.
* HaXOJUT JIPYI'He MHOKUTEIN MHOTOYJIEHA ITPU MIOMOIIY CUHTETHYECKOTO
JIEJICHUSL.
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Bwmecre ¢ yuamumMucs uzyuyaercs TEKCT, B3AThIN U3 HCTOPUUECKHUX UCTOUHUKOB O TOM,
kak Taprasbst BBLABHHYI clienytoniee ooBuHenne Kapnano: “Ter ykpan moto hopmyity”.
Ora nH(bOpMAaILHsI MOXKET CTaTh MOTUBALIUEH JUIsl yUaIIUXCs TPU HAXOKIACHUH KOPHEH Ky-
Oudeckoro ypaBHeHuUs. MOXKHO 3a/]1aTh y4aluMCs CAaMOCTOSITEIbHO, ITPY ITOMOIIN HHTEP-
HET UCTOYHUKOB, HalTH nHpopmarmio o meroae Kapnano.

Hcropuyeckuii crop - KTO e BliepBble pelni kKyouueckoe ypasHenue: Kapaano niu
Tapranpsn? Ha camom Jene criop pasropesicst Mexay TpeMsl UTalbIHCKUMU yUYEHbBIMHU.
JKuBmmii B HUIIIETE U TOJ0/E, MaTeMaTHK TapTanbs 3asBHII, YTO HAIIENT GOPMYITY I pe-
IICHNS KyOMYECKOTO ypaBHEHHS. Y3HAB 3Ty HOBOCTH, APYTOil HTAIBIHCKUN MaTeMaTHK
Kapnano, mocmenmi k TapTaibs U MPeIOKUI OTKPBITH eMy (pOopMyITy, mooderas omyo-
nmkoBath ee. Tapranesa He coracuics. [Ipogomxas HactauBarh Ha cBoeM KapaaHo, Ha-
KOHETI, MOy GopMyITy (B HEKOTOPBIX HCTOYHHKAX nMeeTcst nHpopmanus, uto Kapaano
y3HAJT ceKpeT (HOopMyIBl U3 MO3MEI, KOTOPYI0 Hamucan TapTaiss). A depe3 HEeKOTopoe
Bpemst Kapmano omy6mmkoBai 3Ty ¢popMyiTy 1MoJ CBOUM UMEHEM. Pa3rHeBaHHBIN TaKuM
MOBOPOTOM coObITHiIA TapTanbs Hadas BeicTynath npotuB Kapmano. Kapaano sxe ucmosb-
30BaJI B 60prbe mpoTrB TapTaibs CBOETO OY€HBb OJJAPEHHOTO CcTyAeHTa Peppapu, KOTOPHIH
y’Ke TOTZa MOT PeIIaTh ypaBHEHUS YeTBEPTOH CTENEHH. M TOIBKO Yepe3 MHOTO JIET ToCTe
9TOTO cTIopa, Omaromaps padoTaM HOPBEKCKOTO MaTtemaTnka Hunsca Abens n dpaniys-
CKOTO MaTeMaTHka DBapucTa [ amya cTamo nu3BecTHO, 9To B 00IIeM cirydae popMyia uis
KOpHEH ypaBHEHHS 5-if u Oosee cTeneHel He CYIIeCTBYET.

Teopema 0 HaXOXKAEHUH palMOHATILHBIX KOPHEH HCCllelyeTcs cpasy Ha IpuMepax.
Ha stom YPOKE U3yvdacTCA TCOpEMa O HAXOXKACHUU palluOHAJIbHBIX KOpHGﬁ. Kakwue uncia
MOTYT SABJIATBCSA KOPHAMU MHOTOWIeHA? I/ICCJ'IG,Z[yeTCH TEOpEMa O HAXOXKACHUU palfuo-
HaIbHBIX KOpHeit ypaBHeHus. C yJalluMHUCs IPOBOJUTCS Oecesia 0 TOM, KaKUMH YHC-
JIaMH MOTYT SIBJISITBCSI KOpHAMU. [lycTh, mMeeTcs cienyromee pasiokenue. Yto
MOXHO CKa3aTh O KOPHSIX JJaHHOTO MHOTOwWwIeHa?

P(x) = (x + 3)(2x — D(x + \2)(x — V2)(x —4 + 5i)(x — 4 — 5i)

Kopuu: -3, %, -\2, 2, 4 - 5i, 4+ 5i,
PaALUOHATBHBIH KOPEHb HpPPalMOHANIBHBIN KOPEHb KOMILIEKCHBIE KOPHH
JIeiCTBUTENBHBIC KOPHI He neiicTBuTenbHbIe KOPHU

KopHsiMmu MHOTOUJIEHA MOTYT SIBISTHCA pallMOHANIbHBIE, UPPAlMOHAIBHBIE U
KOMIUIEKCHBIE YnCIIa. Y MHOTOUJICHAa MOJKET OBITh J1Ba U O0JIee TOBTOPSIFOIIXCS
(KpaTHBIX) KOpHSI.

Teopema 0 HAXOKIEHHH PAMOHAIBHBIX KopHeii. Ecin 5 POCTOE
(HECOKpaTHMOE) palMOHAIBLHOE YUCIIO TTPH 72 > 0 ABIISETCS. KOPHEM MHOTOUJICHA
¢ uensiMu kodddurmenramu P(x) = a, x" + a,1x™' + . . . + aix + +ao, T0
YHCIIO p SBISCTCS LEBIM STUTEIEM o, & ¢ LIEIBIM JACTUTEIIEM d.
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Jloka3zarenbCcTBO TEOPEMBI HE TIPEAYCMOTPEHO B KypCe IIKOIBHOM MPOrpaMMBI.
XoTst 0HO 0o4eHb IpocTtoe. Tak Kak uncno — spisgercd HyneM P(x), To crpa-
BEJIMBO CIELYIOLIEE: g

a( Ly + anr (214 .+ ai(L) + a0 = 0.
q q q

YMHOXHUM K2XKAYIO 9acTh ypaBHEHHS Ha ¢”
ap’+ anplgt. .. +tapg' tag'=0,
OTCIOJIA TTOTY9IUM
ap"=q(— a1 p" ' —. .. —aoq"").
Kaxxmas u3 Byx 9acTei paBeHCTBA SBISIETCS 1EITBIM YHUCIIOM, 3HAYUT YHCIIO
g SIBIIACTCS JeNUTeNIeM 4jieHa a.p". Tak Kak p/q sBISIETCS MPOCTBIM paIfo-
HAJIBHBIM YUCJIOM, TO WX OOIIMM MHOXXUTEJIEM MOTYT SIBIATHCA TOJNBKO *+1,
T.€. YHCHA p U ¢ SBISIOTCA B3aNMHO TIPOCTHIMU YUCIIAMH, 3HAYUT YHCIA p" U
¢ TaKXe SBISIOTCS B3aWUMHO MPOCTHIMH YHCIIAMH, TOTAA YHCIIO p SIBIISIETCS
nenureneM a,. [lo anamorHaHOMY TIPaBUITY, PEIIIM PaBEHCTBO OTHOCHUTEIIHHO
4JIeHa dog”, BEIHOCS MHOXHUTEIb p 32 CKOOKY:
aq"=p(— anp" ' —...—arq"").

W3 mocneaHero paBeHCTBA MOJTYyYUM, YTO YUCIIO p SIBIISIETCS MHOKHTEIEM
qrcna aoq”. T.e. Tak Kak 9uciia p v ¢ SBISIIOTCS] B3AUMHO MTPOCTHIMH, TO YUCIIO
p ABISIETCS ASTUTEIEeM YHCIIa do.

3neck HEOOX0IMMO 00paTUThL BHUMAaHKE Ha clieytoliee. [ 0Bops o Teopeme o
paIlMOHAIILHBIX KOPHSIX MHOTOYWICHA C LEAbIMUA KO3 (UIIMeHTaMu Ha/IO0 TOHU-
MaTh, YTO Y HET0 00s13aTeNIbHO OY/IyT palliOHAIbHBIE KOPHU. [101BITOKUB, MOKHO
CKa3aTh, YTO paIlMOHAIBHBIC KOPHU (€CJIH OHU CYIIECTBYIOT), HaJIO UCKATh CPEIH
qyucen p/q TAE p W ¢ SIBISIIOTCS TEIUTEISIMU KOY(PIIUEHTOB ¢o U dn COOTBET-
CTBeHHO. VIMEHHO TO3TOMY 3Ta TeOpeMa Ha3bIBAECTCS TEOPEMOMN O HaXOXKICHUHU
parroHaIBHBIX KOpHEH. [IOHATHO, YTO y KaXK/I0TO YKciia MOXKET ObITh MHOTO MHO-

JKHUTEJICH U 5TO MPUBOIUT K TOMY, YTO TIOMCK HYXKHO MTPOU3BOANUTH CPEAH MHOKE-
CTBa YHCEI, YTO JOBOJBHO TpyHaoeMKo. [Ipu momorum rpadranbKynsTopa MOXKHO
MOCTPOUTH IpaduK COOTBETCTBYIOMICH QYHKIINH 1 TPUOIUZUTETEHO OTIPEISIIUTD
KaKo€ paIiMoHaIbHOE YHCI0 OyleT KOpHEM, T03TOMY Ha COBPEMEHHOM JTare 00-
YUEHHsI OT y4aluxcs TpeOyercsl yMeHue padorarh ¢ rpadKaibKyIsITOpOM.

3Hast OIMH PAIMOHAIBHBIN KOPEHb MHOTOWICHA, MOXHO ITPY TIOMOIIN METO/Ia CHH-
TETHYECKOTO JCJCHUs, HAUTH JPyrue MHOXKHTENH, II0CJIE Yero MOKHO HaiTh
OCTaJbHBIE PAalMOHAIBHBIC, HPPAIIMOHATIBHBIE U KOMILJIEKCHO - CONPSIKEHHBIC
KOpHHU. BO3MOKHO, YTO MHOTOWIEH HE UMEET PalliOHAIBHOTO KOPHS, HO MOXKET
MMETh HPPalMOHATIbHBIC HIIH KOMITIEKCHBIE KOPHH. B 3TOM ciydae KopHH MOKHO
HaWTH 10 TpayKy NMPH TIOMOIIH arpOKCHMAIIHH.

Hanpuwmep, maorounen P(x) = x3 + 6x — 2 He umeer Sf

paIMoOHaIBFHOTO KOPHS, OJJHAKO 10 TpauKy BUIHO,
YTO CYIIECTBYET MPPAMOHAIBHBIA KOPEHb, TPUOIH-
KEHHOE 3HayeHue kotopoe x ~ 0,32748 u euie nBa [
x~0,32748 1y=0
MHUMBIX KOPHSI. 30
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PexomenayeTcst mpuBecTH MpUMEPHI MHOTOWIEHOB, KOTOPBIE UMEIOT PalliOHAIIb-
HbI€, UppallMOHAJIbHBIE U KOMIUIEKCHBIE KOPHH.

Hanpumep, muorounen P(x) = 2x3 — 5x? — 6x + 2 MoxeT ObITh IPUMEPOM JIsI pa-
LIMOHAJIBHBIX U UPPALMOHATIBHBIX KOPHEH.

? Pemenne HeKoTOPBHIX 3a1aHUIT U3 yUeOHMKA:
| |

V.12. JIns muorounena P(x) n3BecTHoO, 4TO KOAPPHUIMEHT MPU CTAPILIEM YICHE
a=2wu P(-2)=P(1)=P(2) = 0. 3anumuTe MHOTOWIEH B BUJIE POU3BEICHUS
MHOXXUTEJIEH.
Pemienue: Tak Kak U3BECTHO, YTO JJI1 MHOTOUICHA TpeThel cTeneHu P(x) crap-
i kodpduuuent a =2 u P(-2) = P(1) = P(2) = 0, To y MmHOTrOuNEeHa P(X) ecTb
MHOXUTEMH (x +2), (x — 1) 1 (x — 2). Tak kak ko3¢ dunueHT npu x* paBe 2, T0
pasnoxkenue P(x) Ha MHOXKUTETTU UMEET BU:

P(x)=2:(x +2)(x - 1)(x—2).
V.13. Ha pucynke uzo0paxeH rpadgux GyHKIAN S
Sflx)=2x3+3x2—8x + 3.
ITo rpaduky onpenenute HyM MHOTOWIeHa. Hali-
JIUTE€ KOPHU MHOTOYJIEHA I10 MPaBUITY HAXOXKIECHUS
paloHaIbHBIX KOPHEH U MPH MOMOIIN METOJa CHH-
TETHUYECKOTO JICJIEHUS] HAlINTE OCTaIbHbIE KOPHH.
CpaBHuTe pe3ynbraT ¢ rpaduKoM.

Pemrenne: ecu MaOrOWIeH f(x) =2x° + 3x? —8x + 3 jiMeeT paloHaIbHbIC KOPHH,

TO OHM HaXOASTCs cpenu uncen: *1; +3;+ 5 iT . ITo rpaduxy MoxxHO TIpH-
OJM3UTENBHO YCTAaHOBUTD, YTO 3TO X = —3. OH sIBIIsICTCS. KOPHEM MHOTOWIeHa. [Ipu
IIOMOILY CHHTETUYECKOTO JEJIEHHs] ITPOBEPUM, UTO OCTATOK IIPU JECIIEHUHA MHOIO-
yiIeHa Ha JBywIeH x + 3 paseH 0:

S l2 3 & 3

l—6 9 3
2 3 1 0

3nauwnr, 2x> + 3x% — 8x + 3 = (x + 3)(2x? — 3x + 1). JIpyrue KOpHH MHOTOYJICHA

1
MOYKHO HaWTH pemuB ypaBHenue 2x> —3x+ 1=0: 1 u 5 - [To rpaduxy

MOYKHO YOCTUTHCS, 9TO KOPHA MHOTOUJIEHA HAWICHBI IPABIIIHHO.

OHeHHBaHI/Ie. Brinoansiorcs 3aaHus U3 y‘l€6HI/IKa. OI_ICHI/IBaHI/Ie MIPOBOAUTCHA
METOAOM Ha6J'IIO,Z[CHPIH. Tak xak HaXO0XJICHUC KOpHef/'I MHOT'OYJICHA JOCTAaTO4YHO
TPYAOCMKaAs pa60Ta, TO €€ MOXXHO OpraHM30BaTh B I'pyIIiax. anumeca JOJIDKHBI
YMETb, MOCJIC HAXO0XACHUA OAHOI'0 PAllMOHAJIBHOI'O KOPHA (BBI6paB cpeau BO3-
MOXHBIX palluOHAJIbHBIX KOpHeﬁ), IMPUMCHUTHb METOJ CUHTCTHYCCKOI'O
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JIeJIeHNs], 1 HATU JpyTrue MHOKUTENIN U KOPHHU, Pa3I0KUB MOJIY4YEHHbIE MHOXKHUTEIN
IIPH TIOMOLIH YK€ U3BECTHBIX METONIOB. TONBKO MOCIE TOT0, KaK yJalruecs pas3jioxKar
MHOTOWICH Ha BCE TMHEWHBIC MHOYKHUTEIN, OHH MOTYT OBITh YBEPEHEI, UTO HAIILIN BCE
KOpHH YpaBHEHHUSI.

Ypok 8-11. O KoMIJIEKCHBIX YUcIaX. OcHOBHasi TeopeMa ajiareopsl.
4 gyaca. Yue0. cTp 17-24.

ConepxareabHblii cranaapt. 1.1.1. 3HaeT, 4To MHOTOUJIEH 1-OW CTENEHU
HMEET 71 KOPHEHW U Ha OCHOBE DTOI0 PEIIACT YPABHEHUS.
1.1.3. 3HaeT 1 IpUMEHSET CBOMCTBO €IMHCTBEHHOCTH KOPHS 71-Oi CTENEHH.
HaBbiku yuyaierocs

* 0OBACHSET MOHATHE KOMITJIEKCHOTO YHCJIa Ha npumMepax;
¢ BBIIIOJIHACT I[GﬁCTBI/If[ HaJ KOMIIJICKCHBIMH YUCJIaMHU;

* IPEZICTABIISICT OCHOBHYIO TeOpeMy aireOphl Ha MpUMepax;

* BBIPAJKAET MHOTOYJICH B BUJIE IPOU3BEICHUS BCEX JIMHEHHBIX MHOXKUTEIEH ;

* [I0Ka3bIBAET Ha IIPUMEpax CyIIeCTBOBAHUE N MHOXKUTEIEH U N KOpHEH AJIs MHO-

ro4JIeHa N-OW CTENEHU;

* HaXOJIUT pallMOHaJIbHBIE, UPPALMOHAIbHBIE U KOMIUIEKCHBIE KOPHU MHOIOUYJIEHA

n-oi CTENeHH.

1-1i-2-i vac. IIpexacrasnsercs nHGOPMALIUS O TOM C KAKUMH CIIOPaMH TOSIBIISIIACH
KaX/1asi CHCTEMa MaTeMaTHYECKHUX TOHATUH B Hayke. Hampumep, [Tudarop yrBep-
KJIaJ, YTO HE CYILECTBYET JICHCTBUTEIBHOTO YUCIIa, KBaApaT KOTOPOro paBeH 2, T.c.,
9TO ypaBHEHHE x* =2 HE UMEET JICUCTBUTEIBHBIX KOPHEH. J[JIsi IPUHSTHS TAKOTO pe-
HIEHUs HYXKHbBI OBUIM YHUCIIA, OTIMYHBIE OT PALIUMOHANIBHBIX, T.€. CYIECTBOBAHUE
HOBBIX, HPPALOHAGHBIX YHCEI, KOTOPBIE SBIAIOTCS KOPHSIMH yPAaBHCHHS X = V2 I
x=-2. U naxe BBeICHHE HppalOHAIbHBIX YUCEIl HE CO3AaJI0 CUCTEMBI UUCEL, KO-
TOpBIC SIBILIIOTCS PEIICHUEM JIF000T0 ypaBHEHUs. CIIOpHI BEIHCH BOKPYT BOMPOCa O
TOM, KAKHM YHCIOM BBIPAKACTCS KOPEHb YpaBHEHUS x> = —1.
Ha pucynke Huke mpezicTaBieHa cxema CBA31 MHOKECTBA KOMIUIEKCHBIX YHCE C JIpY-
MMM MHOXECTBAaMU. Y YalllUMCsl pEKOMEHYETCsl [IEPEYEPTUTH CXEMY B TETPalb.

Kommiekcupie uncna (C)
NcZcQcRcC |

|
I[eﬁCTBHTeJILHILIe gucia (R)  MHuwmbie uncia

| | .
PanmonanbHble ‘incna(Q) Uppaunonansubie uncina (1)

Ilenbie yucna gZ) JpoOHbIe uncna
|
1

I I
Harypanbubie uncna(N)  Hypp — Uucia, IPOTHBOMOIOKHBIE JUIsl HATYPATIBHBIX

Yucma V-4, V-23 KOTOpbIe MHOTHE CUHTAIN OCCCMBICICHHBIMHE, [lekapT Ha3Ba
MHUMBIMH. [103%Ke CBO# BKJIaJ TS TOTO, YTOOBI KOMIUICKCHBIC YMCIIa HAIILIH CBOE
MECTO B MaTeMaTH4eCcKol Hayke, BHecsn Ditnep u ['aycc.
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Jlo cBejieHus yyaluxcs JOBOIUTCS, YTO KOMIUIEKCHOE YHMCIIO B ajreOpanveckoi
(hopme 3anuchiBaeTCs B BUJIE ¢ +ib , T€ a u b IeHCTBUTEIBHBIC YHCIIA, [ - MHUMAs
enuaAUIa. OMHAKO OTMEUAETCs, UTO [ HE paBHa 1.

YacTp yuamuecs NpUHUMAIOT i 3a 1.

OTMeuaeTcst TakkKe, 4TO JCHCTBUS HAJ KOMIUICKCHBIMU YHCIAMU UICHTUYHBI
CBOICTBaM apU(PMETUUYCCKUX OIEpaluid. Y4Jalruecs: 03ByYHBAIOT 3T CBOMCTBA
U 3aIUCBIBAIOT B TETPAAH MIPUMEPHI I ICUCTBUTEIBHBIX YACET. DTU K€ CBOM-
CTBAa OHU NPUMEHSIOT U JUIsl KOMIUIEKCHBIX Yncesl. ToxAecTBa U ACHCTBUS HAll
KOMIUICKCHBIMU YHCIIAMU 3alUCHIBAIOTCS B 00IIIEM BH/IE.

1. To:kmecTBO: a + bi = ¢ + di BO3MOKHO TOIIa ¥ TOJILKO TOT/A, €CIM a = c U b =
d.

2. CiioxeHne KOMILIEKCHBIX yucen: (a + bi) + (c +di)y=(a+ c) + (b + d)i

3. YMHO)KeHHe KOMIUIeKCHBIX ynces: (a + bi)(c + di) = (ac - bd) + (ad + bc)i

3-ii-4-# yac. /[ HaxoX1eHUsI KOPHE MHOTO4WIeHa BaXKHO YMETh ITOJTHOCThIO
MPEJCTAaBUTh MHOTOWIECH B BU/JIE JIMHEUHBIX MHOKUTENeH. OCHOBHAs TeopemMa ajl-
reOpsI 1aeT BO3MOKHOCTD MPEACTABUTh MHOTOWICH B BHIIE POW3BEACHUS JIMHEH-
HBIX MHOKUTeIeH. OCHOBHYIO TEOpEMY aireOpsl BIIEPBBIC JOKa3al HEMEIKUH
yuenblit Kapi ['ayce (1777-1855).

Teopema. JIt000¥1 MHOTOWIECH HEHYJICBOW CTCTICHH UMEET XOTs ObI OJIUH KO-
pEHb Ha MHO>KECTBE KOMIUIEKCHBIX YHCEIL.

U3 Teopembl, ipeAcTaBIeHHON B Y4EOHHUKE CIIETyeT, YTO MHOTOUJICH /# CTCIICHH
MOJKHO TIPEJICTABUTH B BUJIC IPOU3BEICHUS 71 JIMHESHHBIX MHOKUTEIICH:

Px)=a.(x—ci)(x—c2)(x—c3) ... (x—cn)

Teopema 0OBSICHSIETCS Ha PUMEpPAX.

1. MHorowren niepBoit crerneran P(x) = x — 3 mmeeT oguH KopeHb. Haiimem

KOPHH ypaBHEHUS, 3aJaHHOT0 MHOTOWIeHa: X —3 =0 ; x =3

2. MuorouseH Bropoii ctenenu P(x) = x? +3x + 4 nMeeT 1Ba MHOKUTEISI U 1Ba
KOpHS.

XH3x+4=0,x+1)(x+3)=0; x=—1ux=-3

3. MHorousieH TpeThel CTENeHN UMEET TPYU MHOKHUTENS U TPU KOPHSI.

P(x) = X3 + 4x = x(x2 + 4) = x(x + 2i)(x — 2i)

x1=0,x=2i nx3=-2i

4. MHOTrO4JIEH YE€TBEPTOHN CTEIIEHU UMEET YEThIPE MHOKHUTEIIS U YEThIPE KOPHSI.
P(x)= x*-1=(x-Dx+)(x+i)(x—1)

xi=-1, x=1, x3=—i vo x4=1i

Buaumanue ydamuxcs KOHIIGHTPUPYETCS Ha TO, 9TO OCHOBHAS Teopema aj-
reOpBl TOMOTAeT OMPEACIATh HATMYNEe KOPHEH, HO He JJaeT BO3MOKHOCTHh HaXo-
TITPH UX.
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Kophu ypaBHEHUSI MOYKHO HalTH TOJIBKO IOCJIE TOTO, KaK MPH MOMOIIH METOAA
CHUHTETHYECKOTO JICJICHUS HAlIEHBl BCE MHOKHUTEIH. A JUIsl TOT0 HEOOXOAUMO
BBIOpATh U3 CNMHCKA BO3MOKHBIX PAllMOHAIBHBIX KOPHEH XOTsl Obl OAMH KOPEHb
(HalTH NEepBBIi KOPEHB - 3TO O4YEHb BaXKHBIM MOMeHT). [lociie HaxoXaeH!s Bcex
JMHEHHBIX MHOXHTENEH, MOXKHO 3amucaTh Bce KOpHU. Ecnu koadduuueHT npu
CTaplIeM 4IeHa He paBeH |, TO 3TO CIHMCOK pallMOHAJIbHBIX KOpHEH yBenn4ynBa-
ercs. [ToaToMy, GosbIIe paccMaTpUBAIOTCS MHOTOWICHBI Y KOTOPBIX ¢ = 1.

Pemenne HeKOTOPBIX 3aJaHUIl U3 y4eOHNKA:

n
V.5. Pemnre ypaBHenue. €) x* — 2x3 + 5x2—8x+ 4=0
PemeHI/Ie: €CJIM TaHHOC YPaBHEHHUE UMECT KOPHH, TO OHU PACIIOJIOKEHBI CPEaAU

gucen £1, 2, +4. xt— 2x3+5x2—- 8+ 4
[TpoBepuM, ABISETCS JIH YHCIIO uE! 2 5 8 4
x =1 KOpHEM JaHHOTO YPaBHCHUSI. l ! 4 4
xt— 23+ 5x2 - 8x+ 4=

=(x—1D@E>—x*+ 4x—4) 1 -1 4 -4 0

3aJlaHHOE YpaBHEHHE MOXHO 3amucarh B Buge (x — 1) (x* — x> + 4x—4)=0
wi (x — 1)? (x> + 4) =0. Orcrona x1 =x2 = 1, x3 = 2i, x4 = -2i.

HaI[O O6paTI/ITI) BHHUMAaHUC yUallluXxcCsa Ha TO,9YTO MHOTOYJICH 71-OM CTEIIEHH MOKET
HAMETbh KaK MAKCUMYM 71 KOPHEH.
V.11. IIpuObuts, KOTOPYIO TIONTy4YaeT (pUpMa 1O MOIIUBY CIIOPTUBHBIX pyOa-
ek, MOKHO cMozienpoBarh GyHkiuei P(x) = —x3 + 4x? + x (3nech P - mpu-
ObUTH (B MJIH. MaH.), X - KOJIMYECTBO pyOaiek (MIH. mTyK). B otyere
MOKa3aHo, YTO 3a 4 MIJIH. TIONMIUTHIX pyOariek Oblja mory4eHa npuobLIh B
pa3mepe 4 miH. MaHat. Kakoe koin4yecTBO pyOalek Hajo MOLUIUTh, YTOObI
UX KOJIMYECTBO CTAJIO MEHBIIIE, a MPHOBLIb OCTaNACh OBl TaKOH xe?
Pemenue: no ycioBuioo Hamo HalTH KOPEHb ypaBHEHHS
—x3+ 4x? + x = 4 oTnIMUHBIN 0T 4. 3anuIIeM 3TO ypaBHEHHE
B Buae Xx°—4x? —x + 4 =0. Pazgenum MHOTOUIICH
xX*—4x?—x+ 4nonpasuny 4 | 1 -4 -1 4
CHHTETHYECKOTO JICJICHHUS l
Ha (x — 4). 4 0 4

1 0o -1 0

Tak kak X3 —4x? —x+ 4=(x-4)-(x*>-1)=(x—4):(x — 1)(x + 1), TO KOpHH OT-
nuyHble oT 4 paBHbl —1 u 1. Kopenb x =—1 He ynoBneTBopsieT peajibHOM CUTYya-
UK. 3HAYUT, pUpMa OT IMOUIKMBa | MIIH. CHOPTHBHBIX pyOaliek HoIyduT

npuObUIb 4 MITH. MaHaT.
HeHuBaHue. UToOBI MPOBEPUTH KaK yUaIIUECs OHSUIA OCHOBHYIO TEOPEMY aJl-

reOpbl UM MpejIaraloT 3armucarb B BUJe IPOU3BEACHNS MHOKUTENIEH MHOTOUJIEH,
COOTBETCTBYIOIINI 3aaHHBIM KOpHsM. HanpuMep, 3anucars ¥ HAUTH CTEIEHb
MHOTOYJIEHA, C KOPHSIMH PaBHBIMU 2, —3, 1 3-X KpaTHBIM KopHeM (—1). Yuammecs
JOJDKHEI 3aicarh clieayrontuii MuorowieH P(x) = (x — 2)(x+3)(x+1)? u 0ObSICHUTS,
YTO 3TOT MHOTOYJICH UMEeT 5 MHOXKUTENNeH U cTeneHs 1+1+3=5.
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Pa6oumnii tuct Ne 3
Nma damuins JlaTra

1) IlIpoBeprbTe sIBJASAETCA JIU JAHHOE YHCJI0 KOPHEM YPaBHCHHS.

fx)=x>—x2+4x -4, x=1 fx)=x*—x>-3x-3, x=-1

f)=x*—x>-3x+3, x=2 fxX)=x*-3x2+x-3, x=-i

2) HaiiguTe Bce KOPHU ypaBHEHUsI.

a) f(x)=x3+72—5x>—18x
b) f(x)=x3—Tx*+2x + 40
c) f(x)=x3—8x>—23x+ 30
d) f(x)=x3—3x2—4x + 12

3) Ilo naHHBIM PHCYHKA 3aIIUIINTE BbIPAsKeHHe UIs1 HAXO0KIEHHUS APYTrUX
pa3MepoB NpPU3M.

V) =20 - 172 +27x + 18 V(x)=x+ 7x? + 14x + 8 Vx)=x*-1

. h=x*+1
h=x=6 h=x+4
=9 P o A
Sol(r)=" - b=1 L =7
a=x ~ yi=x+1
npAmas npusma npAmMOy201bHblU

npsamast npusmd, 6 OCHO-
napaﬂﬂeﬂenuned “
BAHUU KOMOPOU J1esxicum

pomo
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Pa6ounii muct Ne 4
Nma damuins JlaTra

1) Haiinure MHOTOWIEH P(X) HanMeHbIIIeH CTETICHH, €CITH cTapiuii Kodhdu-
LIMEHT paBeH 1, a KOPHSMHU SIBJISIFOTCS CIEyIOLIUE Yyucia. YKaXKUTe CTEIEHb
MOJYYEHHOTO MHOTOUJICHA.

3;0; -2
1;-1;2;-2;3
-1;-1;3u4

3;2+45,2-45
;16—
2) YcTaHOBUTE COOTBETCTBUE MEXKAY TpadukoM u (yHKIuei. Pazmoxure

MHOT'O4JICHBI Ha MHOXXHTCIIN, 3Has1, 4YTO rpa(bmc MEPECCKACT OChb X B TOYKAX,
KOTOPBIC ABJISIFOTCA LEJIBIMH YUCIIaMU.

a.P(x)=x>+5x+4 b.P(x)=x3-2x*—x+2
c. P(x) =x3+x2—2x d.P(x)=x3—x
e.P(x)=x-5x*+4 f.P(x)=x*—2x> — x>+ 2x
B. 4
B J—— i SN 4
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Ypok 12-15. ®dyukuus - MHorouJieH. PannoHanbHubie pyHkmmnn. O6o6maro-
mue 3aganus. 4 yaca.yYue0. crp. 25-32.

Copep:xaresabHblii crangapt. 1.1.1. 3HaeT, 4T0 MHOTOUJIEH 7-OU CTENEHHU
HMEET 1 KOPHEHW U Ha OCHOBE 3TOT0 PEIIAET YPABHEHHUS.

HaBbiku yuyamerocs:

* Ha IpUMepax OOBSICHSIET, YTO MOHUMAET BIUSHHUE 3HAKa KO PHUIIHEHTA IPU
CTapIleM WICHE U CTENICHH MHOTOWIEHA HA YeTHOCTh (HEYETHOCTh) U rpaduk
hyHKINNT;

* HAXOIUT KOPHU MHOTOYICHA U IMOHUMAET, YTO OHU SBJISIOTCS TOYKAMH IIe-
pecedeHus ¢ OChIO X;

* OIIpEETISIeT MPOMEKYTKH, I7ie PYHKIHSI-MHOTOWIEH UMEET MOJI0KUTEIIbHBIC
U OTpUIATENIbHBIC 3HAYCHHUS;

* cTpouT TpaduK GYHKIMH - MHOTOUJICH;

* CTPOHUT rpa)vK MPOCTHIX PAIIHOHAIBHBIX (YHKIUI IPU IIOMOIIN aCUMITOT.

OO6cy)xaarTes y)ke U3BECTHBIE paHee QYHKIIMH: TMHEHHBIE (TIepBOii CTENICHH),
KBaJ[paTU4YHbIC (BTOPOH cTereHn) U KyOudeckue (TpeThelt crenenu). [locne
4ero, BHUMaHHE YIENAeTCs N3yUYeHUI0 (DYHKIMIA BBICIINX CTEIICHEH.

[ToBTOpsieTcs moHATHE MHOTOWICHA. JKemaTrenbHO 0c000 OTMETUTH CIIEYIO-
iee: HAaUBBICIIYIO CTENEeHb, KO3(DPUIIMEHT MPU HAUBBICIICH CTEIICHU, CTaH-
JTapTHYIO (hopMy 3amucu 1 Hylii MHOTOWIeHa. TOJIBKO CTapIimii 4ieH - CBOUM
3HAKOM M YETHOH MJIM HEUETHOW CTETICHBIO, XapaKTepu3yeT (PYHKIIUIO - MHO-
TOYJIEH.

JemoHcTpHpyeTcs psit QYHKIHA - MHOTOYWICHOB U MX TpapuKH.
f(x)=(x-3) fx)=—x*+ x? fx)=x*—4x* f(x)=—x*—x>+5x-3

Mo rpaduxy uccnemyercst Kak CTeNeHb BIUSIET HAa YETHOCTh WM HEYETHOCTD
(GyHKIMH, a 3HAK MIPH cTapiieM Kodpuimente (MoIKUTETbHBIN WX OTPU-
HaTenbHbIN) Ha 3HaYeHUe QyHKImH. [IpoBomuTCst 0600IIeHNME.
1. ITo rpaduky onpenenstoTcs HallpaBiIcHUE BETBEH QYHKITUN

Crapmmii Ko3(pGUIMEeHT dn n 4€THOC n HCUYCTHOC
an NOMOKHTENbHEI  BREPX M BBEPX BHU3 U BBEPX
@y OTPHIATCIBHBIi BHHU3 1 BHU3 BBCPX U BHU3
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2. Jlns crenenu n>1 MHOTOUYIEH UMEET KaKk MAaKCUMyM # — 1 ““TOdek moBo-
pota” (Touek riue Bo3pacTaHue NepexouT B yObIBaHuE U Ha000poT). I MHO-
roYJeHa HEYETHOW CTENEeHH YeTHOE KOIMYECTBO, /Ui MHOTOWIEHA YEeTHOU
CTENEHHU - HEYETHOE KOIUYECTBO.

Hccnenyercst mocnenoBaTeIbHOCTh MOCTPOCHUS TpaduKa, CTpouTcs rpaduk
3aJlaHHOW B IpUMepe (PyHKIIUH.

* I'padux pyHKIMN - MHOTOUWIEH MOYXHO MOCTPOUTD IO TOYKAM MepeCceUeHUs
C OCBIO X, 3HaKy KO3 QHIINEHTA MTPU WICHE HAUBBICIICH CTEIICHH, U CTEIICHH
MHOTOYJICHA.

* Touku nepecedeHust ¢ OCbI0 X MO>KHO HAWTH BBIYUCIIUB KOPHHU.

* Ecnm MHOTOUJICH 331aH B BUJIE€ IPOU3BEICHUS MHOXKHUTEIIEH, TO €T0 KOPHH
HaWTH OYEeHb JIETKO, €CJIM MHOTOUJIEH 3aJIaH B CTAHJIaPTHOM BHJI€, TO €r0 Ha/10
Pa3IOKUTh HA MHOKHUTEIIH:

- TPYIIHPYS WIH MIPU MOMOILIH (POPMYI COKPAIIEHHOTO YMHOKEHUS;

- IPUMEHSISI TEOPEMBI 00 OCTaTKe U PallMOHAIBLHBIX KOPHIX MHOTOYJICHA.

O06bsicuenne 7-ro ynpaxuenus. Ecnmu  ¢yHkuus nmeer Bua y = (x — r)<, o
KaK 3TO BIUsET Ha rpaduk QyHKIUH?

Eciu ¢hyHKIMsI-MHOTOWICH UMeeT BUI ) = (x — r)f, To:

1. mpu yeTHOM 3HaueHuH k rpaduk QYHKIUU KACAeTCsl OCH X B TOUKE 7 U T10-
BOpPA4YHMBAETCA.

2. Ip¥ HEYETHOM 3HAYCHUU k TpauK MepeceKaeT och X .

Ecnu rpaduk GyHKIUM KacaeTcst OCH X B TOYKE, TO 3TO 3HAYMT, YTO MHOTO-
YJIEH UMEET KPaTHBIN KOPeHb YETHOM CTENEHHU.

Hanpumep, rpaduky Ha pucyHKe COOTBETCTBYET MHO- A
rowned flx) = (x+ 1)(x—2)2 [Ipu x = 2 rpaduk PyHK-
LMY KAaCaeTCsl OCH X, TO KPaTHBIM KOPEHb CXOTUTCS B
JTaHHOM Touke. X KoarmdecTBO Kak MUHUMYM PaBHO 2, x
HO MOXXET OBITh M 4, U 6, U T.]I.

OnennBanne. PopMaTUBHO OLICHUBAETCS YMEHUE ONPEAEIATh CTENEHb 3a-
JTAHHOTO MHOTOUIEHA, 3HaK K03()(UIIMEeHTa YJieHa IPH BHICIIEH CTENeHHU, B
KaKOM HaIlPaBJICHUU HAIPABJICHBI JBa KOHIA rpauKa IpH CTPEMIICHUN

X K —00 1 +00,

BTopoil u TpeTuii yac OTBOAWUTCS HA BBIIIOJIHEHUE 3aJaHUI Ha IOCTPOCHHE
rpauKoB paroHaIbHBIX (PYHKIIUI MPU TTOMOIIU aCUMIITOT.

quBepTBIfI HJac OTBCACH OJIA PCIICHUA O606H.[3.IOH.II/IX 3aI[aHI/II71 110 pasaciy.

31



? PenieHue HeKOTOPBIX 3aIaHUI U3 YUeOHHKA:
[ |

V.3. (ctp. 31) HaiinuTe acCHMITOTHI 3aITaHHOM PAIIMOHATBHON (DYHKITHH.

Pemenmne:

2
b)y= 5"

[pu x = £1 uncnaurens apodbu otuyeH ot 0, a 3HaMeHatenb paBeH (. 3HauuT,
npsiMble x = | 1 x = —1 ABIAIOTCS BEPTHUKAIBHBIMU aCUMITOTaMU. Tak Kak

CTETEeHb YUCIIUTEIIS MEHBIIE CTETICHU 3HAMEHATEISI, TO QYHKIUS UMEET
2x
x2—1
y = 0 sBAsieTCS TOPU3OHTATHLHOM aCUMITTOTOM.

2 x+ 2
d)y= x+ 1

TOPHU30HTAJIbHYIO aCUMIITOTY. HpI/I lrlllgo =0 IMOJIy4rM, 4TO IpsaMast

ITpu x =—1 uucnurens apodu omnyeH ot 0, a 3HameHatenb paBeH 0. 3HaUuT,
npsiMast x = —1 SBISETCS BEPTHKAIBHON acUMITOTON. Tak Kak CTCIICHb YHC-
mutenst Ha 1 OoJIbIe CTENeHU 3HaMeHaress, TO QYHKIUS UMEEeT HAaKJIOHHYIO
acumnToTy. Pa3nenum cronOukom MHOTOUIeH 2x*+ x + 2 Ha IBYwWIeH x + 1.

2xH4 x+ 2 x+1
- 2x—1

—2x2+ 2x
—x+2
Cx—1
3Ha4nT 2t at2 =2x—1+ . H;I/I 00IBIINX 110 a0COTIOTHOMY 3Haue-
o > x+ 1 x+ 1

3HAYCHUH apryMeHTa Ipo0k S| OCCKOHEUHO yMCHBIIACTCS U rpadpuk QpyHK-
LMK CTpeMUTCs K npsimoid y = 2x — 1. T.e. mpsamas y = 2x — 1 ABIseTCS HAKIJIOH-
HOW aCUMNTOTOH (DYHKITUH.

Pa6ounii muct Ne 5
Nmsa Damuims Jara

3anuImTe Kak M3MCHSIOTCS 3HAUCHUS (byHK]_[I/II/I IIpu BO3pAaCTaHUN apryMeHTa
10 a6COJ'IIOTHOMy 3HAYCHUIO.

a) f(x)=—x2-6x-7 b) f(x)=x3-2x2+1
c) f(x)=x*+2 d) f(x)=—x*+3x*-2-5x
f) f(x)=—x’+4x5—x+1 e) f(x)=x3-2x%2-3
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Pa6ounii 1uct Ne 6
Nma damuins Jara

[Mocrpoiite rpaduku GyHKIUI.

fx)=x3+3x2—x-3.

fx)=x*-2x3-3x2+8x -4

Sx) =—x*+ 4x3 — 4x?
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Kpurepuu cyMMaTuBHOT0 OlleHMBaHMS 10O pa3aenay 1

3amerku 00 yua-

Ne Kpurepuu
p p HUXCs
) BEIMOTHSCT JIeleHHe MHOTOYJICHAa Ha MHOTO-
" |wIeH mpH TIOMOLIK JICTICHHUST CTOTIONKOM.
2 3anucepIBacT JACIIMMOEC, ACJIUTCIIb YaCTHOC U
" |ocraroxk.
3 BBINOTHSACT JIe/IeHHEe MHOTOYJICHA Ha 1By WICH
[P IOMOIIN METO/Ia CHHTETHYECKOTO JICTICHHSI.
4.  [[Ipumensier B 3amaHusx TeopeMy 00 OcTaTkKe.
lcrnionb3ys TeopeMy 00 ocTaTKe ycTaHaBIIU-
5. [Baer SABJIAETCS JIU IBYYJICH MHOXHUTEIEM
MHOTOUJICHA.
6 [IpencraBiseT OCHOBHYIO T€OpEMY alreopsl
" |Ha mpuMepax.
7 BripakaeT MHOTOYJICH B BUI€ IPOU3BEICHHS
" |TuHEHHBIX MHOXHUTENEH.
Haxoaut panpioHalibHbIE, UPPAIIHOHAIIEHBIC H
8.  [KOMIUIEKCHbIE KOPHH MHOTOUIEHA 11-0U CTe-
[CHU.
9.  |Crpout rpaduk GyHKIHH - MHOTOYJICH.
10 Ctpout rpaduKu MPOCTHIX PALMOHAIBHBIX

(YHKIMIA TPHU TOMOIIH aCUMITOT.
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Ypok 16. 3agaHus 119 CyMMaTHBHOIO OLIeHUBAHMA 10 pa3nedy 1.

1) Kaxoii BuJ 10/K€H UMETh JeNTUTENb IPH CHHTETUYECKOM JIeTICHUU?
3anuIuTe IpuMep Ui CAHTETHYECKOTO JEIICHHUS.

2) B xakoMm citydae 0cTaTOK HanOOIbIINNA?
a)(x>—x—-3):(x—2) b)(x*+x—3):(x—2)
) +x+3):(x—2) dx*—x+3):(x—2)
3) HaiiguTe uucno n , eciiu MHOTOWIEH P(x) = x* — 5x° + 7x — n nenurcs Ha
nByuneH x — 1 Ge3 ocrarka.
4) 151 cleayroInuX MHOTOYWICHOB HAIUTE pallMOHAILHBIC KOPHU (€CITH OHU
CYILIECTBYIOT).
5 1

a) f(x)=6x*—8x+2 b)) f(x)=0,3x>+2x+4,5 ¢) f(x) :;_ x? +?x -

5) 3anumuTe CHUCOK palMOHAIBHBIX KOPHEW (Hyleil) MHOrousjieHa
f(x) =x3+ 14x? + 41x — 56 ucnonb3ys TEOpeMy O pallMOHAIbHBIX KOPHSX.

6) Kakoii u3 creyronux JBy4ICHOB SIBISETCS MHOKUATEIIEM MHOTOWICHA
P(x) =2x3 - 5x2 = 9x + 187
a)x—1 b)x+2 c)x+3 d)yx-6

7) Pa3znoxxuTe MHOTOWICH Ha JIMHCHHBIC MHOKHTEITH.
Px)=x*—4x2+x+6

8) Haiiqure uncna a, b, ¢

332 3 ¢
a 21 72
3 7 b 68

9) Kaxoii ocTaTok Moxy4uTcsi IPH JIeTICHUU MHOTOUIeHa 2x>+ 6x + 3 Ha
JByuseH x + 27

a) 11 b) 3 )0 d)-1

10) Kakoe u3 cieayromux BeIpaKeHHH SKBUBAJICHTHO (X2 + 3x — 25):(x — 4)?
1

+
a)x+28 b)x+7+x_4 c)x+4+x_ d)yx+7
11) BemomauTe nefictus. Pe3ynbrar npeacrassre B BUAC a + bi.
a) B+4)+(5-6) b) (3-2i)2+3i) 0) {4;
—2i
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12) BMecTo X 1 y 3anMIIATE TaKUE ICHCTBUTENLHBIC YUCIIa, YTOOBI HEPABCHCTBA
CTaJI BEPHBIMHU.

a)2x +3yi=6-3i b) 2 — 5i=—x+10yi c)4x—2yi=4+8i

13) Kakoe u3 clieayronux MHOKECTB 3HAUYCHUH HY)KHA TIPOBEPUTH JIJIST OTIpeie-
JICHWSI BOSMOYKHBIX PAIlMOHATBHBIX KOPHEH MHOTOWIEHA

P(x) =x*—2x3 — Tx? — 8x + 127

a)+1,4+2, +4, +12 b) +1,+2,43,4+4, +6

c) +1,+2, +3, +4, +6, +8 d) £1, £2, £3, +4, +6, +12

14) IocTpotite rpaduKu GYHKITHIA.
x—2
x—1

Dy=(+DHE-)x+3)  Degw=x-162 ) y=

15) YcraHoBuTE COOTBETCTBHE MEKTY rPpadUKOM U QYyHKIIHEH.

1) 2) Y

3)

o]

1 ] - +
- > o
f v 7

o]

=]

A

A)y=x*+33-3x2-Tx+6 b)y=x-4x*+4x c)y=-2x>+6x2+2x-6

16) CkonbKo TOYEK MTOBOPOTA UMEET (QYHKIIHUS - MHOTOUYJICH TPEThEH CTEICHH,
HUMeloIas TPU JeUCTBUTEIbHBIX KOPHS?

a) 1 b) 2 03 d) 4

17) Uto ncTHHHO, @ YTO JTOXKHO?

a) MHoOTro4IeH 4YeTHO! CTENEeH! BCera IepecekaeT 0Ch X YeTHOE KOJIMYECTBO
pas.

b) JIro6ast GpyHKIMA-MHOTOUICH HEYETHON CTEIIEHN KaKk MUHIMYM OJIMH pa3
[IEPECEeKaeT och X.

¢) JIro0ast pyHKUNA-MHOTOYJICH YETHOM CTEIIEHN KaK MUHUMYM OJIMH pas3 I1e-
peceKaer och X.

18) Kakoe BbICKa3bIBaHHE CIIPABEIMBO IJIsi MHOTOYJICHA
P(x)=3x3+4x>+2x-97?

a) octarok npu aencHuu P(x) Ha x + lpaseH 6.

b) aByuseH x — 1 siBisieTcst MHOXHTENEM P(x).
c)P(3)=36

d)P(x)=(x+3)3x2—5x+17)+ 42
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Tabanna niaHupoBaHus MO pas3jieny 2

Kou-
OcHOBHO¥ cTaHAAPT U Crp.
Aap Ypok Ne Tema BO P
MOJACTAHAAPTHI yueo.
yac

3.1.1. 3Haer mnoHsATHE [Ipamoyronbhas — cu-

JlekapToBoii  cucTeme | 7.1g |CTEMAaKOOPIMHATBIPO-| 4 | 44 1
KOOPJIMHAT B MPOCTPaH- CTPaHCTBC

CTBE, TOHSATHE BEKTOpA

U HaXOIUT CKaIApHOC 2022 Bekropsl B mpoctpasn- 3 | 42-48
IIpOU3BEIEHUE JBYX - CTBE -
BEKTOPOB,  3a/IaHHbBIX

KOOpIHATAM. CxansipHoe mpousBeie-

3.1.2. Ilpumenser pas-| 23.25 ;He ABYX  BCKTOPOB.| 3 | 49.53
JTUYHBIC KOOPJAMHATHBIE TOJI MEXAY IBYMS BEK-

METO/bI TIPU PEIIEHUH Topamu

3a/1ad B TIPOCTPAHCTBE. 2% OOmee ypaBHEHHE TTPsI- 1 | 54255
3.1.3. 3HaeT ypaBHEHUE MoH

MJIOCKOCTH M Chepsl H VYpaBHEHHE TIOCKOCTH

npuMeHsieT ux npu pe-| 27-28 |Bszaumuoe pacmonoxe- | 2 [ 56-61
IIEHUH 33]1a4. HUE MJI0CKOCTEN

3.1.4. Pasnaraer Bektop, | 29-30 | VpaBHeHue cheps 2 | 62-63
3a/laHHbIM B MPOCTpaH-

CTBE Ha TPU HEKOMILIA- IIpeobpasoBanus Ha

HapHBIX BEKTOpa 31 IIJIOCKOCTHU U B HpO— 1 64—66

CTpaHCTBE.

3.2.1. Pemaer 3amauu, 0600

MPUMEHSIST  TTapaijielb- 0 ;uafomne 3aja-

HEIH TIePEHOC. 3933 |HWA 3anamus as cym- |, 67-68
3.2.2. Tipumenser mpe- MaTHUBHOTO OICHUBAHUS

o paszeny

o0pa3oBaHus TOIO0HS B

MPOCTPAHCTBE MpPH pe-

IICHUH 3a]1a4.
4.1.2. Haxonut norper-

Bcero 17

HOCTb, CPaBHHBAs PE3YJIb-
TaTbl IIOJTYYCHHBIC IIpU|
M3MCPCHUAX W BBIYUCIICH
HUAX.
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IIpumep ypoxka
Ypok 17. lIpssMoyroabHasi cucTeMa KOOPAMHAT B nmpocTpancTie. 1 yac.

Yueb. cTp. 34 - 37
Conep:xaTeJbHBINH CTAHAAPT

3.1.1. 3naer nousTHE JlekapToBOI cuCTEMe KOOPJUHAT B IPOCTPAHCTBE, IIOHATHE
BEKTOpa U HaXOUT CKaJIIPHOE MPOU3BEICHHE IByX BEKTOPOB, 33JJaHHBIX KOOP/IHU-

HaTaMH.
Hasbiku yuamerocs:

B TIPEJCTaBIsIeT Tpa@UIecKl TPEXMEPHYIO CUCTEMY KOOPAMHAT;

B NIPEJCTaBISET INIOCKOCTH, 00pa3yIoIIue CUCTEMY KOOPAMHAT B IPOCTPAHCTBE
1 KOOPIUHATHI TOUYEK, PACTIOIOKEHHBIX Ha ATUX IIOCKOCTSIX;

B CTPOUT 3aJaHHbIE TOUKU B TPEXMEPHOH CUCTEME KOOPIMHAT;

B ompenensieT KOOPMHATHI TOUYEK 3a/IaHHbIX B rpauueckoM BUJIE.
1. ManunyasituBHoe 3ansatue. Q0yuenue. Ilpencrabienue nouarus. Tpex-

MepHas CHCTeMa KOOPIMHAT 33/1aeTCs Ha MIpUMepe 3a/1aHus yaeOHHKa O TiepeMe-
meHun Msaa. [IpoBoauTest 00CyKIeHIE OJHOMEPHOM, TByXMEPHOH U TPEXMEPHOH
CUCTeM KoopauHar. J[o HacTOAIIET0 BpeMeHH MBI HCTIOIb30BAIH YHCIOBYIO OCh,
KOTOpasi n300pakaeTcs P MTOMOIIIN OTHOM MPSIMOH W KOOPIUHATA TOYKH, PACTIO-
JIOXKEHHOM Ha MPsIMON 3a/1aBaiack OJJHUM 4yucioM. [IpsamoyrosbHas cuctema Ko-
OpIMHAT Ha IIJIOCKOCTH 33/aeTCsl JIByMs TEpPIEeHIUKYISIPHBIMHA TPSMBIMH,
KOTOpbIE HAa3bIBAIOTCS OCAMHU KOOPAUHAT X M ), M KOOPJMHATHI TOUYKA B JAHHOM
CUCTEMe 33/Ial0TCs IByMs dnciaMi. Ho MBI )KMBEM B TPEXMEPHOM cHCTEME KOOP-
JIMHAT ¥ BCE TIPEAMETHI, KOTOPBIE HAC OKPYKAIOT SBISIOTCS TPEXMEPHBIMU. 3HAUYUT
MBI JIOJDKHBI YMETh, YATATh KOOPMHATHI TOUEK U PacIiona- z
rarb TOYEK C 3aJaHHBIMH KOOpPJMHATaMH B TPEXMEpPHOU
MPOCTPAHCTBEHHOU cucTteMe KoopauHar. [IpoctpaHcTBeH-
Has cECTeMa KOOpAMHAT 00pasyeTcs TpeMs MepIeHINKY- y
JSPHBIMH TIPSIMBIMHU, BBIXOASIIAMU W3 ONHON TOYKH H
00pa3yIoMMHY TPH YHCIIOBEIE OCH. B cOOTBETCTBUY C JaH- | X
HBIM OTIPEETICHUEM yUaInecs TOIHKHBI H300pa3uTh COOTBETCTBYIOIIYIO CHCTEMY

KOOPJIMHAT B TETPaJid. 5-7 MUH.
2. Ooyuyenue. Ocu B cucreme koopaunat Rs; Koopannaruble miockocTu

(oOcy:xneHue). Yyamuecs pactpeeisiioT KOOPAHHATHBIC TNIOCKOCTH B COOT-
BETCTBHH C MapaMH KOTOPBIMU OHHU 00Opa3oBaHbl. OCH X U y 00pa3yroT KOOpau-
HATHYIO TI0CKOCTh XOy WK XY, OCH y U z 00pa3yoT KOOPANHATHYIO IIOCKOCTh

yOz UM yz, ocu X U z - KOOPIAUHATHYO II0CKOCTh XOz Wil Xz.
[Tocnie yero, yyamuecs NPeACTABISIOT TPEXMEPHYIO CH-

CTEMY KOOpJMHAT Ha pealbHBIX cuTyauusx. Hampumep,
JUIMHY, IINPUHY U BBICOTY OAHOTO U3 YIVIOB KJIACCHOM KOM-
HaTbl MOXHO MPEACTaBUTh KOOPAMHATHBIMU OCSIMH, KOTO-
pble pa30MBaIOT COOTBETCTBYIOIINE CTEHBI HA IJIOCKOCTH
xQy, yOz, xOz. KoopauHaTHY!0 INIOCKOCTh MOXKHO paccMar-
pUBATh C pa3nu4YHON nepcrekTuBbl. O4YeHb ynoOHO MPeACcTaBUTh 3TO Ha MOJEIN
KyOa, KaK n300pakeHO Ha pucyHke. Ecin Mbl BcTaHem IpsiMo miepes Kyoom, To
3aHsIsl TpaHb OyJeT SIBISATHCS TIOCKOCTBIO z), MEPICHIUKYIISIpHAs TPaHb ClIeBa

IUTOCKOCTBIO ZX, HWKHSISI TpaHb (OCHOBAaHHUE) - INIOCKOCTBIO XV . 5-7 MHH.
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HpHMO}/F OJIb Faﬂ CHUCTCMa KOOPAWHAT HA3bIBACTCA CUCTEMOM npaBoﬁ PYyKHU.
|

z

|
= T
A

____------I:-ﬁ :I

3. Oﬁyqelmie. YUTeHne KOOPANHATHI Toqlm)fa cucreme R* u pacnosnoxenune
TOYKH B 3aJaHHOW KoopaumHaTe (MHAMBHAYyaJbHasi padoTa, 00Cy:KIAeHNE).
Koopaunara Touku B MPOCTPAHCTBE ONpENEsieTcs aHAIOTHYHO MPaBUIly OTpe-
JIeJIEHUS] KOOPAMHATHI TOUKH Ha TTOCKOCTH. TONBKO, €CIM Tapa KOOpAUHAT (X; V)
Ha IUIOCKOCTH MOKa3bIBaeT paccrosHue 10 oceit Ox u Oy, To B cucTeMe KOOpHAT
B MPOCTPAHCTBE TIOJI0KEHUE TOUKHU 33IaCTCsI TPOUKON KOOPAUHAT (X; ; Z), KOTO-
PbIC BBIPAXKAIOT PAaCCTOAHUC OT TOYKH 1O KOOPAUHATHBIX MI0CKOCTEN Yz, XZ 1 Xy,
COOTBETCTBEHHO. YIOPsIIOUEHHasI TPOHKa (Xo; o; Zo) COOTBETCBYET Touke P 1 Ha-
060poT: P+<—=(x0; yo; z0)

ITocne dero mpoBoAUTCS 3aHATUE, TAC yUalluecs TOJKHBI OTMEUATh TOYKU B
MIPOCTPAHCTBEHHON CHCTEME KOOpJMHAT. YUallluMUCS 3a ONpPEEIeHHOE BpeMs,
CaMOCTOSITEIILHO, IPEJIaracTCsl BHIOIHUTD 3TO 33JJaHUE U MPOBOAUTCS KOHTPOJb
3a BBINOJIHEHUEM. BhITIOTHEHHE TAHHOTO 33J1aHusl YIIOOHO IPOBOJIUTH Ha U30MET-
pHuuecKoii Oymare, KOTOPYI0 PEKOMEHIYETCsl pa3iaTh yYalliuMcs 3apaHee.
VYyammiics mpeacTaBisieT 3aiaHHyo Touky P(x; v; z) B MpoCTpaHCTBEHHOH CH-

cTeMe KOOpIUHAaT. =

Ot Touku P mpoBoauTCS MepIIeHANKYISP Ha MIIOCKOCTh
Xy, KOTOpBIH o0o3HavaeTcs yepe3 P'. Ot Touku P* mpo-
BOJIUTCS TIEPIICHIUKYJIAP, TIepecekaromuii ocb Ox U OT-
pesok OP; cooTBeTcTBYeT abcumcce Toukn P, koopamHaTe
X, OT TOYKU P’ ipoBOAMTCS MEPIEHIUKYIISP, TIEpeCceKaro-
mwuii ock Oy u orpe3ok OP> cooTBEeTCTBYET OpauHATE
ToukH P, T.e. KoopiuHare y, oT Touku P mpoBoauTes nep- | x

P(x1;01521)

P>

>y
Y

X1 P(x1;0150)

/

MEeHIUKYJISAP, KOTOpbIH niepecekaeT ock Oz u orpe3ok OP3
COOTBETCTBYET aIluInKare Touku P, T.e. koopauHare z. KoopawHarts! X, y, z orpe-
JIEJIEHBI HA MHO)KECTBE JICHCTBUTEIEHBIX YHCEN.

ITocne gero mpoBoauTCs 00BsICHEHUE sl Touku P(2; 4;
3) (BHOBB BO3BpaIiaeMcs K mpuMepy Msaa). CHadama oT-
Me4YaeM KOOPJIMHAThI MsA4Ya, COOTBETCTBYIOIIEH Touke P Ha
oty (2; 4; 0), mocie 9ero MpoBOANM TEPIICHAUKYIISP T1a-
paITIETTHHBIN TUNIOCKOCTH zy (paccTosHUE Ha KOTOPOE Msd
ITOIOPOIIICH BBEPX ) U ITPOBEIEM TIEPIICHIUKYIIPHYIO OCH
Oz cexymryro. [Tomyunm koopauHary z Touku P. 7-10 MuH.
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4. Ooyuenne. OkraHThl B cucteMme R? . PexoMmenayercst oOpaTiTh BHUMAaHUE Ha
CJIEAYIOLINE MOMEHTBI. DTH MOMEHTHI SIBJISIFOTCS KIIFOUEBBIMU MPHU MOJIYUCHUH
3HAHUN O TPOCTPAHCTBEHHOU CHUCTEME KOOPUHAT.

1. KoopauHatHbie 0CH Ha IJIOCKOCTH Pa30MBAIOT ¢ Ha YEThIPE YeTBEPTH, B MPO-
CTPAHCTBEHHOH CHCTEME KOOPAMHATHBIC TUNIOCKOCTH JICNIAT IMPOCTPAHCTBO HA §
oktanToB: Oxyz, Ox'yz, Ox'y'z, Oxy'z, Oxy'z’, Ox'yz’, Ox'y'z" u Oxy'z".

2. Ecnu Touka P pacnonoxxeHa B iepBoM OKTaHTe, T.€. eciu P(a; b; ¢), TO TOUKH
(=a; b; ¢), (—a; =b; ©), (a; =b; ¢), (a; b; —¢), (—a; b; —¢), (—a; —b; —¢) u (a; —b; —¢)
PacIONOKEHBI B OCTAILHBIX OKTAHTAX.

5. O0yuenne. R* KoopauHaThsl To4eK, pacnonoKeHHbIX B KOOPAWHATHBIX
MJIOCKOCTAX cCHCTeMBI R3.

Touku, pacnojIKEeHHbIC HA MIIOCKOCTH X) UMEIOT KoopauHatsl (a; b; 0), pacro-
JIOXKEHHBIE Ha TIOCKOCTH Yz paBHbl (0; b; ¢) U paCHONIOKEHHBIC HA TUIOCKOCTH ZX
paBasI (a; 0; ¢). Toukn, pacrosioKeHHbIE Ha OCSIX UMEIOT KoopauHaThl (a;0;0),
(0;5;0), (0;0;c). Touka, sBIsIOIIASACS HAYAJIOM KOOPIMHAT UMEET KOOPIUHATHI

(OOO) ZA

o E (0; 0; 6) D(0:5:6)
Takum 00pa3oM, TOUKY ¢ KOOpAWHATAMH 0,6 G sls)
P (3;5;6), moxxHO M300pa3uTh Kak BepunHy P ma-
panenenunena ¢ JpyruMu BEpIIMHAMU, KOOP- c .
JIUHATHI KOTOPHIX MTOKA3aHbl HA PUCYHKE. 0C:6:0) (0;5:.0)

Yy B
j(s; 0; 0) (3;5,0)
X
Jns Toro, 4ToOBI XOpPOLILO ITOHATH U MPUMEHATH JaHHbBIE ITOHATUS, HAI0 00s13a-
TEJIbHO BBIMOJIHATH UX NUCHMEHHO MPU OMOIIM JUHEHKU U KapaHAalla.

Pexomennyercs n300pa3uTh MPOCTPAHCTBEHHYIO
cHCTeMY KOOPJMHAT B Pa3IUUHBIX IEPCIIEKTUBAX.
[Tpu 5TOM MOYKHO HAIIISITHO YBUAETH, YTO abco-
JIIOTHOE 3HaYeHHe KOOPJMHAT TOUKH pPaBHO pac-
CTOSIHHUIO OT JIAaHHOM TOYKHM 1O KOOPIMHATHBIX
IJIOCKOCTEH. DTO MOXKHO peajbHO OKHUBHUTh
(cumynupoBaTh) Ha MpUMEpPE KIIACCHOM KOMHATHI
1 1300pa3uTh Kak MoKa3zaHo Ha pucyHke. Ha pu-
cyHke n3o0pakena Touka P(2;3;1).

OuenuBanne. Ocoboc BHIMaHHUE MTPU OICHUBAHUH HAJ0 OOpAaTUTh Ha YMCHHE
OXKHBJISITH MPOCTPAHCTBEHHYIO CUCTEMY KOOPJIMHAT B pealibHON CUTYaIlUH, OTIpe-
JIeTSITh KOOPAMHATHBIE TUIOCKOCTH U OKTAHTBI, HAXOJAUThH KOOPJIUHATHI TOUKH U OT-
MedaTh TOUKY 10 KoopauHatam. s GOopMUPOBAHUS W 3aKPETUICHUS JIAHHBIX
HABBIKOB HYKHO BBIIOJIHSTH COOTBETCTBYIOIIUE 33 [aHUSI.
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Pabounii muct Nel
Hma damuiaus JlaTra

1) OTmeTbTe TOYKHM B NPOCTpaH- T L a i o
CTBEHHOM CHCTEME KOOPIUHAT. i Eoh o

; 15 1);

D341 DL yTaul o oy
) (=3; -3; -3). SO )

d) (2, -1;-2); e

2) 3anumuTe KOOPAMHATHI TOYEK,
OTMEUYEHHBIX B IPOCTPAaHCTBEHHON : e
cucTeMe KOOp/IMHAT. : P 1

al I -1} i cC i
i) i Eq - F
I i

3) Cuavana omnpeenuTe KakoMy OKTaHTY NPUHAJUIEKHUT TOUKA, B COOTBET-
CTBMH C 3HAKOM. 3aTeM U300pa3uTe IPOCTPAHCTBEHHYIO CUCTEMY KOOPIUHAT
1 OTMETHTC JaHHBIC TOYKH.

a) (2 6; 8) b)(-1;2;3) d(3:1-2) o) (-6;-1;-2)
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Ypoxk 18-19. lipsimMoyroibHasi cucTeMa KOOPAMHAT B MPOCTPAHCTRBE.

2 yaca. Yue0. ctp. 38-41

Coaep:kareJIbHbIN CTAHIAPT

3.1.2. [lpumensier MeTOXl KOOPAMHAT B IPOCTPAHCTBE MIPU PELICHUHU PA3IMYHBIX
3ajad.

Hagbiku yyauerocs

B HaXOAUT paCCTOAHUEC MCKIY ABYMS TOYKAMH 3aJaHHbBIMU KOOpAWHATaAMU,
B HaXOIUT KOOPpANHATHI TO‘-IKI/I,,Z[GJISIHII/Iﬁ OTPE30K B 3aJTaHHOM OTHOLICHUMH,
B HaXOJHUT KOOPJMHATY LIEHTPA THKECTH TPEYTOJIbHUKA,

B pCHIacT pa3IMYHBIC 3aJa4U, CBA3aHHBIC C HAXO0XJICHUEM KOOpAUHAT.

Ha sTux ypoxax paccMaTpuBaroTcsi O4€Hb IIPOCTHIE TEOMETPUYECKH, HO HMETO-
e 0oMbLIoe MPaKTHYECKOe 3HaUCHHE (DOPMYJITbI HAXOXKICHHUS KOOPAHHAT H HX
MIPUMEHEHHUE MPHU PEHICHNH Pa3IuYHbIX 3a/1a4.

CHagayra MOXHO J0Ka3aTh (hOpMYITy HaXOKIECHUS PACCTOSTHUAS MEXITY TByMsI TOU-
KaMH, a 3aTeM, HCIIOJIb3Ysl MOJyYEHHOE HAWTU (OPMYITy PacCTOSIHUS OT Hadaja
KOOPJIUHAT 10 33IaHHOM TOUKHU. MOXKHO ITOJIOUTH K 3TOH IipodiieMe ¢ Ipyroii cTo-
ponsl. CHavaga HaWTH pacCTOSHUE OT Hadaja KOOPIWHAT 10 3aJaHHOW TOYKH, a

3aTeM BBIBECTH (YOPMYITY PACCTOSHHSI MEXKJTY JIByMsI TOUKAMH.

1. Paccrosinue ot HayaJa koopauHat. OCHOBHOE

BHUMaHHE YYalluXcsl HApaBJgeTcs Ha IOHUMaHHeE 1 zA

U300paKeHHe TOro, 4T0 TOYKA B IPOCTPAHCTBE M IIPO-

eKIUK TIEPIEeHUKYISPOB OT STOM TOUKH 10 KOOPIH- ° %

HATHBIX  IUIOCKOCTEH, ABIAIOTCA  BepIIMHAMH Kt K

HPSAMOYTOIIBHOTO HapasuIenenumesa. Jloka3areiabcTBO P20

yYalIfecs BBHIMOIHSIIOT CAMOCTOATENBHO. )4 A
[TycTh, B MPOCTPaHCTBE 3a7aHa Touka P(xi;yi;zi). 1 N

W Haymo HAaWTH PACCTOSHHUE OT 3TOM TOYKH 10 Hadana ,. P' (x1, y1, 0)

rxoopauHat. Tpeyroapauk OPP” mpsiMoyTronbHbIi

OP?=0OP"? + PP
OP?=x12+y12, PP2=z2
OP2=x12+ yi2+z:2

Yyamumcs npeuiaraeTcst OTMETHTh B IPOCTPAHCTBE IPOU3BOJIBHYIO TOUKY P
U HAUTH PacCTOSTHUE OT 3TOM TOUKH J0 Hayaja KOopJuHaT. PekoMeH1yeTcsi BHU-
MaTelbHO HAOMIONATh 3a BBHIIOJIHEHUEM 3alaHUH IMOJ0OHOI0 OTKPHITOTO THUIA U
IIPOBOANTHL COOTBETCTBYIOIIEE OLICHUBAHHE.

2. PaccTosiHne Mexky IByMsl TOUKaMHU B mpocTpaHcTBe. Halinem Boipaxe-
HUE JUI HAXOXKJICHUS PACCTOSTHUS MEKY IByMs ToukamMu P(x1;y1;21) 11 Q(x2;)2;22).
Jig aToro HaiifieM JUIMHY JUaroHajld COOTBETBETCTBYIOIIETO MPSMOYTOJIIBHOTO
napajulesenunesa ¢ 3aJJaHHbIMI CTOPOHAMHU.
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Ny

dopmMyna HaXOKACHUSI PACCTOSIHUS MEKAY JBYMs N R
TOYKAaMU JTOKa3bIBA€TCsI B COOTBETCTBUM C PUCYHKOM,
MPEACTABICHHOM B yUeOHHKE.

<Y

YuuteiBas, uto MP = |x; — x1,

B

PL =y —yi|, KQ =|z2 — z1| sBastoTcs pedpamu /<__’ _____________ fr—
X

napauiCjiennuneia, mojJydumM, 4To JuaroHajib paBHa
PQ? = MP? + PL? + KQ?
PQ2=(x2 —x1)2 + (12 = 31+ (22— 21)

KoopanHaTsl TOUKH, KOTOPasi 1eJIUT OTPE30K B 33JAHHOM OTHOIIEHUH
Koopaunaret Touku R, koTopast AeIHuT OTpe30K KOHIIaMH KOTOPOTO SIBJISIFOTCS
Ttouku P (x1; y1; 1) 1 Q (x2; 123 z2) B oTHOIeHuu PR : PQ = m : n maxonmar mo
dbopmye

R mxot nxi . myxtny. . mzt nz
( ; ; )
m+n m+n m+n

Koopaunars! cepennnbl orpe3ka. KoopauHarel Touku M, KoTopas sIBIsi€TCS

CepenHON OTpe3Ka ¢ KOHLIaMu B Toukax P (xi; yi; z1) u Q (x2; y2; z2) HaxomsT
Xitx2 yity: zZitzm
o popmyne M(—5 575575

KoopauHaTtel HeHTpa TAKeCTH TPeYroJbHUKA

Koopaunatel 1ieHTpa TsKecTH P (TOYKH NIepeceueHus MeMaH) TPEyroJibHUKa
C BepIIMHaMHU B Toukax M (x1, y1, z1), N (x2; y2; z2) u L (x3; y3; z3) Haxomst

1txotxs it ytys zit otz )
3 ’ 3 ’ 3

o gopmyine P (x

Kaxnas popmysna 00bsICHAETCS Ha COOTBETCTBYIONINX MPUMeEpax.

Habmronast, MO)KHO TTPOBECTH OIEHUBAHKE TOTO, KaK ydaIiuecss IPHHUMAIOT
y4acTre B 00CYXICHHUSIX U Ha KAKOM YPOBHE BBITIOTHSIOT PabOTy B TETPAJISX.
MOXHO UCTIONB30BaTh pabOvHe JTUCTHI, TIPEICTABICHHBIC B METOINIECKOM T10-
coOMM UK BEIOOPOYHO JIaTh OO0yJaroIue 3aaHusl JJIsT OIEHKH.
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? Pernienne HEKOTOPBIX YIPaKHEHUS U3 YUeOHHKA:
| |

V¥.17. Haligute nnuny menuansl BM TpeyronpHUKa ¢ BEpIIMHAME B TOUKAX
A(17;-2;-1),B (1;-2; 11), C (1; 16; —1).

Pemenue:

CHauana HaiiieM koopauHatel M cepenntbl ctoponsl AC.

Xm= 2 = 2 = 9
YA -{—yc -2+16 7
2 2
2= ZAtZC _ -1 +(-1)_ 4
2 2

Breraucimm paccrossane Mexay Toukamu B(1; —-2; 11) u M (9; 7; —1).
IBM| = V(9-1)* +(7 —(=2)* +(=1-11)* =82 +9 +12* =17

V.23. Touku A (9; 6; 0), B (15; 9; 6), C (21; —3; — 8) ABIsAIOTCS BEPIIMHAMU
TpeyronsHuka. buccexrpuca £ BAC nepecekaer cropony BC B Touke V.
Haitgure xoopauHaThl TOUKHU Y.

Pemenue: naiinem nmunel cropod AB u AC TpeyronbHuKa. B

o Ok

AB=(15-9)2+ (9— 672+ (6—0)2=9 L
7

C
AC =721 -9+ (-3-6)*+ (-8 - 0)>=17

ITo cBoiicTBy Ouccexkrpucs! Touka D nenut cropony BC Tak, 4ro
BD : DC=9:17. U3 popMyibl HaX0kKAE€HUS KOOPAUHATHI TOUKHU, KOTOPAs
JIETUT OTPE30K B 33JaHHOM OTHOIICHUH, ITOTYYHM:

921 +17-15 1

w="g 7 Ui
9(3)+179 11
T T ST
9(8)+17:6 2
T 9 T3
Takum oOpazom umeeM, D (171—; 41—1; ll)
13 7137 13
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PabGounii nuct Ne2

Nma damuius Jara

1) HOKa)KI/ITe, YTO JaHHBIC TOYKH KOJUIMHCAPHBI.

a) Pi(1; 2; 9), Po(—2; —2; 11), P3(7; 10; 5);

b) Qi(2; 3; 2), Qx(1; 4; 4), Qs(5; 0; —4).

2) Touka (—1; —4; 8) sBnsieTCs CEpEeANMHON OTpe3Ka C KOHIIAMH B TOYKaX
Pi(x1; y1; z1) m P2(2; 3; 6). Haiinute koopanHaTsl TOUKH Pi.

3) Touka Ps siBisieTcst cepennHoil oTpeska ¢ koHiamu B Toukax Pi(—3;4; 1) u
P2(—5; 8; 3). Haiinure KoopAHHATHI CEPEAMHBI OTPE3KOB, COSTUHSIONINX CIIe-
JYIOLIME TOUKH.

a)PiuPs b) P; u P>
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Ypok 20-22. BexkTopbl B pocTpaHcTBe. 3 yaca. Yueo. crp. 42-48

Coaep:kaTeJbHbIN CTAHIAPT
3.1.2. [lpumensieT MeTOJ] KOOPAMHAT B IPOCTPAHCTBE MPHU PEHICHUU Pa3Iny-
HBIX 3aJ1a4.

3.1.4. Paznaraer BeKTOp, 3a/IaHHBIN B TPOCTPAHCTBE HA TPU HEKOMILJIAHAD-
HBIX BEKTOpA.

Hasbiku yyauierocs

W 3HaeT ¥ n300paXkaeT MO3UIIMOHHBII BEKTOP B IPOCTPAHCTBE;

B OIIPEJEISIET KAy TOUKY IIPOCTPAHCTBA YePe3 NO3ULUOHHBIN BEKTOD;

B 3Hasi HAYAJIbHYIO U KOHEUHYI0 TOUYKY BEKTOPa OIPENEIIAeT PABHbINA €My I103H-
LIUOHHBINA BEKTOD;

B HaxOJHUT JUIMHY BEKTOPA, 3aJaHHOTO KOMIIOHEHTAMH;

B BBIIOJIHSAET CIIOKEHHUE U BBIYUTAHUE BEKTOPOB, 3aJAHHBIX KOMIIOHEHTAMY;

B YMHOXA€T BEKTOP, 3aJaHHbII KOMIIOHEHTaMU Ha JAEHCTBUTEIILHOE YHCIIO;

B OIIPE/JEISIET PABEHCTBO JIBYX BEKTOPOB B IIPOCTPAHCTBE.

MotuBanus. Yyammmcs JaeTcst 3a1laHue, I71¢ OHU JOJDKHBI B IPOCTPAHCTBEHHOM
CHCTeMe KOOPIMHAT OTMETHUTD 33JaHHbIC TOUKH, IBUTASICh OT KOOPAWHATHBIX OCeH
u wiockocreld. Hanpumep,

OIPENICIIMM MECTO PACIIONIOKEHHSI U OTMETHM Touku A(2; 6; 3), B(0; 0; —06),

C(2;3;0)u D(-1;—3; 4) B mpoCTpaHCTBEHHOU CUCTEME KOOPIUHAT.

z V4
Ha xaxxnom miare nocTpoeHus TOUKH -
A OTMEYaKTCs COOTBETCTBYIOIINE S I— e
BEKTOPHI M HAKOHEI[ OMpeIeIseTcs i ,,
MECTOPacIoNoxKeHus: Touku A. Tou- >
Ka A pacrnojo)eHa B IIepBOM OKTaH-
Te. AHAJIOTUYHO OTIPEJIEIISIETCS YTo,
Touka B pacrnosoxeHa Ha oTpuna-
TEJIbHOM YacTh ocu z, Touka C - Ha z
MIOCKOCTH XV, Touka D - B TpeThbeM A Sy
OKTaHTe. . 1

0 3 0
030 g

X X

[IpoBepka 3HaHUI W YMEHUN yJalUXCs O BEKTOpaX OCYIIECTBISIETCA 00CyX/ie-
HHeM. BexTop - 3To HamnpaBIIeHHBIA OTPE30K, KOTOPBIM XapaKTepU3yeT BEKTOPHBIE
BEJIMYMHBI TAKHE KaK NIEPEMEILEHNE, CKOPOCTh, YCKOPEHHUE, CUIIa, Bec U T.A. ['eo-
MEeTpHUYECKH a0COIOTHOE 3HAYEHNE BEKTOpa paBHO 3HAYCHHIO BEIMYUHBI, a Ha-
MIpaBJICHUE BEKTOPA MOKA3BIBACT HAIIPABICHUE BEJINUUHBI.
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BekTops! B mpocTpaHCcTBE 001a/1aK0T TEMU K€ CBOMCTBAMHE, YTO U BEKTOPHI Ha MIIOCKOCTH.
B npocTpaHcTBE BEKTOP TaKKe ONpenesseTcs HayalbHOM M KOHEUHOM Toukoi. Eciu Ha-
4arno BEKTOPa COBIA/IACT C HAYaIOM KOOPIMHAT, TO TaKOW BEKTOP HA3bIBAETCA MO3ULMOH-
HbIM BekTopoM. Ilozuumonusiii Bextop OP ompenenser monoxenue Touku P B
npoctpaHcTBe. Kaxias Touka B MPOCTPAHCTBE, OMPEALIICTCS Yepe3 OMH MO3UIUOHHBIN
BEeKTOp. T.€. MEX 1y KOOpAMHATAMYU TOYKU U KOMIIOHEHTAMHU [O3ULIUOHHOTO BEKTOPA UMeE-

eTCsl 0/IHO3HAYHOE COOTBETCTBHE.
Ecmu (x1; y1;21) ABIAIOTCS KOOPAMHATAMH TOUKK

P B nipocTpaHcTBe, TO, KOMIOHEHTBI BEKTOPA (@) ZZ’:(TI)’ ={x1;1;21)
e Rt S0 Mo A B yiz)
[MOHHBIA BEKTODP SBJIAETCS AlbTEPHATHB- yd i
HBIM  CIIOCOOOM  3aJaHusi TOYKU B o YLy
npoctpancTse. T.e. Touka B IPOCTPAHCTBE
MOKET OBITh 3a/1aHa MJIM TPEMSI KOOPIHHA-

TaMH WX ITO3UIIUOHHBIM BEKTOPOM.
CrnoxxeHue ¥ BhIUUTaHHUE BEKTOPOB, YMHOKXCHUE BCKTOPA HA YUCJIO B IPOCTpaAH-

CTBE BBINIOJHSIETCSI TOYHO TAKXKe KaK U Ha IJIOCKOCTH. BrimonHstoTes 3amanus,
e HaJ0 HalTH AJMHY BEKTOpPa, KOMIIOHEHTBI BEKTOPA, 3a1aHHBIMH Ha4aJIbHOM 1
KOHEYHOH TOYKOH, IUIsf 3aAaHHOTO BEKTOpa HAXOJUT COOTBETCTBYIOILUH 103U~
LUOHHBIN BeKTOp. 1151 HOopMaTUBHOTO OLIEHHBAHMS, YIOOHEE UCTIONB30BaATh Clle-
IYIOLINE 3a1aHMs.

pumep. [lans TO‘IKE)A(—2;3;5) u B(1;0;-4).

a) 3aIHIIUTE BEKTOP é? KOMIIOHEHTaMH.

b) 3anummre BekTop BA  koMmoHeHTamu

C) 3aIHILIUTE BEKTOPA KOMIIOHCHTaMH

d) onpeznenure_KoMnoHgHTHI BekTopa OA + OB

€) BBIYHCIIHTE] Ali)n |BA_|) SN

f) Berancimre |3AB| u|OA + OB|.

a) AB=OB —OA = (xr—x1, yry1, z0-21) = (1~(~2), 0-3, —4,~5) =(3,-3,-9)

— —

b) Tak BekTopa BA u AB MIPOTHUBOIIONIOKHBIE BeKTOpa, To BA=(-3; 3; 9)
¢) 3AB=3-(3;-3;-9) =(9; -9; -27).
d) OA+OB=(—2+1; 3+0; 5-4)=(~1; 3;1).
_)

o) A_B)| = o1 P+ (= ) H(z—z )P=\9+9+81 = 3V11

| BA| = V(o—x1) (111 ) H(z—21 Y=\9+9+81 = 3V11

H
f)| 3AB| = 3-AB|=3-3V11=9V11
ﬂCHO,_‘;ITO, | 3 AB| =3| A_})3|
| OA+OB| = (-1;3,1) =119+ =V11

| OA+OB| =V11 #| OA| + OBl =
= 419125 + \1+0+1 6 = V38 + V17.
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3-ii yac. BexTopsl B npocTpancTBe. EAMHUYHBIN BeKTOP.

HaBbiku yuaierocs

B BBIPAKAET BEKTOP B IPOCTPAHCTBE Yepe3 OPT BEKTOPHI;

B BBIPAKAET KOMIIOHEHTaMHU BEKTOP, 33JIAHHBIN OPT BEKTOpAaMH 1 HA000POT;
B OnpefenseT eAUHIYHBIA BEKTOP COOTBETCTBYIOUINH 3aJAHHOMY BEKTOPY;

B pCmacT 3aJa4u ¢ CIMHUYHBIMU BEKTOPaAMH.
z
Hano OOBSICHUTE OIIpCACIICHUC CAUHHUYIHOIO &

BEKTOpa U ero rpaduueckoe MpeacTaBICHHE.
VYyamuecs HTOHUMAIOT, YTO Ha TUIOCKOCTH BEK-
TOP MOKHO Pa3JIOKUTh Yepe3 JIBa OPT BEKTOPa,
B COOTBETCTBHHU C KOOPAWHATAMH X U ), B TIPO-
CTPaHCTBE - Ha TPH QPT BEKTOPA. OT0 OpT Bek-
topa i = (1,0,0), j = (0,1,0) m = (0,0,1),
KOTOpbI€ HAIpPaBJICHBI BIOJb MOJIOKUTEIHHBIX
Hamnpanenuit oceir Ox, Oy, Oz. AGconmoTHOE
3HAYEHHUE ITHX BEKTOPOB PABHO EIMHUILIE X

[ =0=IK=1
[Tocie yero MoYKHO OOBSCHUTH AHATUTHYECCKYIO 3aITUCh U IpadUyecKoe Mpei-
CTaBJICHHE TIO3UIIMOHHOTO BEKTOpa Yepe3 OPT BEKTOPHI.
U(x;y;2) ={(x;0;0) +(0;y;0) + (0;0; Z>

=x(1;0;0) +»(0;1;0) + z(0;0; 1) = xl+y]+zk

Hampumep, pazioxenue Bexktopa (3;—3;9) mo opt BeKropam
uMmeet BUI: (3; -3; 9) = 3 37+ ok

Jyis BekTOpa B TH0OOM HAmpaBlIeHUH MOXKHO HAWTH COOTBETCTBYIOUIUH €I1-

o o —
HUYHBIU BEKTOP. HaanMep, IMPOU3BOJIbHBIU BEKTOP # MOKHO BbIPA3UTh YC€PE3
—>

eIIMHUYHBIH BEKTOP V. CIIEIYIONIM 00pa3oM V= |lT

HeuctBurensHO, |v| = ku| = k|u| =—|u| =1.
[4d o
o o o e dirsd .
alJIeM eTMHUYHBIA BEKTOP COHAIIPABIICHHBIA C BEKTOPOM U = I —
H p p BEKTOD 2j+2k

Haiinem nymny, aGCoOMIOTHOE 3HAUEHUE BEKTOPA |1.

Tak kak |E|> =1 +4+4 =3, T0 ¢/IMHMYHEINA BEKTOP OyIeT 2 2k
3 3 3
. 1 2 2
3anuIueM eJMHUYHBIA BEKTOP KOMIIOHEHTAMH 3= ( —; —?;?>

JononuurenbHass nungpopmanusi. OTHO U3 BaKHBIX CBONCTB €AMHUYHOTO BEK-
TOpa TO, YTO C €r0 MOMOIILI0 MOXKHO OIPE/ICIIUThH HAIPABICHUE BEKTOPA.
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[lon HampaBiieHMEM BEKTOPA Mbl IOHUMAEM yIOJl b

MEX]ly TOJIOKHUTEIHHBIM HANPABICHHEM OCH X U /,-- ~
BEKTOPOM. v ; [uf sin 0
Ha pucynke yron 6, yron 00pa30BaHHbII BEKTOPOM | ¢ ] '-S‘I;SCOS T -
¢ ochlo x. Bekrop u umeer OIMHAKOBOE HaMpaBJIe- \ /
HUE C eIMHUYHBIM BEKTOPOM v = 080 i 7+ sind ] u_______//

V=L W =[d = [d(cosd i sind )

|

Torna BeKTOp NIMHOMN 2 €AMHHULIBI, 06pa3onLuI/m C MOTOXKHTENLHBIM HAMPAB-
-
JIleHneM ocH x yron 60° umeer BT 1 = 2(c0s60° i + sin60° ; ) =i +\3j 3j

e e v
U naobopor, ecru OyaeT 3aaH BEKTOP v =ir\3 J, TO MOYKHO HalTH, YTO C
0CBhIO X 0Opazyercs yroa 60°, T.e. HATH HapaBJICHUE.

Ypoxk 23-25. CkajsipHoe npousBeeHne BeKTopoB. O0o0maromme 3a1a-
Hus 3 yaca Yue0. cTp. 49-53

Coaep:kaTeJIbHbIN CTAHIAPT

3.1.1. 3naet nousarue JlekapToBoil cUCTEME KOOPAWHAT B IPOCTPAHCTBE, T0-
HSTUE BEKTOpPa M HAXOAMT CKAIAPHOE MPOU3BEACHUE JIByX BEKTOPOB, 3a/1aH-
HBIX KOOPJMHATAMH.

Hagbiku yuyamerocs:

E  HaXOJUT CKaISIPHOE MPOU3BEICHUE JIBYX BEKTOPOB 110 (hopMyIie;

B HaxXOoOUT CKaJIAPHOC IMPOU3BCACHUEC IBYX BCKTOPOB, 3aJaHHBIX KOOPpJAUHATAMU
B HaxXoOuT YIroJ MEKIY ABYMsS BEKTOPaMH, 110 CKAJIAPHOMY INPOU3BECACHUIO,

B TIPUMCHACT IPAaBUIO HAXOXKACHUS CKAJIAPHOIO IMTPOU3BCIACHUA IBYX BEKTOPOB
NP PELIEHNH Pa3InYHbIX 3a7a4.

Jlo HacTosilero BpeMEeH! Mbl 3HAJIM, YTO IPHU CIOKEHHH, BHIYUTAHUH,
YMHOKEHHUH BEKTOPA Ha YHMCJIO MOJIYYarOTCsl BEKTOPHbIE BeTMUUHBL. OIHAKO
MIPOM3BEICHHUE JIByX BEKTOPOB MOXKET OBITh CKaJIApHBIM yucioM. Hampumep,
paborta - 3TO MPOoHU3BeIeHNE BEKTOPHBIX BEJTMUUH IIEPEMEIICHNUS U CUIIBL, a pa-
00Ta Mpu STOM SABJISETCS CKAJIAPHOU BETMYNHOM.

CkansipHoe pou3BeeHUE JBYX BEKTOPOB CHauaja I/ICCJ‘ICI[yeTCSI JUISL BEKTOPOB
B IpOCTpaHCTBe. Eci 3a/1aHb! 11Ba HEHYIIEBBIX BEKTOpA @ 1 b TO UX CKaJIsIpHOE
MPOU3BEAECHNE PABHO IPOU3BEICHUIO X MOIYJEH HAa KOCHHYC, yIJIa MEXIY
HUMU N b

@ b=d-|b cos0
OtmeTuMm, 4To yroi 6 yron Mexy BEKTOpaMu aub
Y OH MIPUHUMAET 3HaYeHUs U3 MpoMexyTka 0 <0 <m

— - o
Ecnu Bexropa a{ai; az) u b {b1; b2y 3anannl B J[ekapToBOI CUCTEME KOOP/IMHAT,
TO MX CKaJSIPHOE MPOU3BEICHNE PABHO CyMME MPOU3BEICHUI COOTBETCTBYIO-
X KOMIIOHCHT.
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.
CKaJspHOE POU3BEIEHHE ABYX BEKTOPOB a{ai; az; asy u b (bi; ba; b3) B Tpex-
MEpHOIi CHCTEME KOOP/MHAT HAXOAST AHAJIQIUYHO CKAJSPHOMY TPOM3BE/e-
HUIO JIByX BEKTOPOB HA TIOCKOCTH: ¢ b = |a| |b| -cosf

3areM yike, B 3aBUCHMOCTH OT yPOBHSI KJIACCa MOXKHO MPEJICTABUTE JI0Ka3a-
TEJILCTBO PaBEHCTBA a b= aibi+ abr+ ashs . Huxe MPECTaBICHO JJ0Ka3a-
TEIBCTBO CKAISIPHOTO MTPOM3BENEHUS YePe3 KOOPAUHATEI.

U= 2= @ =) - (=) =W+~ 2uV'= [u2+ 220V

f

™
\

—

u-—vi
[To Teopeme KOCUHYCOB: v \
A"
_ — —
u—3m2%=u?+ V-2 |ul-| V-cos 0 i
772 = [+ -2 || o o S
v
W3 naHHOrO paBeHCTBA M OTHOILIEHUH BBILIE TOTYYaAEM:
- — - — -
20u] | Mrcos 0 = U2+ V2= |1 = W2= U2+ w3+ 1) + (V2 + v+ VD) -
—[@ 1+ v+ (U2 — v2)? + (s — v3)*] = 2(u 1 vi+ wava+uzvs).

Taxum o6pazom,

A - o
lul -|V - cosO =u1vi+uvatusvsum u - v=u1 vi+uv:tusvs

IIpu BocpacTaHuy 3HaYE€HUH yIvia MEXKAY BEKTOpaMbl 3HAYEHUE CKAJIIPHOTO
MPOU3BUICHUS yOBIBACTCS.

[Tpu 6 = 0 ckanspHOE MPOU3BEACHUE TPUHUMAET HAOOIbIIIee 3HAUCHHE U B
3TOM cngfqae BEKTOPA HMCIOT ONMHAKOBOE HANPABIICHHE
=d - |b cos 0= |d - |1

> o
Ecm 0=mn/2, T0a- b=0.
[Tpu 6 =n ckanspHOE MPOU3BEICHUE UMEET HAMMEHBIIICE 3HAYCHUE U BEK-
TOPRI HANPABIICHbI B MPOTHBONONOXKHBIC CTOPOHBL.

B
d-b=|d-|bcosm=—|d-|b.

CkansipHO€ IPOU3BEIEHHE NMEET OOJIBIIOE MPAKTUYECKOE TPUMEHEHUE.
Hampumep, npu noMoIuiy OTHOLIEHUS -

a-b
cos(9=—|a|'|b|

O4YEHb JIETKO MOXKHO HAUTH Yroj MEXy ABYMs HCHYJICBBIMH BEKTOpaMU.
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[Ipy BBIYMCIIEHHH CKaJSPHOIO MPOMU3BENEHUS PEKOMEHAYETCS BBIIOIHATH
yIpaXHEHHs B KOTOPBIX BEKTOPHI 3a/1aHbl KaK KOMITIOHEHTAaMH, TaK U OPT BEK-
TOpamH. YIpaXHeHHUsS B y4eOHUKE B OCHOBHOM IS IByXMEPHON CHCTEMBI
koopauHat. OHaKo, B 3aBUCUMOCTHU OT YPOBHSI KJIacca, MOYKHO C OTACIbHBIMU
YYAIIUMUCS BBIITOJHUTH CIEAYIOLINE pra)KHeHI/ISI

Haii/iure yrom Mex Ly BeKTOpaMu: 3, = j — 2] Y 2kuy=_3i+ 6] + 2k

u-v -3-12+4 -1
N3 popmymsr ckamsproTo Ccos 0 = A - Vitaravoiieca 21
MIPOU3BEICHUS UMEEM: 21

-11

cos 0= —21 , 0=2,12 paguan

3Hast yroj MeX,ly IByMsI BEKTOPAaMHU MOKHO CJI€JIaTh CJIEIYIONINE BBIBOIbI:
BeiBoa 1. Eciu ckansipHOe pou3BEIEHUE BYX BEKTOPOB PABHO HYIIO, TO
BEKTOPBI MEPICHINKYISPHBI.

w- V=1 M cos 0 =] - |[Vcos 90° =|u] - || - 0=0

BLIBOI[ 2. Eciit cKanspHOE NIPOH3BE/ICHAE [IBYX BEKTOPOB HMECT BHUJL
wv=+ |u| |v| TO BEKTOPbI KOJUITMHEAPHHBI.

Hanpumep, onpenenure nepneHAUKyISIpHbI MK HET BEKTOPbI

>
=i+

k.

<)

= TP+ 3+ 2k V=3 + 5+ 3k um

V="7(-3) + 3-5+ 2:3 = 0 - BeKTOpHI IIEPIEHAUKYIAPHBI
7-1+3.0+2-1=9 - BeKTOpbl HE NEPIEHAUKYISIPHbI
=-3.145-0+ 3-1 = 0 - BeKTOpHI MEPICHIUKYISIPHBI

R A

5
-m =
s
-

OObsicHeHUSI CBA3aHHBIC C HCKOTOPLIMM 3aJ1aHISAMH B yueOHUKE:
Jlokazarp paBeHCTBa U - v<|u| Mu v+ v<|u| + |v|
a) Tak, KaK u - v—|u| |v|cos9 Tolu G[ ||17| |v|c0s9|—|u| |v|cos9| M TaK KaK
|cosO|<1, To momy4nm | i - ﬂfﬁﬂ M. OTCIOI[a BUJTHO, 4TO 1l - V< |u| |v|
b)|u+7|2 (W) (W)= U+ UV VU VY

_|u|2+2(u %qu }cuvﬂ/u
OxHaKo, Tak Kak u - v<|u- 1} , To

|+ V2 = [ + 20+ < |+ 2@ = ()]

N
Otcrona nosixy4yaem, 4To |Zl)+V| < |J+ |\7[ (M3BJICKas KBAAPATHBIC KOPHHU)
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? Pernienne HEKOTOPBIX YIPaKHEHUS U3 YUeOHHKA:
| |

V. 8. B nanpasienun BCKTOpa?l (3; 4) npunoxena cuna (F) 20 H.
a) 3anumure euHHpHIHLIﬁ BEKTOP COHATIPABIEHHBIH C BEKTOPOM &
b) 3anumuTe criny F xomnoHeHTaMH. N
c¢) Haiigure paboty, coBepmraemyro cusoii F npu nepememenun u3 touku (0;0)
B TOUKY (6; 8).

Pemenue:
o o —>
a) EMWHIYIHBIN BEKTOP, COHAIPABICHHBIA C BEKTOPOM ¢

L, a3 4 34

= Ta T V- 5 (s

3
b) F=20-¢ —5; ?) =(12; 16). c) Bexrop nepemenienus

3)= (6 —8; 8-0)= (6; 8), To pabora paBHa
A=Fd=126+168=72+ 128 = 200 (Jxoys)

V.12. 2) Ilpu xakoM 3Ha4€HUH k yTOJI MEKy BEKTOpaMHu w 0;1; Iym
Wk; 2; 1) paBen 45°?
Pemrenne: mmo YCJIOBUIO a}\?

cos 45° =
[l
0k+1-2+1-1 \2 3
OTCIOILa A = 5 A T T 5=
2 NP P N2 1P 2 \2-4k+5s

k*= 4. Tlony4um k= +2.

VY. 16. a) HaiinuTe yriisl TpeyrojibHHUKA ¢ BepIIMHAMU B Toukax A(5; 1),

B4; 7) u C(-7;-1).

Pemienue: Haiiem yromn Mexay BEKTOpamMu AB= (-1;6)u XC =(-12;-2).
(1) 2)+6(2)

cos LA= D & V(12 (o) =0, LA=90°

Temneps HalizieM yroi MeXIy BEKTOPaMH B?A =(1;-6)u B_EJ =(-11;-8).

PADFEOEE) 37 1
VI2+ (67 112 +(-8)? 37185 N5

/B =64°. Torna ZC =180° - (LA—-4£B)~=26°

cos /B =
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Pa6ounii muct Ne3
Nms Ddamunus Jlara

1) [TokaxkuTe, 4TO TPEYTOJABHUK C BepIIMHaMU B Toukax A(—1; 3; 0),
B(1;2;-2) m C(1; 5; 1) siBnsercs mpsIMOYTOJIBHBIM M HAaHJAWTE €T0 IJIOMA/b.

2) Jlansl BekTopa = (3;5;0) u W—5; 3; 0).
Haitgure yrom Mexmy BEKTOpamMu

— — -, — - - —
a)unvy b)unu+v cvau-+v
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Ypok 26. O61mee ypaBHenune npsimoii. 1 yac. Y4ed. crp. 54-55
Conep:xaTeJbHBbIH CTAaHIAPT.

3.1.1. 3naer nousitue JlekaproBoil crucTeMe KOOpIMHAT B IPOCTPAHCTBE, 10-
HATHE BEKTOPa U HaXOAUT CKAJIIPHOE MPOU3BEICHHE JIBYX BEKTOPOB, 33J1aH-
HBIX KOOpAUHATaMH.

HagbIku yuyamerocs:

B HAXOJMT CKaJSIPHOE MTPOU3BEJICHHE JBYX BEKTOPOB 10 (POPMYJIC;

B HAaXOJUT CKAJISIPHOE MPOU3BEAECHUE BEKTOPOB, 3a/IaHHBIX KOOPIMHATAMU;
B HAaXOJUT PacCTOSIHUE OT 3aJaHHON TOYKH /10 TIPSIMOM.

OOpbscHsIeTCS Kak 0011iee ypaBHEHHE MPSIMON MOKHO MTOTY4UTh, IPY MOMOIIHY BEK-
TOpa, HAPABJICHHOTO BIOJIb MPSIMOM U HOpMaJH K mpsiMoil. Ecian naHHbIC Bek-
TOPBI B3aUMHO NMEPIEHIUKYISPHBL, TO X CKAJIAPHOE MPOU3BEIEHUE PABHO HYIIIO.
W3 nanHOTO OTHOLIEHHUS TIOJTyYaeTcs o0lee ypaBHeHUE NpsiMoit ax + by + ¢ = 0.
VYuyaruecst MOTYT IPOBEPUTH 3TO HAa COOTBETCTBYIONINX MpUMepax. Taxke nccie-
JYIOTCS YaCTHBIE CITy4ad PACIIONIONKEHHS MPSIMBIX Ha TNIOCKOCTH.

Ecnu ipsiMbIM /1 11 /2 COOTBETCTBYIOT HOPMAIH 11 U M2, TO CIIPABEJIMBHI Clie-
JYIOLIUE YTBEPKIACHUS.

1. JIBe npsiMble apasuiesibHbI TOI/IA M TOJIBKO TOT/IA, KOT/Ia MX HOPMAJIH KOJLIH-
ueapusL. T.e., [i|/> < ni|n

2. JIBe TipsAMBIE TIEPIIEHANKYIISIPHBI TOT/Ia U TOJIBKO TOT/IA, KOT/Ia CKAJISIPHOE MPo-
M3BEICHIE MEX/Iy HX HOPMAISIMU paBHO Hy/0. T.e. [ith < nitns u m - ny =0

JlBe napajUIebHbIe PSIMbIe JIBe nepneHANKYJIsIpHbIE MPsIMbIe

yll A Ia A

Tk /12
/ x

2

/ HOpMAaJIb

4
ni=kn

Yron mexay ABYyMs NPSMBIMU MOXKHO HAaUTH IIPH ITOMOIIM yITIa MEXAY HUX
HOpPMAJISIMU. A yroj MeX/ly HOpMAJISIMH MOXHO HalTH U3 OTHOLLIECHHUS:

cosG=’?‘"zI/IHI/I 9=cos*1’?1'ﬁ§
=TT S
ni||n3 ||| )
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ITpumep ypoka

Ypok 27-28. YpaBHeHUe MJI0CKOCTH. 2 yaca. Y4ued. cTp. 56-61

Conep:xareJbHBINH CTaHIAPT.

3.1.2. [IpumeHseT MEeTO KOOPAUHAT B IPOCTPAHCTBE IPHU PEILIEHUH PA3INYHBIX 3a/1a4.
3.1.3. 3naer ypaBHeHUe IIIOCKOCTU U cepbl ¥ MPUMEHSET UX MPU PELIeHUH 3a/1ad.
4.1.2. Haxout norpenHxocTb, CpaBHUBAs Pe3yJbTaThl OTyYEHHBIE IPU U3MEPEHUAX
1 BBIYUCIICHHSAX.

Hasbiku yuamerocs:

W BBITIOJTHSCT 3a/IaHUsI ONPE/IETISIONIEee TIIOCKOCTh B BUJIC YPABHEHUSI
ax + by + cz = d B JlekapToBoii cucTemMe KOOp/ANHAT;,

B peIIacT pa3IMYHbIC 33/1a91 HA yPaBHEHHE IUIOCKOCTH.

MBpI yXe U3y4rsid YpaBHEHUS MPSIMOU | €IIIe J0 3TOr0 3HAJIU, YTO TEOMETPH-
YECKH MpsiMasi 331a€TCsl IBYMSI TOUYKaAMH.

UYro BHI 3HaeTe 0 TIockocTH? Kak reoMeTpryeckn 3a1aeTcs IIOCKOCTh B ITPO-
cTpaHcTBe?

Crenyromryie 00CyK/I€HHS TTOCBSIIEHBI ’TUM BOIIPOCAM.

1. Il;nockocTh MOKET OBITH 32/1aHA MPSIMOIl U TOUKOI:
* TpeMs HEKOJUTMHEAPHBIMHU TOUYKaMHU

* IPSIMOM M TOYKOH, HE NPUHAAJIEKAIIECH TPAMOI

* IByMsI TIEPECEKAIOIUMHUCS MPSIMBIMU

* IByMsI TIapaJICIbHBIMHU MTPSIMBIMHU

* OZIHOI TOYKOW U HOpMaJIbHBIM BEKTOPOM

VYuamyecs: Ha OCKE U B TETPaIH J0JDKHBI BHITIOTHUTH TEOMETPHYCCKUE MIT-
JIOCTPALHN.

-_.__.-""--. L - E:-"'.-r .___.-""' Ba c TC.-__.-"'
. o] -~ .-"".- . [ ] e
.-"f.-. *o o~ - al A -
NPSAMO U TOYKON HE MpHUHAI- yepes TPU HEKOJUIMHEapHbIe
JeKamen mpsMon TOYKH
__.-'"'. |I_ T = = i — TC r
-~ h?‘a-—a:.;_"__r l_.--’ f T+
P -l - -i— >, "
- -
1€pe3 ABC ICPECCKAIOMUeCs ,  Uepes JBe Hapamenbﬂme, HE
[psIMbIC COBIIA/IAIONIME MPSIMbIE

/ h/ /qepe3 TOUYKY U HOPMAJIBHBIN BEKTOP
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Kak B mpocTpaHcTBe reomeTpruecku n3o0paxarorces miockoctu? Hampumep,
n300pa3uM ypaBHEHHUE X = 4 B OIHOMEPHOM, ABYXMEPHOU U TPEXMEPHOU cU-
cTeMe KoopauHar. UeM pa3mudaroTcst Moy4YeHHbIe H300paxeHus?

]
x =4 F
I x=4
YUCIIOBas OCh Ly 1
: B {14, ) it .5 1]
D012 3 4 G, o] [4, 0]
x=4 Y
ra & o
' {4, 0 |:-'|f_,
X
A, xakuM OyzeT n300pakeHue ypaBHEHUH y = a, z =a ?
z z z
o M3:2= 6
t i, &, B4
T ry . T Iy ay
: .-'.m:,\’*S L4 .
X X miy=6 X

VYuariuecs T0/KHbI TOHUMATh, YTO IUIOCKOCTh X = ¢ TIapaJulelibHa IJI0CKOCTH
¥z, y = a mapajielbHa INIOCKOCTH Xz, Z = ¢ NTapaJulebHa INIOCKOCTH XY, 1 oHH
MEPECEKAITCSI C OCSIMH KOOPJMHAT B COOTBETCTBYIOIINX Toukax (a; 0; 0),
(0; a; 0), (0; 0; a).

Hano obcymuth nccnenoBarenbckue 3a1anus U3 y4eOHUKa, a 3aTeM h300pa-

3UTh PELICHUS B TETPAIH.
[TomyuenHubie pe3yabTaThl yUauecs J0KHBI 0000MIUTE CIEYIONIM 00pa-
30M.

[Tnockocth Ob6o0maroree n300pakeHNe

IUIOCKOCTh X = ¢ HapajielibHa KOOPJUHATHON
x=a MJIOCKOCTH Yz, mepecekaeT och x B (a; 0; 0)
I0CKOCTh X = () €CTh IJIOCKOCTD Vz.

IUIOCKOCTh y=a TapajuleibHa KOOPAMHATHOM
y=a mwiockocTn xz, nepecekaer ocy y B (0; a; 0),
IIOCKOCTE = () €CTh IIOCKOCTB XZ.

IUIOCKOCTb Z = g TapajuiebHa KOOPANHATHOM
mwiockoctu xz, nepecekaer och z 6 (0; 0; a) ,
TLIOCKOCTB Z = () €CTh MIOCKOCTH XY

A kak uzo0paxkaercs B cucteMe R3 MHOXKeCTBO, 3a/JaHHOE YpaBHEHUEM

ax + by = 0? Harmpumep, kak n300pakacTcst B MPOCTPAHCTBE MHOKECTh TOYCK,
3a/TaHHOE ypaBHEHUEM 2x — Y = 0?7 VYuamumecst T0JKHBI TOHUMAaTh, YTO U300-
paXXeHHEM SIBISICTCS] TUIOCKOCTh, KOTOpast MepeceKaeT IMIOCKOCTh X) BIOJb
npsimoit 2x —y = 0.
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CkaisipHOE YpaBHEHHE IDIOCKOCTH B IPOCTPAHCTBE UMEET BUJT

—
ax+ by +cz+d=0un=(a; b; c) sBnsercs ee HopMaiabio. Hopmains miuocko-
CTH, NIEPICHINKYIISIPHA JIF00OMY BEKTOpPY Ha TUIOCKOCTH.

Hano oOcymuTh ¢ yyamumcs, BBIBOJ, YTO CKaJSPHOE YpaBHEHHUE IUIOCKOCTH
BBIBOJIUTCSI TOUKOM M HOPMaJIblO, IPOBEJCHHON B TaHHON TOYKE.

BriBoz (hopMyIibl MOKHO MTPOBECTH HA MIPHUMEPE.

IIpumep. 3anumuTe ypaBHEHHE TUIOCKOCTH, eciin Touka A(1;2;3) npunasie-
’KMT JJAHHOM TIIIOCKOCTH U BEKTOpP HOpMAnH paBeH 71 (—1;3;4) .

MpbI MOKEM clieaTh 3TO IByMsI CITIOCOOaMHU.

1-b1ii cioco6. Bo3pmeMm nponsBonbHYIO TOUKy P(x; y; z), OTIHUYHOMN OT A,
Ha [UIOCKOCTH M 3alIMILIEM KOMIIOHCHTaMH BEKTOP C HAYaJloM B TOYKE A M KOH-
oM B Touke P: AP=(x—1; y—2; z—3). Tak kax HOpMaJIbHBII BEKTOp PaBeH
n(-1;3;4), Ton- AP =0.

L34) - 1Ly-2,2-3)=0

“1lx-1D+3(y-2)+4(z-3)=0

—x+1+3y—-6+4z-12=0

—x + 3y +4z—17 =0 ymHO)MM 00€ yacTu ypaBHEHuUs Ha —1, Torna

x=3y—-4z+17=0.

2-0ii cmoco0.  M3BecTHO, 4YTO ypaBHEHUE IUIOCKOCTH HMEET BUJ
ax + by + cz+d=0,aee Hopmanb 1’ = {a; b; c). 3HauuT, 3Has HOpPMAIIb
n’{(—1; 3; 4) MOXHO NOACTABUTH &, b, C .
-Dx+3y+4z+d=0; —x+3y+4z+d=0.3anumem KOOpAUHATH TOUKU
A (1; 2; 3) B ypaBHEHHE U HalJieM IEpPEMEHHYI0 V.
—x+3y+4z+d=0, —1+32+43+d=0;d=-17
—~x+3y+4z—-17 =0mmx—-3y—-4z+17=0

Ha 2-om uace paccmarpuBaeTcs B3aMHOE PACIIONOKEHHUE MII0CKOCTEH.
V.10. [Ipu kakoM 3HAYEHUH k TUIOCKOCTH, 33aHHBIC YPABHEHUSIMHU
4x +ky2z+1=0u2x+4y—z+4=0:a) napamienabHsl; b) neprneHIuKy-
JISIPHBL.
Pemenne: HopMasibHbIE BEKTOPHI MJIOCKOCTEH COOTBETCTBEHHO PaBHBI:

— —

m={4;k;—2)un2=(2;4;—-1).

- —

a) Ecnu miockocTy napaliienbHel, TO 11| 12 .

4 k2 _
Torma 5 _I_ —=. OTcroma HaxoauM, 4TO NMpH k = § MIOCKOCTH mapal-
JICIIbHBI. N

b) Ecin 71112, TO IIOCKOCTH nepresuKyIspHel U 7171 = 0. Toraa
4-2+k-4 +(-2)(-1) = 0, k= —2,5 ¥ TIOCKOCTHU MEPICHIUKYISPHBI.

57



Padoumnii auct Ned

Hmsa Damuius Jlara

YcTaHOBUTE COOTBETCTBHE MEXKIY IPa(rKOM 1 ypaBHEHHEM.

1) i
W+ 4+gl
0
b) z— 5=0
z
1

X

)V
y ¢) nrockocms Oxz
3)
V

d) nrockocmo Oyz

4)

e) x+5y—5=0
o4

5)
f) nnockocmo Oxy
4

5

z

5

O
X

z
y O
X
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Ypok 29-30. YpaBuenue cepsl. 2 yaca. Yued. cTp. 62-63

Conep:kaTeJbHBIH CTAHIAPT.

3.1.2. [IpumMensieT METOJl KOOPAMWHAT B MIPOCTPAHCTBE MPU PEIICHUU Pa3THYHBIX
3aj1au.

3.1.3. 3HaeT ypaBHEHHE TUIOCKOCTU U Cepbl U MPUMEHSET UX NPU PEIICHUH

3a/1a4.
Hagbiku yuamerocs:

B TIPEJICTaBIsIET ypaBHEeHUE c(hephbr;
B pellaeT 3aJaHus Ha ypaBHEHUE c(hephbl.

Jlo HacTOsIIEro BpeMEHU TOBOPS O MMOBEPXHOCTH
MBI UIMEJIH B BUJIE TUIOCKYIO TIOBEPXHOCTD.
Hampumep, B 1ByXMepHOU cUCTEME KOOPIUHAT,
MHOJKECTBO PEIIEHUIN YpaBHEHUS
ax + by + cz + d = 0 3a1aeT MIOCKYO TIOBEPX-
HOCTh. OJJHAaKO, B IPOCTPAHCTBE MOTYT OBITH 3a-
JIaHbl IPYTHE TIOBEPXHOCTH, OTIIMYHBIE OT
mockoct. Harmpumep, cucreme koopaunar R3
MHOKECTBO TOYEK MPOCTPAHCTBA, YAAJICHHBIX OT
TOYKH, KOTOPast HA3bIBAETCSI LIEGHTPOM Ha paccTosi-
HUE, KOTOpOE Ha3bIBAETCS PalnycoM, 0Opasyer
chepy.

(x —=x0)> + (y = y0)* + (z — 20)* = 1*

VYyamuecss packpbIBalOT CKOOKHU U 3alUChI-
BAaIOT ypaBHEHHE C(ephl B BUIE

Cdepa paguycom » 1 1IeHT-
X+ +2+ax+by+cz+d=0. pPOM B Hauajie KOOp/IMHaT.

BrimonnsitoTest 3aanus u3 yueOHuKa

V.6. Haiinute nenTp u paguyc chepsl, 3aJaHHON YpaBHEHHEM
X>+)?+z22+2x— 16y + 10z + 54 =0, a Takxe HaIUTE PACCTOSHUE OT TOUKU
A(8; 0; 7) mo chepsl.

Pemenme: 3anuniem ypaBHeHue cepbl B BUIE
x+1)?—1+@-8P2-64+(z+5)2-25+54=0

(x+ 1) +(@-8 +(z+572=36

3HauuT, HEeHTp cdepsl HaxoauTcs B Touke M(—1; 8; —5), a paguyc paseH 6.
Torma AM =(-1-8)> + (8 — 0)2 + (=5 — 7)*=92+ 82+ 122 = 17 u 3Has,
9710 R = 6 MOKHO HalTH paccTosiHUE OT TOYKU A 10 cdepsl: 17 —6 = 11.
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Ypok 31-32. lipeoOpazoBaHue mpocTpaHcTBA U MJI0ckocTH. O60d1aK0-
e 3alaHud. 2 yaca. Yue0. cTp. 64-68

ConepikaTe/IbHBII CTAHAAPT.
3.2.1. Pemaer 3aa4u, pUMeHss HapasulebHbIN IepeHocC.
3.2.2. IlpumensieT npeoOpa3oBaHus 000K B TPOCTPAHCTBE MPHU PEIICHNH 3a/1a4.

HasbIku yuyamerocs:

B 1300pakaeT napajiebHbII IEPEHOC U MOBOPOT B IPOCTPAHCTBE;

B ONpeAeIsIeT 10 M300paKeHNIO BUJI ABMKEHNUS ( TapalIeTIbHBIA MePeHoC U Mo-
BOPOT).

B noBceaHeBHOM KM3HN MBI 4aCTO MOXKEM HAOIIOAATh TAKKUE ABMKEHUH KaK I1a-
paJIETIbHBIN IEPEHOC U MOBOPOT. DTO MOKHO HAOIIOAATh B KOHCTPYKLMH U B JH-
3aifHe 3naHui. Hampumep, cieabl OT HOI Ha CHETY SIBISIOLIUECS MPUMEPOM
napajuieIbHOTO TIEPeHOCca, NIM YKpaIIeHHe TPOTyapoB Pa3IU4HBIMU GopMaMu
KaMHs1. M omsITh MBI MOXKEM 3TH M3MEHEHHsI H300pa3uTh B BUJE IUIOCKOCTH Ha
mucre Oymaru. Hanbonee sipkuM mpuMepoM MPUMEHEHHUs apajiebHOTO mepe-
HOCa, IOBOPOTA, OTOOpaKEHU U TOMOTETHYHBIX TPe00pa30BaHu, SBISIETCS UC-
KyCCTBO HciIaMa. Bo BceM Mupe U3BeCTHBI IepeBsIHHbIE pe3Hble (GUTYPKH, pe3b0a
o KaMHI0, (papdopoBbIe MIUTHI, MOTOJIKH, HACTEHHbIE POCIIUCH, HAATPOOHbIE
IUTMTHL ¥ MaB30JIeH, YKPallleHHbIE HCIaMCKIMHU OpHAMEHTaMH.

]I.FI
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oW e
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T

Bce »T0 0cHOBaHO Ha reOMETPUYECKHUX CBOMCTBAxX
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? Pemenne HeKOTOPBIX 32 1aHUIT U3 y4eOHNKA:
n

VY. 5 (cTp. 66) B kakyro Touky npeodpaszoBbeiBaetcs Touka A(0; —3; 2) mpu ro-
MOTETHUH ¢ LeHTpoM B Touke P(1; 2; 3) u ko3puunentom romoreruu k = 3.

Pemenue: mycts TOUKa A npeodpasyercst B Touky A'(x;y;z). Torma mo omnpe-
JICJIEHUIO UMEEM

PA'=k-PAuwma{(x—1;y—2;z-3)=3 - (-1;-5; -1)=(3; —15; -3).
Orcioma nonyunm x — 1 =—-3,y—-2=—-15,z-3 =-3.

Torna naiineMm x =—2,y=-13,z=0.

Taxum o6pazom, nipu 3aanHol romotetnn Touka A(0; —3; 2) mpeobpasy-
etcs B Touky A'(—2; —13; 0).

Y. 9 (ctp. 68). Haitnure cuiny HaTsHKeHHS KaOels O] JCHCTBUEM TSIKECTH.
Pemenne: a)
HalIeM CUITy TSKECTH JEHCTBYIOIINM Ha TPY3:
P=mg=15-9,8=147N

O603naunm yepe3 Ti u T> Momynu cun HaTs-

KEHUI B KaOeIsx. 15 kr

[Ipumensist TeopeMy CHUHYCOB TIOJTYUHM:

: T2 _ 147 T2 1475111 400 395,96N
sin 40°  sin 80° ’ sin 80°

: Tl _ 147 T2 147811'1 600 ~ 129’27 N
sin 60°  sin 80° ’ sin 80°

VY. 12. Ilpn xakoM 3HaUYEHUE M JaHHBIE TOUKH KOJUTMHEAPHBI:
b) A(3;-1; 0), B (m; 2; 3), C (7; 3;4)? — -
Pemenue: 3anuiieM komnoHeHTamu BekTopsl AB n AC.

AB=(m—3:2—(1):3-0y=(m—3: 3: 3)

AC=(T-3;3—(1);4—0)=(4; 4; 4)

—_ —_
Ecnu 3amanHble TOUKH KOJUTMHEApHBI, TO U BeKTopbl AB 1 AC Oyny xomu-

HeapHbIMU. OTCIOa UMEEM:

m—3 3 3

4 4 4°
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Kpurtepun 1,181 cyMMaTHBHOIO OLICHHBAHUS 110 pa3jeny 2.

3amerku 00 yua-

Ne Kpurepuu
meMcsH
| CTpouT 331aHHYIO TOUKY B TPEXMEPHOU CH-
’ cTeMe KOOPJIUHAT.
) OnpenensieT KOOPJMHATHI TOYKH, 33/IaHHOH B
’ TPEXMEPHOI CUCTEME KOOP/IMHAT.
3 Haxomut paccrostare MeXTy TBYMSI TOUKaMH 3a-
’ JTAaHHBIX KOOPJIUHATAMHU.
4 Pemraer pasnuuHbie 3a/1a4u Ha HAXOXKACHUE
’ KOOpPJIMHAT.
5 Omnpezenser TOYKy B IPOCTPAHCTBE TIPH T10-
’ MOIIIY TIO3UIIMOHHOTO BEKTOPA.
6 HaxoauT yinHy BeKTOpa, 3aIaHHOTO KOMITOHEH-
’ TaMH.
7 BrimonHseT ciokeHue 1 BEIYNTaHUE BEKTOPOB B
’ MIPOCTPAHCTBE.
8. BripakaeT BEeKTOp 4epe3 OpT BEKTOPOB.
9 HaxomuT ckansipHOe mpousBeieHue BEKTOPOB
’ o opmyiie.

10 U3 cxansipHOro poM3BECHNUS IBYX BEKTOPOB
HAXOAUT Yol MEXy BEKTOPaMH.

11. [Ilo ypaBHeHUsIM IpSMBIX ONpENENsieT UX B3auM-
HOE pacHoyoKeHue (epeceKaroTcs, nepreHan-
KYJISIPHBI, TTapaJUIeNbHbI, CKPEITUBAOTCS ).

12.  [TIo naHHBIM YCIIOBHSIM 3allMChIBACT ypaBHEHHE
TTOCKOCTH.

13. |Pemaer 3amaun Ha B3aMMHOE PaCTIOIOKECHUE
IIJIOCKOCTEH.

14. |Pemaer 3agaun Ha ypaBHEHHE CEpBbI.

15. OmpenenseT 1 MpeACTaBISIeT IPaPUIeCcKH Ta-

paJUIeIIbHBIN EPEHOC B MPOCTPAHCTBE.
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Ypok 33. 3apganus 1Jisi CcyMMaTHBHOIO OLICHUBAHUS N0 pa3aeny 2

1) Haiigure yroa Mexay AHAroHaIsIMH HapajjiesiorpaMma ¢ BEpIIMHAMU B
toukax (0; 0), (3; 0), (5;3) u (2; 3).

2) Haiigute nnuny memuansl BM TpeyroibHUKa ¢ BEpIIMHAMH B TOYKAX
A(14;-5;-4), B(-2;-5;8) u C(-2;13;-4).

3) Haiigure yron Mexy MOJIOKHUTEIBHBIM HAIPABICHUEM OCH X M BEKTO-
poM ¢ xoH1amu B Toukax P(3; 4) u Q(5; 7).

—

4) Naaer M(3; 1;4), N(5;—2;=7) 1) 3anumuTe kKoOMIIOHEHTaMU BeKTOp MN;

—> —
2) Boipazutre MN uepe3 opt Bekropa; 3) Haiiaure AnuHy Bekropa MN.

5) 3mas, uto f=( —1;-2;-5)ug=(2;3;-1)
3alMMIIUTE KOOPAUWHATHI BEKTOPA 67

a) @=/+3g b) a=2g-3f
6) Haiinure nimuHy BekTopa.

a) a(2;-3;2) b)u (2;—4;1) c) m{(3;-1,-2)

7) UtoOBI TENO HAXOIMIIOCH B PABHOBECHH CYMMa BCEX TPEX (BEKTOPHBIX )CHII
JIOJDKHA PaBHATHCA HYIM0.Ha Teno aericTByror nBe cuibl (3;—2;4) u (4; 2;1).
Haiigure cuty, KoTopas yIepKHT TEJIO B COCTOSTHUN PaBHOBECHSI.

8) Haubl Touku A (2;3;4) u B (—1;6;3). Haiinure xoopuHaThl CEpeINHbI OT-
peska AB.

9) Haiinure yron Mexay BEKTOpamMu a (2;3)u b (-1;6).

10) IIpu kakoM 3HAYEHUU M BEKTOPHI a{-13)n b (—1,m) mepneHAUKy-
JSIpHBI?
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=
11) 3nas, uto A(5; 3), B (2; 4), C(0; 0) u Bextopst AB u CD paBHbl, Haii-
JIUTE KOOPIUHATHI TOUKH D .

12) HaiinuTe paccTosiHME MEXAY CaMOJIETaMU Ha pH-
CYHKe, eciu |a| = 6 kM, |b| = 8 kMm.

13) 3anummre ypaBHEeHHE cdepbl, LEHTP KOTOPOW HAXOJUTCA B TOUYKE
(1; —2; 3) u mpoxonsuieit uepes Touky (4; 2; 1).

14) HaiinmuTe KOOpAMHATHI HEHTPA U paguyc chepbl, 3aJaHHON YpaBHEHHEM
xX2+y2+z22+2x—4y—6z+5=0.

15) 3anummure ypaBHEHHE TIOCKOCTH, OTCe-
KaeMO# Ha KOOPIMHATHBIX OCSAX OTPE3KH paB-
HOH JJINHBI.

K_{’"{l

16) M3o0paxenue ciaeloB Ha KOOPJAMHATHOH TJIOCKOCTH SIBJSIETCS Pe3yJIbTa-
TOM OTOOpaKEHUSI U TIAPAIIICILHOTO MEPEHOCA MTPH JABHIKCHUU.

Haitnute xoopaunatel Touku C, ecnu npu ¥
JTAHHOM JIBWKeHUHU Touka A (7; —2) nepexo- - )
auT B Touky B (13; 2). rﬂg. .

-iiq?: TV Ll

17) Hanummre KOOpAMHATHI TOYCK, SIBIISFO- ¥
LIMXCsl KOHLIAMU OTPE3Ka Ha PUCYHKE MPH I0-
BOPOTE OTHOCHUTEIBHO Ha4ajla KOOpAUHAT Ha
90° mo yacoBoO# CTpeKe. 1k
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Tabanna miaHupoBaHus Mo pasjaeny 3

Kou-
OcHOBHBIE CTAHIAPTHI Yue0.
Ypox Ne Tema BO
U TMOJCTAHAAPTHI cTp.
yac
IIpenen ¢pyHKIINN B TOUKE.
Haxoxnenue  mpenena
34-35 | dyskuu  mo  Tabmuie| 2 70-74
3HaYEHUN (YHKIUU H TIO
rpaduxy
36 CymectBoBanue npezena [ 1 75-76
1.2.1. 3Huaer ompee-
jieHUe YUCIIOBOM mocie-| 37-39 | CaoiicTBa MpeesIoB 3 77-82
TOBaTEILHOCTH U €¢
rpesena.
1.2.2. 3uaer noustue| 40-41 | HenpepwiBrocts Gynkuumn | 2 83-88
rpeneia GyHKIUY, CBOU
3amevaresnbHbIe Mpe/IeIbl,
CTBa MPEJICIOB U 3aMeva-
TelIbHbIE IIPEENIbl U TIPH 42 [comeprkamue TpuroHomer- | 1 89-90
[IOMOILYM HUX BBIYHCIIACT prdeckre QyHKIHH.
[IPEACIIBL. beskoHeuHble mpenensl Ul
1.2.3. 3HaueT HOHATHC 43.44 [PERCT B 0€3KOHEYHOCTH. 5 | 9105
HETPEPEIBHOM  PYHKINH BeprukaibHas U TOPU30H-
U PUMEHSET OCHOBHBIC
3 TagbHas ACHMIITOTHI.
CBOICTBa HEMPEPBIBHO-
CTU (byHKLH’H/I- 45-46 Ilpenen yucnoBoi noce- 5 96-101
JIOBATEIIbHOCTH
47 O0o0marome 3a1aHus 1 102
3amaHus IS CyMMaTHB-
48 |HOTO OIECHWBAHUA 1O pa3-| 1
Jey
Bcero 15
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IIpumep ypoxa

Ypok 34-35. Ilpenen ¢pynkuun B Touke. Haxo:xnenue npeaena GyHKIMHA
1o Tadauie 3HaYyeHuil pyHkuuu u rpadguky. 2 yaca. Yueo.crp. 70-74.

Coaep:kaTeJbHBIN CTAHAAPT.

1.2.2. 3naer nousTHe npenena GyHKINH, CBOMCTBA MPEIEIOB U 3aMeyaTelb-
HBIE TIPEJENbl U IPY IOMOIIN HUX BBIYUCIACT IIPEIEIBI.

Hagpiku yuyamerocs:

B j12eT 00bsICHEHHE TIOHSTHS TIpejieNia Ha PeabHbIX CUTYalHsX;

B ONpCaciACT MPEAECII IO YHNCJIIOBBIM 3HAUYCHUAM Ta6J'[I/H_IBI;

B IpUOIHM3UTENBFHO ONPEAEIIsIeT Ipeies 1o 3a1anHoMy Tpaduky;

B pasnryacT 3HAYCHUS TpeJielia B 3aBUCUMOCTH OT 33J]aHHOTO YCIIOBHSI.

1. lIpencraBiaenne noHsaTusA. [IpuMepsl pealbHbIX cUTYaluil (00cy:xKIeHme).
MBI e:xeIHEBHO MCIIOIB3YEM MOHATHE Tpesiea. Bo MHOTHX ciiy4yasx 3TO CBSA3aHO
¢ KakuM -bo m3MepenreM. Harpumep, koraa 3akaHunBaeTcs riata 3a TefeqoH,
UEKTPUUECKYIO FHEPTHIO WU T'a3 MBI UCIIONB3yeM BhIpaXKeHHEe “TIMMUT 3aKOH-
guics”. OHAKO MOHSATHUE TIPeJIeia B MATEMaTHKE OTIIMYACTCSI OT OBITOBOTO.
I'eoMeTpuyecknii MOIX0A K MOHSATHUIO Mpeea.
[lepumeTp MpaBUIIEHOTOT MHOTOYTOJb-
HUKa, BIIUCAHHOTO B OKPYKHOCTH MPH _f ?
o
DO (

[// 1-.;%
BO3PACTaHUHU KOJINYECTBA CTOPOH cTpe- | ]

MHTCS K JUTHHE OKPYKHOCTH. M_,-—*’} U

Jo HacTosIero BpeMeH! MBI chonb3y;1 CTATHCTHYECKHE AaHHbIE, HAXOLWIN
3HaueHre YHKIMH JUTS 3a/JaHHBIX 3HaYCHUI iepeMeHHbIX. Ceituac B pazaene mMa-
Tematrueckoro ananusa uiu kalkulus Mer n3yunm HoBoe nonsitue. OcHOBOTIONA-
rarolliM MOHATHEM MaTeMaTH4YecKoro aHanm3a sBisieTcst mnpenen. Kaxue
BO3MOXXHOCTH JIaeT IpeAes NP MaTeMaTHYECKUX BBIYHCICHUSAX. PaccMoTpum
9TO KOPOTKO 10 pHCYyHKaM. boree mogpoOHO MBI H3y4HM BCE 9TO Ha CIACAYIOLIMX

_.-d—.\.-\.\_\.

ypOKax.
Beruncnsercs 6e3 npezena BreruuciisieTcst mpu nomoIu npesesna
[Tnomans mps- .
MOYTONBHHKA [Inomans, nox KpUBOH
.
Pa6oty, cosepimae- Pabory, cosepuiaemyro
> %1 - NN
MYIO IO JCUCTBUEM : w |mom mewctBHEM nepe- /[ \
ITOCTOSIHHOM CHUJIBI MEHHOHU CHJIbI
[Tnomans ¢urypst, no-
[Tnowaas nosepx- - Jy4EeHHOU BpamieHnem [
HOCTH LIIMHApA T " |mnockoii puryper
- O0beM Qurypsl, moiy-
OOGbeM  mPAMOYTONIB- YEHHOM BpallleHuEM ’
HOT'0 mapaie/enunesa IUIOCKEH YacTH OrpaHu- =
CyMMa KOHEUHBIX YEHHOM KpUBOH
YJIEHOB IOCJIEI0- CyMMa OECKOHEYHBIX 4ile- _
al+a2+...+an:Sn Y a1+a2+"'_s
BaTEIbLHOCTU HOB I0CJIC/I0BATENBHOCTH
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2. O6yuyenne. Haxo:xknenue npejesia no tadjauue 3Ha4eHuii 1 no rpaguky.
OOBsICHUTH MOHATHE MPEEIa MOXKHO Ha IPUMEPE UCCIE0BATEIbCKOIO 3alaHHs
13 y9eOHHKA WM 10 CIeYIOMNM (QYHKIIHASM.

[Tycts, TpeOyercs uccneaoBars 3HaYCHUS KBaJpaTHIHON (QyHKINT

Ax) =x?—4x + 4 npu cTpeMIieHHN 3HAYeHUH X K 3. 3anuiieM QyHKIHUIO B BHJE
oJiHOTO KBajpara f(x) = x> —4x +4 = (x — 2)?. ['paduxom QyHKIUU SBISCTCS
napaboa ¢ BepinHoi B Touke (2;0). CocraBum TaOuuily ajisi 3HAYCHUN X TIPH-
OKaromuxcst K 3 cieBa u crpasa. 3 Tabmuibl BUIHO, YTO TIPU NMPUOIMKEHIH
3HauUeHUW X K 3, 3HaueHUs QYHKIUH MPUOIIKAIOTCS K 1.

P T ) \—‘k .
X ClieBa CTpEMUTCS K 3 CIpaBa CTPEMUTCS K

x |29 1299 (299 | 3 |3,001]3,01]3,1
f1x)10,810]0,980( 0,998 | ? | 1,002 1,020(1,21

N YN
f(x) crpemurtest K 1 < fix) crpemures k 1

Toxxe camoe BO3MOKHO YBHUJETh TI0 TpaduKy.

S)=(x-2)

[Ipu crpemnennn x k 3 mpenen GyHkmH f{x) = x> —4x + 4 paseH 1.
MareMaTHuecKH 3T0 YMO3aKITIOUEHHE 3aITUChIBACTCS TaK

lin31(x2—4x+4)=1

3. O0yuenue. 3HaueHue GyHKIUM U 3HAYEHUE MPeeia.

Jlo HacTosIIero BpeMEHH Mbl BBIYHUCIISIIN 3HaUeHne QyHKIMU f(x) mpu x = a. [Ipe-
JIeJT IOMOTaeT PelIaTh 3aJa49H, O TOM K KAKOMY 3HAUCHHIO CTPEMHUTCS (PYHKIHUSA f,
npu 3sHayenuax X ONU3KUX K a. J1o yJammxcst HaJjo J0BECTH MBICIIb, YTO BbIpake-
HHUE “X CTPEMUTCA K a’’ 8 HOHAmMUY npedena umeiom 68udy , 4mo X oueHb-04eHb
(CKOMbKO Y200H0) OAUZKO NPUOIUINCAIOMCA K YUCTY d, OIHAKO HUKOTJA He OyaeT
paBHO eMy. Yol
Oyukuus f(x) =

He OIpe/iesieHa B Touke X = 1 . \

\

x—1

T.e. apryMeHT He MOXKET IPUHUMATH 3HaueHne X = 1. OmHaKo
mpeziesl He PaBeH onpelielieHHOMY 3HaueHuo x. OH oTBevyaeT
Ha BOITPOC K KAKOMY 3HAYECHHIO CXOJISTCS 3HAYCHUSI (DYHKIHN
MIPU CTPEMIICHUH X K OTHOMY 4Hcity. [1oaTOMy, HECMOTps Ha 0
To, 4TO (YHKLMS He onpejesieHa B x = | mpemen mammoi =~~~ 7
(hyHKIINU TIpU X — 1 CYIECTBYET U paBeH 3. DTO 3aIlMChIBa-
eTCs TaK: !clj}il fix)=3

(SRS Y.

l,xqﬁl

S =

X —
x—1
BrmmonasroTes 3amanus n3 yaeOHUKa. BEIIUCICHUS TIPOBOISATCS TIPH TIOMOIITH

KaJIbKyJIATOpa. PekoMenmyercs mpy BRITOITHEHNH 3a/ITaHIH H300pakaTh B TETPAIH
cxemMaTnyHo rpaduk. Habmomas MOXKHO BHITOIHUTE (JOPMATUBHOE OIIEHWBAaHUE.
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Ypok 36. CymectBoBanue npeaesa. Yueod.crp. 75 - 76

ConepxareJbHbIii CTAHAAPT.

1.2.2. 3naer noHsTHE Npenena GyHKINH, CBOMCTBA MIPEIEIIOB U 3aMeUaTelhb-
HbIE IPEeJesbl U IPU MOMOILIY HUX BBIUYUCISET IPEIEbL.

HagbIku yuyamerocs:

B MOXeT OOBSCHUTH MOHATHE OJJHOCTOPOHHETO Tpe/esia Mo rpaduKy, B COOT-
BETCTBHHM C TaOIUIIEH 3HAYECHHI |

W ONpe/essieT CYyIIeCTBYET HiIH HET Mpeien (YHKINU B TOYKE IPH TOMOIIN
3HAUEHHI TIPABOTO U JIEBOTO TPEJIEIIOB.

s 3HAUEHMIA TIpeernia IpHu CTPEMIICHUH X K KaKOMY-TH0O0 3HAYEHUIO MOYKHO
C/IeNaTh CIEYIOINE BHIBOIBL:

1. mpezena He CyIIECTBYET;

2. IpezieN CyIEeCTBYeT U SABISIETCS KaKHM-JTH00 YHCIIoM;

3. mpezen cymecTByeT U paBeH k +oo, nim —o.
B xaxoM citydae Mbl TOBOPUM, YTO MPEEI CYIIECTBYET, a B KAKOM HET?

Ecnm 3naueHust GyHKINH f{x) IPU CTPEMIICHUH X K YHCITY a CIIEBa, CTPEMATCS K
KaKuM-J100 3HadeHuaM L1, To 3To 3ammceiBaeTcs Tax:
IIpu x—a~ f{x) — L i lim fix) =L

Ecnu 3nauenust pyHKIMHU f{x) IpH CTPEMIICHUAHN X K YUCITY

a cupaBa, CTPEMSTCS K KaKUM-JIN00 3Ha4eHusM L2 ,T0 310
3aMHUCHIBACTCS TaK:

[pu x—a* fix) — L, wm lim f{x)=La

x—at

Kaxnas u3 3anuceil Boiiie onpeaessieT 0JJHOCTOPOHHUM mpejien
lim f(x) = Linessiii npener, lim f(x) = Lo npassii npezei.
X—a

X—a—
Ecnau nieBblil ¥ npaBblil Ipe/ienbl PABHBL OHOMY 4uCily L, T.€.
lim fix)=L u lim f(x) =L ,4ucno L npu x—a Ha3bIBa€TCs MPEIEIOM
x—at X—a—
¢yuknuu f{x) u lim f{x) =L .
X—a

Hccnenyem cyniecTByeT WM HET

x+2, x<5
npenen GyHkuun fx) = 410 x> 5 PHX —5 Jlnis 5TOTO COCTaBUM TaOIHITY

3HAUEHHUH ¥ MOCTPOUM rpaduK QYyHKIHH.

x—5 4,9 4,99 4,999 x— 5" 5,1 5,01 5,001
fx) 6,90000 [ 6,99000 |6,99900 fx) 4,90000 | 4,99000 [4,99900
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Kak u3 rpaduka, Tak ¥ U3 TaOIUIbl BUAHO, YTO MPU

CTPEeMJICHHH X CJIeBa K 5, T.€. 0CTaBasiCh MEHBIIE 5 U

cTpeMsich K 5 mpeaen GpyHKIUH paBeH St fnis
1i_1)151 fx)="7

4 TIPH CTPEMJIEHHN X CTIPABa K 5, T.€. 0CTaBasich GoMblie

5 u cTpemsich K 5, mpener GyHKIUNH paBeH

lim, f(x) =5

[ - - - -

0 5
Tak kak 1i1’15’1 fx) # linslf Ax), npenen 1i1’15’1 Ax) He cymiecTByeT

Paccmotpum cymiecTBoBaHUE Ipesieia Ha APYTOM IpUMEpE .

Hccenenyem cymiecTByeT Jiu ipesiest GyHKIUH
fix)=—x?— 2x + 2 npu cTpemMIIeHNH X K 4.

CocTtaBuM TabnuIy 3HAYEHUH, COOTBETCTBYIOMIMX JAHHOMY YCIOBHIO M MO-
CTpOUM rpaduk.

[ 3,9 3,99 3,999 Y4 41 4,01 4,001

f(x) —5,41000 [ —5,94010 |-5,99400 f(x) —6,61000 | —6,06010 [-6,00600

Kaxpiii n3 1ByX HCTOYHMKOB ITOKA3bIBACT HAM, YTO JIEBBIM M MPaBblil IPEIEIbI
paBHBIL.

lim flx) =6, lim, fix) =6, lim f(x) =lim fix) =6

3HauuT, npu X — 4 npenen GyHKIUHA paBeH 6.
1in41 fix)=6

MoxHO 0606IJ_II/ITI>, B COOTBETCTBHH C l"pa(bI/IKaMI/I npeaCTaBJICHHBIMU HUIKE.

B Touke x = 1 ¢pyHKums He onpe- B Touke a ¢yHKIUS HE UMeeT
JIeJIeHa, HO UMEET Mpeell. npezena
5 :
yﬂ /\‘E 38
i
X 1.3;\_/
B GyHKIIMS  HE 0 !
onpejesneHa 0 Sa 107

lim f(x)=3.8] limf(x)=13
X~ X—d

X

-1 0 1 2

lim £ (x)
xX—da
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Panee ObLT0 CKa3aHO O TpeX pe3yibraTax 3HadeHus npeaeia. J(Ba u3 HUX, Korma
IpejieNia He CYLIECTBYET WITU MPEAETIOM SIBIISIETCS UUCIIO, MBI YK€ PacCMOTPEIH.
Tenepr paccMoTpuM ciay4aid, KOrJa IpeieN paBeH IUIIC WK MUHYC OeCKoHed-

HOCTH.
k j 1/x?
1/x
[

Paccmorpum rpaduk dynkiuu 1/x, npu x — 0 npezesna He CYIISCTBYET.

.1 1 1
Tak kak lim —= +oo, lim — = —c0 1 ipeena uer. Teneps pacCMOTPUM —-.
X

x—0" x —0 x2
. 1 . 1 . N
lim = =400 ulim - = +OO, T.C. IPaBbIX U JICBBIU ITPEICIIbI
x—0" X x—0T X

+ OECKOHEUHOCTb. 3HaLII/IT, Ipu CTPEMIJICHUN 3HAYCHUU X U CIIpaBa 1 CJI€Ba K
HYJIIO 3HAYCHUS (I)YHK]_II/II/I CTPEMSATCA K + OCCKOHEYHOCTH.

Brmonasrorest 3axanus u3 ydeOHuKa. 3aanne 6 BHITTOIHSAETCS BCEM KIAacCOM 1
MIPOBOAUTCS o0Cy)kaeHue. B 3amannn TpedyeTcst moCTpOuTh TpadrK YIOBIETBO-
pAIOIIMHN YCIIOBUIO TIpeiesia. Yyaliuecs BbICKa3bIBalOT cBoe MHeHue. Hampumep,
oTMedast 33/IaHHbIE TOYKH Ha KOOPIUHATHON TNTIOCKOCTH OHH JOJKHBI OCO3HATH B
KakoM TOYKe Tpejeia He cyuecTByeT. [Ipu 3ToM yclioBUM NpaBblil U JIEBbIH TIpe-
JIeJT JOJDKHBI UMETh pa3Hble 3HAUCHUS.

a)llpu f(-1)=3,f(0)=-1,f(1)=0, )lclino f(x) He cylIecTBYeT.

Y y y

IS
|
@
|
¥
|
—
ot
w
e
=

VYyamuecss MOTYT H300paXkaTh pa3InyHbIe KyCOYHO - 33/1aHHbIe (DYHKIIUH U BBI-
TTOJTHATH 3aIaHus MOA00HOT0 THTA. Takwe 3amanus meaecooOpa3Hee MOTYT OBITh
MIPEITIOKEHBI IS TPYITIIOBOM pa0doThl. KaskIbIil 4jIeH rpyIIbl mpeaiaracT CBOU
BapHaHT. J{J1s1 KayK70T0 TpaduKa 3aMiChIBa€TCs U MPEICTABISIETCS ypaBHEHHE.

Ouenusanue. [Ipu hopMaTHBHOM OIEHUBAHUU HAJ0 JaTh OIEHKY TOMY, Ha

CKOJIPKO aKTHBHO YYAIIIUICS Y4acTBYeT B OOCYKIIEHUSIX, MOXKET JIN OH OTIpejie-
JUTH CYIIIECTBOBAaHUE TIpeieia U N300pakaTh COOTBETCTBYIOIIHE I'PadUKH.
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Ypox 30-32. CBoiicTBo mpeaeaoB. 3 yaca. Yueod.cTp. 77 - 82

Coaep:karejbHbIH CTaHAAPT.
1.2.2. 3naer nonsTHe npenena GyHKIMH, CBOICTBA MPEIEIOB U 3aMeyaTelb-
HbIE TIPEJIEIbl U IPU MOMOIIY HUX BBIUKCISIET TIPEJIEIbI.

HasbIku yuyaierocs:

B II0Ka3bIBAET CBOMCTBA MIPEJIENIOB Ha IPUMeEpax;

B [IPUMEHSET CBOMCTBA MPEMEIIOB;

B IIPUMEHSET pa3INdHbIe METOMBI JUISl BBIYACICHHS IPEEIIOB;

B pellaeT 33/1a4d PealbHON KU3HEHHON CUTyalluu IIPUMEHSIS TIPEEIIbL.

1-b1ii yac. M0OXHO paccMOTpPETh CBOMCTBA MPEEIOB HA MPUMEPAX BMECTE CO
BceM kiaccoM. KosuieKTHBHYO paboTy MOXKHO OPraHH30BaTh CJCIYHOIIMM 00-
pasom. Yuurtenb MOXKET YCTHO 3By4HBaTb CBOﬁCTBO, a YYCHHK 3aIlliUChIBATHL €0
Ha JIOCKE MaTeMaTU4EeCKU U IPUBECTH IpUMepHL. J{pyrue ydamuecs MOryT B 3TO
BpeMs 3a1iucaTb CBOMCTBO B TETpaAb KaK CJIOBaAMU, TaK U MATEMATUYCCKU.

IIpenen MOCTOAHHOI M TOKIECTBEHHOI (PYHKIMU SBIISIOTCS IByMsI PyHIa-
MEHTAJIbHBIMHA TIPE/eIaMHu.

limflx)=limc=c [Ipenen NOCTOSIHHOM paBeH MOCTOSTHHOM.
X—a

X—a
Ipumep. im5=5, lm7=7

x—3 x—3
~ y ) =c
VYyamuecss HOHUMAIOT, YTO JJIsI TOCTOSTHHON (D)YHKIIHMU TIPH
MOOBIX 3HAUCHUSAX X (YHKIHS NMPUHUMAET OTHO U TOXKE
3HAYCHUHU y M OOBSACHSIOT 3TO MpH moMoInu rpaduka. OHu
JIOJKHBI OTBETUTH Ha BOTIpOC “VI3MEHHTCS U 3HAYECHUU
npejiena, eCiiv BMECTO PUOIMKEHUSI K 3 B3SITh MPUOIHIKeE-
HHE K yuciy 4 nmum 57 ¢

X—a-—X

Ipenen ToxpecTBeHHON GyHKuMU. 11 TOXKAECTBEHHOMN
ynximm f{x) = x wi y = x ucceayercs cBoiicTso lim x = a
[IpeacraBnsitorcss nmpuMepbl. Y TOXKIASCTBEHHON (DYyHKIMH
3HAYEHUs apryMeHTa U (QYHKIWU paBHBL. 3HAUUT, K KAKOMY
YHUCITy CTPEMHTCS X Y HKE YUCITy CTPEMUTCS V.

a

IIpumep. lim x =-5

x— -5

ITocne yero, paccMaTpUBaIOTCs CIIEAYIONINE CBOWCTBA MPEAETIOB U UX MPH-
MEHEHHE, BMECTE CO CBOMCTBAMHU, U3yUECHHBIMU BBILIIE.
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bonkiioe 3HaueHHE UMEET CBOMCTBO CYMMBI, pa3HOCTH, ITPOU3BCACHNSA U YaCTHOI'O
npeacjoB, TaK KaK OHU MMOMOTAKT BbIYUCIIATH MTPEACIIbI anre6pap1qecm/1.

I IIpenges cyMMBbI, pa3HOCTH, IPOU3BECHHUS H YaCTHOTO. —

Ecmmn 1}2}4 fix) =Lnu }Ln;l g(x)= M, To:

1. Mpenen cymmsr: lim [f(x) + g(x)] = lim f{x) + lim g(x) =L + M

2. [Ipenes pa3HocTH: %gr; [f(x) —g(x)] = %{133 fx) — )lclﬂn(‘ll gx)=L-M

3. [Ipenes mpousBeeHus: £1§3 [f(x) - g(x)] = IXILILII fx) - lrlﬁn’al gx)=L-M

@ _ )lcl_l:glf(x) L

4. lpenes yacTHOrO: lim MM =0

= g(x)  limg(x)

5. Mpenea cremenun: lim [f{x)]" = [lim f{x)]" = L~,

B vactHOM ciyuae, lim x"= a”

xX—a

BoiHeceHUe MOCTOSITHHOI 32 3HAK Mpe/eJia. )1{131 cf(x) = C}g{,lﬂx)

3TO CBOWCTBO OXBATHIBAECT CBOWMCTBA MPEEIIOB JUISl TIOCTOSHHON U TOXKAECTBEH-
HOW (DYHKITHIH.

lirgl 6x =6limx=6a

X

X—a

2-0i1 yac. PaccMarpuBaroTCs HEKOTOPbIE CBOMCTBA BHIYMCIICHUS IPEJIETIOB, TAKWE
KaK - HEMTOCPEJCTBEHHOE MOCTABICHNE 3HAUYCHUS, PA3IOKEHUST Ha MHOKHTEIH,
0CBOOOXKIEHUE OT paanKana. J{Jis 3Toro yuammmcs 1aeTcst BpeMsi, 0 OKOHYaHHH
KOTOPOTO OHH MOTYT IPEACTABUTH IPUMEPHI, OOBICHSS UX ¥ nockn. Ocoboe BHU-
MaHUe HaJI0 yATUTh YMEHHIO MTPABIILHO PUMEHSTh CBOMCTBA TIPEAEIIOB IS UX
BBIYHUCIICHUS. DTO YMEHIE 0C000 OTMEUEHO B 3aJaHUH 7.

B 3amanum 8 yugamniuiics cokparmaet panuoHaabHy0 (GYHKIUIO U, HCTIONIB3YeT T0-
TydeHHYI0 (DYHKIIUIO [Tl OTIPEAETICHISI B YKa3aHHBIX 3HAYCHUAX.

3-mii yac. BeIIONHAIOTCS 3a1aHKsI HA BBIYUCIICHUS [TPEIEIIOB.
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? PenieHue HEKOTOPBIX 3aIaHUI U3 YUeOHUKA:
| |

. 100 _
V¥.8. 3nas, uro lim x_l =100 BBIYMCINUTE IPEAEIbL:
x—1 X — 1
. 50 . 100 2
a)hmx —-1 b) lim X" —1 . )llm @ —1)
x—1 1 s x—1 x—l s x—1 (x_l)z
Ha xaxmom 1miare BEIYMCIICHHMSI 3aITAIITUTE COOTBETCTBYIOIIEE CBOMCTBO Mpe-
JIEJIOB.
Pemenne:
100__ 100
X 1 1 . x100_ 1 % |
a)lim = [im —519—
)xﬁl Xz — x—l (x 1) (X+ lj x—l
SHAMeHamelb pa3- lel.WL‘H}IL’ﬂ?(}I L()()llcln(f() I7p()—

HAACMER Ha MHO= y3ge0eHus npedenos
Hcumenu

50__ 50__ 50 100__
b) limuzlim (=-1D)(+1) i 1 1

- X — x—l1 (X -1 )(X50+ 1) ol x—1 X041
YUCIUMeNnb U 3HAMEHAMENb YMHONCACNCS
Ha 00HO U MOJHCE BbIPANCCHUEC ynpowaemcsi
100
Lo xt0—-1 | 1 1
=lim 1im =100- —= 50
x—>1 x_l x—>1 x50+1 2

I'Ile.'l[t’H}l(:’lﬂC}l (.'(S'()L?C/’”(i‘() /7[7()-
ll'j‘(ft’()é’Hll}{ /7[)(‘{)8,7()({
V.10. Beluucaure.
2
. x*=3x-10
¢) lim === ~
=2 x*+5x+6

Pemenue: mpu x— —2 mpenen 3HaMeHarens paBeH 0 ¥ MPUMEHUTH CBOMCTBA
Mpe/IeIIOB HEBO3MOXKHO. [T03TOMY CHavasa, YMCIUTEIb U 3HAMEHATEIb IPOOH
Haao pasjioKUTh HA MHOXKHUTEIN U COKPATUTh, a YKE€ 3aTCM ITPUMCHSATH CBOU-
CTBa IMPEJIEIIOB.

x2—3x-— 10 (x +2)(x =5) . x—5 -2-5
lim ———F——+ = A ) m =7
-2 X2 +5x+6 2(x+2)(x+3) X*)2X+3 —2+3

V1 +x -1

X

VAL 12)  lim

3
Crauaa BIIONHAM 3aMeHy V1 + x = ¢ 1 ynpoctum. B 5ToM ciyuae yunThiBas

1 +x=7, x=1£ -1 unoacrasus 3aMCHY MOJIy4YHM:
Viex-1 _ =1 =1 1 1
x P=1 7 (=D)(E+e1)  Pre+1 A x24T x4l
Te lim — =1 iy L - ! =1
R x "0 V0V +x+1 — A1+02V1+0+1 3
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Pa6oumnii et N 1

Nmsa Ddamuaus Jlara

Brlunciure, npuMeHsisi CBOKMCTBA MPEIEIOB.

1. lim (5x— 4) 2. lim (4x— 3)

3. Xlir[127x2 4. xlir{135x2

5. lim x%2—-3x—4) 6. lim x2—4x-17)

7. lim (5x- 8)° 8. lim (6x— 21)°

9. lim (2x> — 3x + 5) 10. lim (2x> + 3x — 1)?
11 lim \x2+9 12. lim V5x2+4

13. lim 14. lim x3_x4

BLI‘lI/ICJ'II/ITC, MIPpUMCHSIA CBOIiCTBa nmpeaciioB u CITOCOOBI BBIYMCIICHHUS npeaciaoB.

.ox—1 . x?—4
1 i 2. lm
3. lim * ! 4. lim ¥~ 4
x—1 x x—2 X*2
5. lim 24 6. lim Ax—12
=2 x_2 =3 x-3
7 x> +2x-3 8. lim x> —x—6
x—1 x271 x—3 x279
i X*=2x>+4x -8 10. lim X+2x2+x
Ca2 X234 x-2 Caol X+ 2x+2
11. lim Nl+x-1 12. 1im—“16+x_4
x—0 X x—0 X
13. }(anl [(x+ 1)*(3x —1)7] 14. lhrql[(x +2)(3x +2)]
15. lim ¥ =2 16. Tim X =3
=4 x—4 =9 x-9
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Ypok. 40-41. HenpepbIBHOCTH pyHKIHU. 2 yaca. Yued.cTp. 83-88

Coaep:kare/IbHbIN CTAHAAPT.
1.2.3. 3HaeT nmoHsATHE HENIPEPHIBHON (DYHKIIMH U IPUMEHSET OCHOBHBIC
CBOMCTBA HEMPEPHIBHOCTH (DYyHKIINU.

Hasbiku yuamerocs:

B TIPEJICTABISIET Ha IPUMEpPaxX yCIOBUE, IPU KOTOPOM (YHKIIHS TEPIHT Pa3phIB;
B 0OBSCHSIET YCIIOBHE HEMTPEPHIBHOCTH (DYHKIMU B TOUKE;

m 00BSICHSET HEMPEPHIBHOCTH (PYHKIIMU HAa MHTEPBAJIE;

® 00BSCHSET HEMPEPHIBHOCTD (DYHKIIUH Ha OTPE3Ke;

B BBINIOJHSCT YIPAKHEHHS HA HEMPEPHIBHOCTD (DYHKITUH.

Ha npeapiaynmx ypokax Mbl OTMETHIIM, UTO JUIsl 3HAYCHHUSI ITpejiesa He
Ba)XKHO, OTIpe/IeJIeHa WM HeT (DYHKIIUS B TOUKE.

OnHaxo, pH yCIOBHUH, YTO X — @ HAXOXKJCHHS 3HAUeHH ()YHKIIU - MHOTO-
YJICH, TPUTOHOMETPHUYECKUX (QYHKIHMH y = Sinx U y = COSX M HEKOTOPBIX pa-
UOHANBHBIX (DYHKIUI, MOXHO Cpa3y MOJICTaBUTH 4yucio a. [Ipu sToMm,
(akTHUeCKH, BBIYUCIASA 3HAYCHHE (YHKLIUHU Cpa3y HAXOIUM 3HAYECHUE TIpe-
nena. 9To BO3MOXKHO TOJIBKO TIOTOMY, 4TO (DyHKIIMHU HenpepbIBHBL. Celvac Mbl
n3y4dnM, (akT, 4To 3HaueHue QYHKINU f(@) IUTs 3HAYSHH TIEPEMEHHOM X CTpe-
MSIIUXCS K @ SIBISIETCS. OCHOBHBIM TIOKa3aTeNIeM HETPEPhIBHOCTH (YHKIIUY.
B xacce uccnenyrorest rpad MKy, IMEIOIINE Pa3phIB B TOUKE ¢ U3 YIeOHUKA,
OTpaXKaroIUe Pa3IMYHbIe CUTYyalu. Huxke nmpencTaBieHsl qpyrue npuMepsl,
OTpaKaroIlUe JaHHbIE CUTYALUH.

y y
X X
: a a ' a
lim f{x) He cywecTByeT lim f(x) He CYIIECTBYET  [im f{x) cymecTByeT l\“‘]{/(*) CyHIECTBYCT
X—da X—a xX—d N
f{a) ne onpeoenena f{a) ne onpedenena fla) ne onpedenena f(@) onpedenena, no

lim fix) # fla)
x—a

VYyammuecs: TOKHBI YMETh MPEACTABISTH JTaHHBIE CUTYallud YCTHO, MTUCH-
MEHHO U TpapuvecKu.

3Ha4YUTh, YTOOB! (PyHKIUS ObLIa HETPEPHIBHA B TOYKE JOJKHO BBITOIHATHCS
3 ycnoBusi:
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Ecnu pyHKuns ynoBneTBopseT yCIoBHUIM:
1. fla) onipenenena; 2. CylIeCTBYET Ipeael lxml fx); 3.fla)= }Cin} fx)

TO OHA HENpepbIBHA B TOUKE a. Eciu 0HO U3 YCIOBHIA HE BBIIIOIHAETCS, TO
(dyHKIMS TEpIUT pa3pbiB B ToUke a. Hampumep, fix)= x] dyHKImMs n1emoit vacti
X B K&KIOU TOUKE ne Z pa3pblBHALA, TaK KaK Ui JOO0T0 ne Z,

10 lim fix) = n—1, xl%f(x) =n.

2-0ii yac. OObsICHIETCS HENPEPHIBHOCTh (DYHKIIMM HA MHTEpBAJIe U HE OT-
peske.

OyHKIMS HeTpephIBHAS B KXK0N TOUKE HHTEpBaia (a;b) Ha3pIBaeTCs HeTpe-
PBIBHOM Ha JTaHHOM HHTEpBAJIE.

HenpepbiBHOCTH pyHKIMHU HA oTpe3ke. Onpenesenne. Eciu Gpynkmus f{x)
orpenesieHa Ha oTpe3ke [a;b] u HempepbIBHA HAa UHTEpBate (a;b) u

lim_f(x) =f(a) u lim f{x) = f(b), To QyHKIMs Ha3bIBAETCS HEMPEPHIBHOM Ha OT-
Jf)ggKe [a:h]. -

W3 onpeneneHms BUIHO, UTO €CITM TOBOPUTH O TIpesienie (pyHKITMU Ha OTpe3Ke,
TO peYb UJET O CYLLECTBOBAHWU IIPEJEIIOB CIIEBA U CIIpaBa.

Io onpenenennio, ecmn lim fx) = fla) , T0 (byHKIHS f HETpephIBHA B TOUKE
a cIpaBa, a €clu )1(1_1,2 j(x) = f(b), GyHKUUS / HEIPEPBIBHA B TOUKE a CJIEBA

HenpepbIBHOCTH (QYHKIIUHM HA HHTEPBAJIC HE TOBOPUT O TOM, YTO (DYHKIIUS He-
IpepbIBHA Ha 0Tpe3Ke. PaccMOTpUM HHTEpBAIIbI IS KaKI0U cUTyaruu [a; b),
(a; b], (a; ), (b; +0), ( —o0; b). Hanmpumep, nis Toro, 4roObl GyHKIMS OblIa
HETpepbIBHA Ha IpoMexyTKe [1; 5) , oHa To/mKHA OBITh HEMIPEPhIBHA CIIpaBa
B 1 Touke u Ha mHTEpBana (1; 5).

Paccmotpum cnemyronie cutyanuu A GyHKIUN, TPEACTaBICHHBIX HUXKE.

yA A

—

—ll——i—>x > X

—

1

Hecmotpst Ha TO, uto 1-as pyHKIMSA Y = a1 HETpepbIBHA HA MHTEPBAJIE
—X

(-1; 1), na otpe3ke [—1; 1] ona He HempepbIBHA. Tak Kak HEe ompesiesieHa, HU

mpu x=-1,au mpu x = 1.
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2-as (yHKims y = \x — | HempepsIBHA Ha IPOMEKYTKE [ 1; +00).
Tak kak, lim f{x) = limx — 1 =lim\Vx — 1 =a — 1 =fla)

X—a X—a
[pu 3Hauenny a = | mpaBbIil peIeN CYIIeCTBYET U paBEeH 3HAUYCHUIO (PyHKIIUH
B JIAHHOM TOYKE. S —
lln”ll)/x —1=£1)
X—
3HayuT QyHKIUS B JH000H TOUKE, yAOBIETBOPSIOIIEH yCIOBUIO @ > 1 Henpe-
pBIBHA.

BrImonHsoTCs 3a1aHKA, B KOTOPBIX UCTIOJIB3YETCSl HEMPEPBIBHOCTD (QDYHKITHH
B TOYKE, HA UHTEPBAJIE, HA OTPE3KE, a TAKXKE IPUMEHAETCS TeOpeEMa O IIpoMe-
KYTOUHBIX 3HAYCHUSIX (QYHKIIUH.

? Penrenue HeKOTOPHIX 3aJaHUIT U3 y4eOHNKA:

V.5. Haiiaure Touku pa3peiBa pyHkuuu. Haiinure npenen GyHkiuu (eciu
OH CYIIIECTBYET) B TAaHHBIX TOYKAX.

Ix+2]

Pemenne:  3) PyHKIms p(x) = L4 HE OmpeiesieHa B ToUKe x = — 2.
x+2, x>-2 1 x>-2
Io onpenenennio, Tak Kax |x +2|=4{_ 2. x<2 P X={_1 x<-2

3HauwT, lirrzl+ px)=1, lim2 _ p (x) =—1. Tak kak mpaBbIii U JIEBBII MPEIEITHI
x—> — X -
Pa3IUYHbL, TO IPH X —> 2 Tpejena GyHKINU He CYIIeCTBYET.

VY.11. 1) Ilpu nomomu TeopemMbl O IPOMEKYTOUHBIX 3HAYCHUSIX, HAUIUTE B
Kakol Touke (PyHKIMS NPUHUMAET ONPEACTICHHOE 3HaUCHHE.

a) f(x)=x*+x-1, [0;5], f(c)=11
b) f(x)=x*—6x+38, [0;3], f(c)=0

Pemenue: a) ®ynxnus f(x) = x>+ x — | HeMpepbIBHA HA BCEH YHUCIIOBOI

ocH, B ToM ymcie Ha otpe3ke [0; 5] u Ha koH1ax orpeska [0; 5] npunu-

MaeT 3HaY€HUsl Pa3HbIX 3HAKOB! f(0)=-1<0,
f5)=25+5-1=29>0.

[To cnencrBuro 3 Teopemsl Komm cymecTByet Takas Touka ce (0;5), uyto

fle)=11.
77



PaGoumnii auer N 2

Nmsa Damunus Jlara

1) Onpenenure sIBIsieTCS JIU HeNPePbIBHOM GYHKIHS B 32JaHHBIX TOYKAX.

fx)=2x+5 f(x)=3x+4
x=1 x=1
f(x)=x*-3x+7 f(x)=x>-5x+7
x=4 x=4
foy= fly= 50
x=3 x=6
fo= 52 S =1
x=35 x=17
) =73 f0 =157
x=35 x=17
foy =5 fo =
x=0 x=0

2) UccanenyiiTe (pyHKIMIO HA HENPEPBIBHOCTb.

xX*—4 x*—36
,X#2 , X#6
fo=d 2 T =l
4, x=2 13, x=06
B x—35, x<0 B x—4, x<0
f(x)_ x2+x—5, x>0 f(x)_ X2+X*4, x>0
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Ypox 42. 3ameuaresibHbIEe Npelesibl, colep:Kalie TPUTOHOMeTPUYecKHe
¢pynkuuu. 1 yaca. Yue6.ctp. 89-90

Coaep:kaTeJIbHBIN CTAHAAPT.

1.2.2. 3naer nonsTHe npenena GyHKIMH, CBOICTBA MPEIEIOB U 3aMeyaTelb-
HBI€ ITPEJIENbI U ITPH IIOMOLIN HUX BBIYMCIISAET MPEAEIIBL.

Hagppbixku yvamerocs:
B BBIYHCIISICT MPeJesl TPUTOHOMETPUIECKUX (DYHKIIUIA;

W 3HAET U PUMEHSET 3aMeYaTelbHbIE PEIETIBI, I TPUTOHOMETPUYECKHX
(hyHKIHA.

[Mpenen TPUrOHOMETPHYECKOH (DYHKIIMK PEKOMEHYEeTCsI H3y4darh Ha rpadu-
kax. Ha rpauke HAmIsIHO MOKHO YBH-

JIETh MpejiebHOE 3HaYenne. Hampumep, jimpsinx =0, limycosx =1

lim sin x =0, lim cos x = 1
x—0 x—0

Ha camom zene, Tak Kak GpyHKIUM y = sin x v,
U Y = COSX HEIPEPHIBHBI, TO 3HAYCHHE Tpe-
JieNia B TOUKE paBHO 3HAYEHUIO (DYHKIMH B
TOouKe lim sin x = sina, lim cosx = cos a

X—a X—a

[Ipu nomouM yyanuxcsi MO>KHO Ha JIOCKE BBIYUCIIHUTD MPEAEIIbl TPUTOHO-
MeTpuueckux GpyHknuid. Hampumep,

a. }(Lnol tgx=tg(0)=0
b. }glnl (x cosx) = ()lcng’[l x)()l(ijl; cos x) =T cos(n) = -7

c. 1in(} sin x = lirgl (sinx)?=0*=0
X—> X—>
OOBsICHEHUE U JIOKA3aTeIbCTBO 3aMeUaTeIbHBIX MPEIEIOB HAJI0 IPOBECTH

KOJ'IJ'IEKTI/IBHO

1 lim S0¥ =g 2. liq)ll_ﬂ =0
X X X—

PaccmarpuBaroTcst mpuMepsbl, T1e HaXOAAT MPUMEHEHHE ITHX MPE/EIIOB.
Paccmorpum crenytomue npuMepsl.

Hano o6patuTh BHMMaHKE y4alluXCs Ha TO, YTO HEJIB3S CPasy MOACTaBHTh
3HaueHue x = 0 B npezen hm &x“x IOTOMY, YTO ITOJYYHM HEOTPEIEIICH-
HocTh Tuma 0/0. [TosTomy B BO3HUKaeT HEOOXOAMMOCTh U3MEHUTDH BbIpaKe-
HUE, BBITIOJIHMUB 5KBUBAJICHTHBIC MAaTCMAaTUYCCKUEC HpeO6pa3OBaHI/IH,
HCIOJIb3Ys CBOMCTBA MpeaesioB. BeipazuM npesen, 3KBUBAJICHTHOM 3alHUChIO:

lim S04X _ 4 iy SIDAX g i — 41 —4.1=4

x—0 X x—0 4x x—0 y—0

ameyamenphiil
npeoen
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I[OKEB&TCJIBCTBO IEpPBOro 3aMcUaTCJIbHOIO
npeacia MO)KHO BBIIIOJIHUTb TCOMCTPUUICCKU.

1. lim 2~ sinx _ =1
x—0 X

Bonee TtanaHTnuBBIE yyamuecss MOTYT BBIIOJIHUTH 3TO CaMOCTOSTENBHO.
CHauana, mpuOTU3UTEIBHO, YCTAHOBUM TIPEIEI M0 TpaduKy, MOCTPOSHHOMY
npu oMoty rpadxanskynstopa. [lo rpaguxky BuaHO, 4TO IpU CTPEMIICHUU
X KaK clieBa TaK U CIpaBa K HYIIO, 3HaueHne QyHKuuu crpemurcs K 1. Pexo-
MEHJIyeTCsl MPOBEPUTh JaHHBINA (aKT COCTAaBUB TabiUIly 3HaueHuil. Bos-
MOXXHO, 4YTO JaHHBIC BBIYHCICHHUS OyIyT YTOMHUTENbHBI, HO IS
aJbTEPHATUBHBIX J1I0KA3aTeNIbCTB MaTeMaTHUECKUX (PaKTOB TAaHHBIA MyTh BbI-
pabaTeIBaeT UCCIIEAOBATEILCKIE HABBIK.
IMnomans cekTopa
in ¢

[Tnomane cexropa, paauyca ' C IeHTPa/IbHbIM
YIJIOM X paJiuaH paBHa S = N

cos t
[lycTh, OKpYKHOCTB C LIEHTPOM B TOuke O
SIBJIICTCS €IMHUYHON OKPY’KHOCTBIO.
3nech y =sint, x =cos ¢

nx
> 0<x<- ™.
2

:Q Paccmorpum mipesen: lim
ﬁl [Tycte mnomans Tpeyronsauka AOP paBna Si, nmiomanb
kpyrosoro cekropa AOP paBna Sz, a muomaae Tpeyroib-

Huka AOQ pasna S3. ITonaTHo, uTo S1< S2 < S5

[Tnomane Tpeyrompauka AOP S 217 OA- MP 217 sin x

[Tnomane cekropa AOP  Sp = 17 X

[Mnomans Tpeyronpanka AOQ S; 17 OA- AQ Ttgx

2

HEPaBEHCTBO Sin X < X < tg X MOXKHO 3aMMCaTh KakK | <

Tak kak S1 < S2< Sz, T0 1TSinx <—x< Ttgx

|
—<
sinx  COSXx

WA PaBHOCHIIBHOE HEPABEHCTBO COS X <——— SIMX g
3neck nepeias k npeaeny npu x— 0° 11131 cosx =1 ® yuuThIBasI, 4TO Mpe-
JieJ1 HOCTOSHHOM paBeH CaMOM IIOCTOSSHHOM MOJTy4YHMM, 4TO Kax/Jas CTOPOHa
pasHa 1. 3HauuT, !Lm %x = 1. Tak kak QyHKIUH A
fx) = _SIN X i f{x) = cos X SBIISAIOTCSA YETHBIMH, TO HEPABEHCTBO BEPHO U Ha
X uHTepBame — % <x<0-
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sin x
X

TTocne TOTO, KaK MbI IIOJYYHJIN CIICAYIOIIEC HEPABEHCTBO COS X < <1

JUISL TAJTbHEHIIero JoKa3aTeabCTBa IPAaBIIIbHEE PAcCcKas3aTh O TeopeMe CiKa-
THSA JUIS TIPE/IETIOB.
Teopema. Ecnu ¢ynkuumu f, g, h ynosneropsior
ycnoBuio g(x) < f(x) < h(x) , a Takxke
lim A(x) =L u lim g(x) =L, To

lim f(x) = L.
Kax BuHO, QyHKIus f{X) cKara Mexay (yHK-
uusaMu y = h(x) uy = g(x).
[Tpunss, uto QpyHKUUA g(x) =
nusamu i(x) =1 u g(x) = cosx u 4To

cKaTa Mex1y (QyHK-

lim cosx =1 liml=1
x—0 x—0

110 TCOPEME CKaTHUA IMOJTYUHUM:

lim SI0X — 1
x—0 X

? Penrenue HeKOTOPHIX 3aJaHUIT U3 y4eOHUKA:

Huxe npencrasneHo penieHue 3aganus 3.

. sin(x—1)
V.3. ¢) Boluucnure npegen  lim ————~-
) P ¥+ 2x -3
Vuamuecs ycTaHaBIMBAIOT, YTO €CJIM CPa3y MOACTABUTH 3HAYEHHE IIOIYIUM
HeonpeaeaeHHocTs Buja 0/0. TToaToMy Haio pas3iokKuTh 3HAMEHATEb HA MHO-
JKUTEITH.

X+2x-3=x+3)(x-1)

sin(x—1) _ ..  sin(x—1) _.. I sin(x-1)

wlox24+2x—-3 =1 (x+3)(x-1) —lx+3

X —

_ 1 . osin(x—1) - L, __L
tm s Im = L=

OuenuBanme. [lox HaOmoneHneM HaI0 JIepXKaTh MEPBOHAYAILHBIC 3HAHUS O
CBOMCTBaX TPUTOHOMETPUUECKUX (PYHKIMH, CBOMCTBAX MpEAENIOB, yMEHHE
MIPUMEHSTH 3TH CBOMCTBA M yPOBEHb IOHUMAHUS NPU OOBSICHEHNUH U JJOKa3a-
TEJIbCTBE
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Ypok 43-44. BeckoHeuHble Mpeeibl U mpefes B 0eckoHedHoCcTH. BepTukasin-
Hasl M TOPU3OHTAIbHASI ACHMINITOTHI 2 yaca. Yueod.cTp.91-95
Conep:xaTeJbHBINH CTAaHIAPT.

1.2.2. 3naer nonsTHe npenena GyHKIUHU, CBOMCTBA IPEIEIOB U 3aMeya-
TEJIbHBIC MPEACIIbI U MPY MTOMOIIY HUX BBIYUCIISIET MPEEIIbI.
Hagpbiku yvamerocs:
Beckoneunsble mpeaeasl )lgil fx) = o0 win )l(gg fix)=—

| I“pa(bI/IT-IeCKI/I MMPEACTABIACT U MAaTEMATUYCCKHU 3alIUCBIBACT, YTO IIPpU HpI/I6HI/I-
KCHUH 3HAUCHHUH X K YUCITY @ 3HaYeHHe (PYHKIMU YBEIUYUBACTCS WIN YMEHb-
maeTcsi 10 OECKOHEYHOCTH

B YCTaHABJIMBACT CBS3b MEXKAY MpeaesioM (PYHKIMU U BEPTUKAIBHON aCUMIITO-
TOW M HAXOAUT aCUMIITOTY I10 MIPEACIY;
IIpenenl B 6eCKOHEYHOCTH lim f(x) = a wm lim _ fix)=a

B NIpeJCTaBiseT Ha rpaduke NOHUMaHHEe MaTeMaTHIeCKOH 3aMucH mpeaena B
OCCKOHEYHOCTH;

B YCTaHABJIMBACT CBSA3b MEXKY MpeaesioM (pyHKIHUU U TOPU30HTAIBHONW acHUMII-
TOTOW U HAXOJIUT BEPTUKAIBHYI) ACUMITOTY MO MPEeny;

B IIPUMEHSET TEOpEMY O MpeAesic PaluOHAIBHON (QYHKIHH.
CHauana oObsICHAETCSI TIOHSITHE OECKOHEYHOTO Mpeseia. ITO MOHATHE MOKHO
YeTKO MpeCcTaBUTh Ha rpaduke. Hampumep, Ha rpadukax HIKE MOKHO YBUAETD,
YTO MPU CTPEMIICHHH X K KAKOMY YHCIY ¢ 3HaueHHe (QYHKLUUHU BO3PACTacT WU
yOBIBaeT 10 OECKOHEUHOCTH. 3HaK OECKOHEUHOCTH HE BBIPAKACT 3HAYCHHE KAKOTO
- 1100 4nca, a 0003HaYaeT KaKue - TO OOJbIINE 3HAYCHUSI.

Hano oOparuTh BHUMaHUE YJaluXcs Ha MPH-
HATBIE 3anucH L/+00—0; too/L—o0 Lz 0;
L/0—o0; L#0.

o rpaduxy BuaHO, uTO QyHKIMS Y

YA
OECKOHEYHO CTPEMHTCS K TLITIOC e
6ECKOHEYHOCTH TIPH CTPEMIICHHUH X x i x
X CTIpaBa M CJIeBa K YUCTY d. T 5 ﬁm
(@) lim flx) =0 (b) limflx)=—o0 () lim flx) =0 vo lim flx) =~
Boo6mie, Belpaxkenue npeznena 6ecko-  |im fx) =+ lim f{x) = —o0
HEYHOCTBIO NMeeT 6 cimyyaeB. Kaxaprit i_—’“ N x—a
= w =

U3 HUX TOBOPHUT O TOM, YTO (DYyHKITUS xljﬂlf(x) }ggﬂx) 0
HAMECT BEePTUKAJIbHYIO aCUMIITOTY. lim f{x) = +o0 lim f{x) = —o0

x—a x—a

Kak nHaiiTin acumMnToTy anrebpandeckuMy METOIaMH YHaIuMCs H3BECTHO U3
HpEAbIAYIIUX YPOKOB.
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3x2
Mo rpaduky pyHkimu Y = X2+ BHIHO, 4TO NP YMEHBIICHUN UM yBe-

JTUYEHHHU 10 OECKOHEUHOCTH 3HAYEHHI X 3HaYeHUE QyHKLIUHU IpUONMKaeTcs K
3. IIpu 3TOoM (yHKIMSA 3TOMY 3HAUEHUIO HE PaBHA
yA
‘ _
Y=+ 2

> X

>

J@) =3 \1//x)—3

54 3 2 T2 3 1

X ——00 -1 X — +oo
2

34

lim f(x)=3 7 lim f(x)=3

Cka3zaHHOE BBIIIE MTOKA3bIBAET, YTO MPH YCIOBUH X —100 TIpees PyHKIINH Cy-
IIECTBYET U OH paBeH 3.
CymecTBoBaHue Tipeziesia B OSCKOHEYHOCTH B O0OIIEM BHJIE 3AIMCHIBACTCS TaK:

XLH}}C, f)=L DTa 3amuch TOKA3bIBACT, YTO TIPEIET €CTh
: — 1 OH paBeH L.
lim, f(x) =L

A

H _2x 2

arpumep, QYHKIHS y = NI |
X

lim f{x)=2 unm rlirgo flx)y=-2

X—+o0

q)YHKLII/ISI MOXKET UMETh Oolree O,I[HOfI T 0pH30HTaJIBHOﬁ ACHUMIITOTEI.

Haiitu lim fix)=Lwum lim f{x) =L o3HayaeT Hal{TH TOPH30HTANBHYIO ACUMITOTY
X—+oo X——0

CyIecTBYIOT CIEAYIONINE CIy4Yan CyIECTBOBAHUS TPECIIOB:
1. OmuH U3 TIpeesioB CYIIeCTBYET, IPYTOi HET.
2. Oba mpenena CyIecTBYIOT U PaBHBI OTHOMY U TOMY K€ UHUCITY.
3. O6a mpefena CyImecTBYIOT, HO IMCIOT pa3InIHbIC 3HAUCHUS.
4. Hu ogwH U3 TIPEeNoB HE CYIIeCTBYET.
Ecnu oqun u3 npenesion }gl}w fix)=L Hnnxliqgo fix)=L

CYIIECTBYET, TO YMCJIO L sBIsieTCS rOpu30HTAILHON aCUMITOTOM.
[NokaxkeM 3TH cuTyanuu rpaduvecku.

fix)— L, ecn x——o u fix)—> L, ecmn x—oo

(¢) fix)— L, ecn x— —0, (y) fix)— Li, ecin x— —o0,

(a) fix)— L, eciu x—+o0 (b) fix)— L, ectt x— —o0

fix)— L, ecnmn x—+o0 Sx)— Lo, ecn x—+o0

OyHkius B BUje 1/x He onpeiesicHa U M3MEHSETCs Ha MPOMEKYTKE —00 H +00,

B o0miem BuJie 5TO MOXKHO 3aIHcaTh Kak lim (x+a)" =0 " lim (x+a)” =0. (ne N)
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Teopema o mpezene paunoHaabHON (QYHKIHS OUYeHb BayKHA IJIS1 PALIMOHATBHBIX
¢yHkmit Beicmmx creneneid. [1o aToil TeopeM MOXHO ¢c(hOPMHPOBATH MHEHHE O
TOM Kak ce0st BeneT QyHKIHs B OECKOHEYHOCTH U cO31aTh ee Mojeib. [lpu Gec-
KOHEYHO OOJIBIINX 3HAUYCHUSX N3MEHEHHE OTPEIEIISIETCSI IPU IOMOIIN ACUMIITOT.
[Ipu Bo3pacTanum 3HaYeHUN X MHOTOWICHA f(X) = awX" + an1Xn1+ -+ + a0

710 OECKOHEUHOCTH €ro Tpaduk an6Jm>1<aeTc;1 K rpaduKy QYHKIUH Y = dX"
lim ax" = hm [anx" + apixe1 + - -+ aol, Te. lim P _ 1
X x>t dpX"
DTO paBEHCTBO OTPEACIISICT MPEeae B O6CKOHCTHOCTH.
Jli1st Toro, uTOGBI HAWTH MOJIENb PALMOHATBHOM (YHKIMH B OECKOHEYHOCTH,
HaJI0 HAWTH MOJIC/N PALOHABHBIX (DYHKIHMI B YUCIHUTENC U 3HAMEHATEIIE,
YIPOCTHTh U HAUTH MOJEIb.
PaccMOTpUM CIEAYOILINE TPHUMEPHI. )
f(X)_ x5+2x4 x2+ 1 g(x): 3_2;)6 —x+ 1
32 _5x+ 7 43+x2-5x+ 4

5 3
3arnuiemM MoJienb n3MeHeHus! QYyHKIUY f{X) B BUjIe _?icz = )36— [Tpu yBenuueHun
3HAYEHUI X 10 GeckoHeuyHOCTH QyHKIWS f{x) OyaeT U3MEHAThCS Kak y = x3/3.

Mogens n3meHeHus (GyHKIHA g(x) UMEeT BHI i—ﬁ = —Z’r . T.e. mpu GecKOHEUHO
GonbIunX 3HaYCHUH X rpaQuK PyHKIMH g(X) NPUOIMKACTCs. K IPAMON y =7~ U
OHa SBJISIETCS TOPU30HTAIBHON acUMNTOTON (QyHKIMHU g(X), B TO BpeMs Kak y
(hyHKIHHA f{X) TOPU30HTAIEHOW aCHMITOTHI HET.

[MonsTHs GecKOHEUHOTO Tpe/ieNna 1 pe/ieiia B 0eCKOHEYHOCTH TECHO CBSI3aHbI
C NOHATHSAMHU TOPU30HTAIBHON M BEPTHKAIBHON aCUMITOTHI (DYHKIIMH MHOTO-
YJIeHa ¥ pallMOHAIBHOM QyHKIMH. Haxox/1eHne acuMIITOT IPH IIOMOIIIH Tpejiesia
(unm anreOpanydeckn) OYeHb BXKHO MIPU MIOCTPOCHUH Ipaduka. ITO HOHATHE J10-
CTaTOYHO a0CTPAKTHO M MOJKET B3BIBATh y y4alIUXCs OOJbIINE TPYJHOCTH, IIpe-
0/I0JIETh KOTOPBIE TIOMOTYT HCIIOJIb30BaHNE I'Pa(UKOB.

? Pemenne HeKOTOPBIX 3aJaHUIT U3 y4eOHNKA:
u

V.5. Beraucnure nipeaen GyHKIHUH f{x) IPU X — +00 1 X— — o0,
1

x+z %7l
NSO)=1 "4 <1
Pemenne; lim Tl 20, Tim /) =lim ~ P —lim 2o,
x>ty 4 D X= = x=>-0 Qxy — 5§ xo-w Dy

OuenuBanue. HaGmromas MOKHO OLIEHUTD KaK yYallllecs paclo3HaOT CUTYallnH,
B KOTOPBIX IIPH CTPEMIICHHH X K KAKOMY-TO OIPEACIIEHHOMY YHCITy, 3HAYCHHUE
(byHKIIUM CTpeMHUTCS] K OECKOHEYHOCTH, OTPEENSIIOT TOPU30HTAIbHBIC aCHMII-
TOTBI, B TOM UHUCJIE KaK U3MEHSETCs 3HAYEHUH (QYHKIUU IPH CTPEMJICHHUH X K $00,
YMEIOT HaXOJIUTh TOPU30HTAIbHBIE aCUMITOTHI. Oc000€ BHIMaHUE HAI0 YACTUTD
YMEHHUIO IPUMEHATh | MPEJICTaBIATh Peesl pallioHaIbHON (QYHKIINN.
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Ypok 45-47. Ilpeaen yucaoBoii mocjaeaosarejbHocTu. Q6001IaOIINE 3a/1a-
Hus. 3 yaca. Yueo6.cTp. 96-102

Conep:xaTeJbHBbIH CTaHIAPT.
1.2.1. 3nHaeT omnpeaeneHrne YUCIOBOH MOCIIEIOBATEILHOCTH U €€ Mpeiena.

Hasbiku yuyaierocs:
B [IPUMEHSET OIpe/IeIICHUE Ipeena K YUCI0BOU MTOCIEI0BAaTEIbHOCTH;
B IIPUMEHSET CBOMCTBA YMCIOBOM MOCIE0BATEIBHOCTH.
[Ipenen uncnoBOM MOCIENOBATENIBFHOCTH MOKHO PACCMATPUBATh KaK 4acT-
HBIN ciayyail npenena GpyHkuuu B 0eckoHeuHOCTH. PaccMoTpum cymmy:
1 1 1 1 1

7+T+?+F+...+7+...
Kak BuHO, Kakgoe Cieayrollee YUCIO KOTOpoe 00aBIseTcss K CyMMe
MeHblLE npeasiayuero. [Iponomnkas, MOXXHO YBUIIETh, YTO IOCIIE ONIPEIEIIECH-
HOTO TI1ara, 100aBIsIeMOe YMCIIO CTAHOBUTCS] HACTOIBKO MAJICHBKHUM, UTO yIiKE
HE BIMSAET Ha CyMMY. BrIpazuM uiieHbl CyMMBI CIETYIOIIMM 00pa3oM:

st- 1.
o doted
o-fotedod
o ddededot

CYHICCTBYCT JIK IPEACIT MOCJICA0OBATCIIbHOCTH CYMM? KOHG‘-IHO, TCIICPb

0e3 Tpyaa CyMMy MO>KHO 3alicarh B BUJIE:
1 1 1 1 1 2n—1 1
S 2 4 8+16 et 2n 2" ! 2"

[Ipumensist cBOMCTBA NPEAEIOB MOKHO HANUTH IIPEJE] JAHHOM MOCIIeN0Ba-
TEIBHOCTH S.: 1
lim (1 - S )=1-0=1

n—w

HepI/IOI[I/I‘—IeCKI/IC JACCATUYHBIC IIpO6I/I ABJIIIOTCA IPUMEPOM IIPpECaAciia KOHCUHOU
YHUCJIOBOM MOCJIEI0BATEIbHOCTHU

_ 3.3 3 3 _ L
0,3333(3) = 10+ 100 + 1000+10000 +. .. 3 1503051
3,1459...=3+i+ 4 + S + 9 +...=m

10 100 1000 10000
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.1
Mer yxe 3Haem, yto lim — = 0. Ecau 31ech 3aMEeHUTh X Ha 71, TO TIOTYyYUM
. X — 0 x
lim (1/n) =0, a 3TO TOBOPHUT O TOM, YTO CIICAYIOMIAs OCICIOBATEIHBHOCTh

nc—ﬁ;eMHTCHKHyJHO. 1 1 1 1 1 1 1
T?TT?’?, n, .......

Bonee HamisiiHO Tipeien mocie0BaTeIbHOCTH MOXKET ObITh TIOKa3aH Ha MIPH-
Mepe f(n) =sin tn .

[Tpu ne N, nns nmocnegoBareabHOCTH Sin 17, sin 2w, sin 37, . . ., sin 1n, . .
nMeeM lim sin tn = 0.

n— o
JUi1st cpaBHEHUSI MO>KHO TIPEICTaBUTh rpadMKH MOCIEI0BAaTEIbHOCTH U COOT-
BETCTBYIOIEH (pyHKIHN.

5 5
4 4
%- f(m)y=1/n % fx)y=1x
1. : ° % e o o o l
0 5 10 u 5 10
] 1 f(x) = sin(xm)
f(n) = sin(nn)
12345678 0
-1 -1

B kxauecTBe momonHuTENBbHON MHGOPMAIMK yUalluecs MOXKHO JaTh HHQPOP-
MAITUIO O TOM, YTO MOCIEA0BATENBHOCTH MOKHO, B 3aBUCUMOCTH OT TOTO CY-
LIECTBYET WJIM HET MpeIes, pa3feiuTh Ha JBE TPYNIbl - CXOASUIUECS U
pacxomsauiuecs. Hanpumep, HOCJ‘Ie):[OBaTeJ'IBHOCTL 1/n siBIIIETCS CXOMSAIICHCS,
a mocnenoparenbHocTH (—1)7; sin™; 12 aBsI0TCA pacXOAAMMMUCS HOCTIEN0-

2 9
BATEIbHOCTIMU.
(1) 2;2:2, .., cxoJsLasics mpenen 2
2) 22 L. 2;, 241‘ S s cxoJsILIasics mpenen 2
3) L;2:1;2,.., pacxonsmascs
(4) 2; 4; 6; 8; . pacxoadmiasicsa

Ha 2-om ypoke 00BsicHsI€TCS CyIIIeCTBOBaHHUE TIpeiesia MOHOTOHHOM 1 OTpaHu-
T-IeHHOI\/JI MMoCJICAOBATCIIbHOCTU HAa IIPUMEPEC MEPUMCETPOB IIPABUIIBHBIX MHOTI'O-
YTOJIBHUKOB, BIINCAHHBIX B OKPY’KHOCTB. SIpKUM NPHUMEPOM KaK 4aCTHOTO
ClIy4das 1mnpejcia B 6eCKOHe‘IHOCTI/I, TaKk H MOHOTOHHOﬁ nu OrpaHI/I‘IeHHOﬁ
ITIOCJICIOBATCIIBHOCTU SABJIACTCA BTOpOﬁ 3aMe‘laTeJH;HBII71 Hpenen:
) 1 1y . 1
o= 11m(1+ ;) - 11m(1+ —) = lim (1+ 7)

n—o0 X—00

BrinonHAOTCA peleHne 3aJaHnil, CBI3aHHBIX C HAM.

Ha 3-em ypoke BBITIONHSFOTCSI 00001Iatonue 3a/1anusl.
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? Pemenne HeKOTOPBIX 32/ 1aHUIT U3 yUeOHNKA:
| |

Y. 6 (ctp. 101) Beraucnute npeaensl.

Perenue:

i (1o () | e e

¢) lim( Z

1

A R to RS
Ot (5] =t () <t 57) ] e

Y. 1 (ctp. 102)
Brruncnure npenen (eciiu OH CyIIeCTBYET).
Vx—2 -1 . (\lx—2—l)-(\1x—2+1)_ . x—2-1

11.1lm ——— =Ilim im =

=3 X—3 =3 (x=3)(w-2+1) =3 x-3)»(\x—2+1)

_ 1 1 1
= lim =

=P y—2+1 B-2+1 2

o x=2 j0-2
BAm- % =02 !

V.7 (ctp. 102)

Haiigure neBbrit u ipaBbIil mpenen GyHKIWY f(x) = B Touke x = ()

Pemenue: Tak xax f (x) =

x + | { 0, x=0
— = , TO TIOTYYHM

X 2 x>0

b

lirg fx)=0, linol L f(x) = 2. B Touke x = 0 1anHas QyHKIUSA HE UMEET MPe/ea.
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Kpurepumn 1J1s1 cyMMaTHBHOTO OLICHUBAHUS N0 pa3geny 3

3amerkH 00 yua-
Ne Kputepun
p p HIAXCH
1 OmnpenensieT mpenel o rpauky Hid 1no tad-
) JTHIIE.
2. VYcTaHaBIHBACT CYIIECCTBOBAHKE TIPE/IEIa.
3 [TpuMeHsieT CBOICTBA M BBIYMCISICT TPEICIIbI
' pa3IMYHBIE CIIOCOOAMHM.
4 YcTaHaBIHBAET HEMPEPHIBHOCTH (DYHKITHH B
’ TOUKE.
5 YcraHaBIUBaET HEMPEPHIBHOCTh (DYHKIIMHU HA
' OTpE3KE.
5 3HaeT U PUMCHSICT 3aMeyaTesIbHbIC PEICIIbI,
' cofieprKalnue TPUTOHOMETPHUCCKUE (DYHKITHH.
7 Peiaer 3ajanus Ha HAXOXKJCHUU mpesena oec-
' KOHEYHOCTH.
2 Permraer 3aganus Ha HAXOKICHUH OECKOHEY-
) HOTO TIpeJieNia.
9 [TpuMeHsieT TeopeMy O Tpe/ieie paroHab-
' HOM (PyHKIUH.
10 Peiaer 3a7aHus Ha HAXOXKIACHUE MTPECIIC YK~
CJIOBOH IIOCJIEJOBATEIBHOCTH.
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Ypok 48. 3apaHus 17151 CyMMATHBHOIO OLICHUBAHMS 110 paszeny 3.

1) Ioctpoiite rpaduk GyHKIMU U IPOBEPHTE CYIIECTBYET WIN
HET npefennpu x <2 .

3—x, x<2
a) f(x) = {,x22 b) g(x) =[x -2
2) 3Hasd, 9To 11m3 f(x)=4, 1irr31 g (x) =3, naiinmure
a) lim (21 (x) — 3-2(x)) b) lim /) *2
x—3 x—3 1 — g(x)
3) Beruucnure npexaen.
a) lim °+3 b) lim X *3x+2
x—1 X+ 1 x— -1 X+ 1

4) HaiinuTe Touky pa3pbiBa (YHKIIMH U HAINUTE (€CITU OH CYIIICCTBYET)
JIEBBIN U MPABBIii IIpE/Ie] B JaHHOU TOYKE.

) /()= X2 b) ) =

5) Haiigure ropu30HTaNIbHYIO U BEPTUKAIBHYIO aCUMITOTY (DYHKIIHH.

f) ===

x+1

6) Haiingute npenen HOCJ‘IGI[OBaTGJ'IBHOCTI/I IpU 11 — O .
1.1,
2; — , 2 (—
)2 i s 20
b) 0,52; 0,5252; 0,525252; ...

7) Boruncnure npenensl.

a) lim (sinx + cosx) b) lim S
x> *=0 xcosx
i
8) Haiigure npeaen nociea0BaTeNbHOCTH dy = +71 pu n — © .
n

9) Kakas u3 cnemyronux (GyHKIHA UMeeT HyJu Ha oTpeske [—2; 2]? O6-
OCHYHTE.

2)f () =22 b) g(x) =’ +x +2
x>+ 1
10 _
10) 3nas, uto lim1 =1 10 HaliuTe ClIeayIONINe MPEeIb.
20 0
a) lim -1 b) lim X !
P N | x—l1 x
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Tadauna nuiaHupoBaHusl Mo paszeny 4

CraHaapThl M MOACTaH Koa-so Yued
ap Ypok Ne Tema 4acoB ’
JAApPThI CTp.
3.1.5. Pacrio3naer ¢hu- Duryp! spamers. Lin
YpBI, TIOTy9EeHHBIE Bpa- 49 YPRIBp ' 1 104-106
JIUHAD
[IICHUCM.
3.2.2. Ilpumenser mpe- IL1omaab MOBEPXHOCTH
P Pel 5051 AL MoBep 2 [107-110
oOpa3oBaHus nopodus B [MJIAHpA
MPOCTPAHCTBE.
Konyc. ITnomans nosepx-
3.2.3. Pemaer 3ajaun Ha| 52-54 Y tHazs fosep 30 |111-117
N HOCTH KOHYyCa
HaxoXJeHne OOKOBOH W
HOJIHON MOBEPXHOCTU U Ceyenust LHWIAH]IPA U KO-
00beMa LMJIMHIIPA. Hyca MIOCKOCTHIO. I110-
P 55-57 | 3 |118-122
3.2.4. Pemaer 3aJa4Yu Ha aJb MOBEPXHOCTH
HaxoxaeHue OOKOBOH U YCEUYEHHOTO KOHYCA.
MOJHOMW TIOBEPXHOCTH U 0D HOBCPXIOCTIH
o0beMa KOHyca 1 yceueH- [ 58-60 ta pXE 3 |123-128
nrapa u ero yactei
HOTO KOHyca.
3.2.5. Pemaer sajaun Ha| o, |Ilnowmans nopepxocTu 1 l129-130
HAXOXJIEHHE ITOBEPXHO- KOMOWHUPOBAHHBIX (PUTYP
CTH ¥ 00beMa 1mapa. [Tnomiane NOBEpXHOCTH
3.2.6. Haxomur mmomamu| 62-63 [mogoOubIx duryp. O600- 2 |131-133
MOBEPXHOCTH M 00beM ua- IAOIIHE 3aTaHUSI
CTel mapa ( CerMeHTa M Cek- 3amganust 17151 CyMMaTHB-
TOpA). 64 HOTO OILICHUBAHUS T10 pa3- 1
4.1.2. Haxoaut morpem- Jeiy
HOCTb, CPaBHUBAs pPe3yJib-
TaThl  TMONYYCHHBIC MPU
W3MEPEHUSIX U BBIYHUCIIC-
HUSIX.
Bcero 16
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Ypok 49. @urypsi Bpamenus. Huauuap. 1 yac Y4ed. crp. 104-106
Conep:xareJbHBINH CTAaHIAPT.

3.1.5. PacriozHaeT purypsl, IoIy4eHHbIE BpAIIEHUEM.
3.2.3. Pemmaer 3aa4un Ha HaxoXx1eHHEe OOKOBOH U ITOJTHOM MTOBEPXHOCTEH 1 00beMa

LUIUHAPA.
B [IOHMMAET, IPOCTPAHCTBEHHBIC (UTYPHI TIOJTyUSHBI BpallleHHEM TI0CKOH T0-

BEPXHOCTH BOKpPYT BBIOPAaHHOM OCH;
N TIPEJICTAaBISEeT IIUHIP KaK GUTypy BpalleHUs B BUAC PUCYHKA;

N TIepeCTaBisieT MWIMHAP C TOMOIIBIO TEOMETPUYCCKHIX IEMEHTOB.
VYyanuecst Ha KOMIbIOTEpPE WK Ha rpaduke H300pakaroT pa3inyHble QUTYpHI

BpatieHusi. OHH JIOJDKHBI TIOHSTB, YTO (DUTYPBI BpPAIIEHUS MTOTYYalOTCs Bpalle-
HUEM IJI0CKUX Guryp. Hanpumep, MOXKHO 1MOKa3aTh, 4YT0 KOHYC MOIY4YaeTcs B pe-
3yIabpTaTe BPALICHUS TPEYTroJbHUKA BOKPYT OJHON W3 CTOPOH, IWJIMHAD -
BpallleHUEM NPSIMOYTOJILHUKA BOKPYT OJHON U3 CTOPOH, IIap - BPalleHUEeM T0ITy-
Kpyra BOKPYT JHaMeTpa, a TaKKe pa3InyHble MPOCTPAHCTBEHHBIC (PHUTYPBI, TO-
JIy4E€HHBIE IIPU BpallleHUHU KPUBOIMHENHON TparenyH.

VYuaruecs 00Cy)aaroT 0011iee OnpeIeICHNUE TPAIICIIUY U €IIe Pa3 MOIIaroBo 00b-
SICHSIIOT €TO.

1. Tlposemem mna- 2. Ha mapamnensHsix miocko- 3. CoeamHuM COOT-
paluleNbHbIE IUIOC-  CTAX, IPH HOMOILY NapajlieNb-  BETCTBYIOIIUE TOYKU
KOCTH T U TU'. HOTO NepeHoca M300pa3uM JBa MHOTOYTOJBHUKOB OT-

COBIMAJAIOIIMX JPYT C APYTOM  PE3KaMHU.
MHoroyroibHuka B n B'.

Pl = A

OHH TOIDKHBI IOHAMATB, YTO OTPE3KU X MHOTOYTOJNBHIKH, PACTIONOKEHHBIE Ha MapasiIeb-
HBIX TIIOCKOCTAX 00pa3yroT GUrypy, KoTopas ABngeTcs mpu3Moil. [Ipi3mer pasnnyatorcs B
3aBHCHMOCTH OT MHOTOYTOJIBHUKOB, PACTIONOKEHHBIX Ha MApaJIeNbHBIX TIOCKOCTSX. Te-
nepb MBI H3y4HM 0000IIEHHOE MHOJKECTBO TTPOCTPAHCTBEHHBIX (DUTYP, B KOTOPOE BXOAT
1 ipr3MbL. OCHOBAHMS ATHX (UTYP TAKKe PACTIONOKEHBI

Ha TapanebHbIX T0CKOCTX. [lmockue Gpurypst, koto- \\

pbIe COBMCIIAKOTCA TIPH NAapalIeIbHOM NIEPEHOCe, H OT- B

PE3KH, COETMHSIONINE COOTBETCTBYIOIIUE TOUKH ITHX /. T
¢buryp, o0pasyor Qurypy, KoTopas Ha3bIBAIOTCS ITH- W
JTUHAPOM WIHM IWIHHApHUYecKoi ¢urypoit. OcHoBa- \ B’

HUAMH LMJIMHAPHYECKOH (HIYphl MOXET SBIATBCA — / »
nmoGast 3aMKHyTast PUrypa, B TOM YHCIIE W MHOTOYTOMb-

HUK. MOJXHO CKa3aTh, 4TO, IPH3Ma - €CTh IUINHAP B OCHOBAHHH KOTOPOTO JIEKUT MHOTO-
yTONBHUK. [ [mHAp 3a1aeTCs pagnycoM, BEICOTOH B 00pa3yromieH.
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? PenieHue HEKOTOPBIX 3aIaHUI U3 YUeOHUKA:
| |

¥.1. O6pa3yroriasi HAKIIOHHOTO IIJIUHpa ITHHON 12 ¢M cocTaBIIsieT ¢
IJIOCKOCTBIO OCHOBaHUs yroi 60°. HaliiuTe BbIcOTY LIMIIMHIpA.

Pemenne: B HAKIIOHHOM IIIJIUHIPE 0Opasytomias (/), yroi Ha-
KJIOHA () 00pa3yroliei u BeIcoTa (/) CBI3aHBI COOTHOIIIEHHEM
h = [ sina.. B paccMaTpuBaemMoM cirydae

J =12 sin 60° = 12% =63 (cm).

V.2. Haiinute BBICOTY U JUAMETP OCHOBAHUS LWJIUHJIPA,
MMOJIYYEHHOTO BPAIICHUEM MPSAMOYTOJIb-
HHKa CO CTOpOHAMHU 3 ¢M U 4 ¢M, BOKPYT
OJTHO U3 CTOPOH (PacCMOTPHTE JBa CITy-
qasi).

Pemenne: 31ecy BO3MOXKHBI J1Ba CITydasi.

I cayuaii: ecnu Bpalarh NpsiMOyTOJIbHUK BOKPYT MEHbIIIEH
CTOPOHBI, TO /11=3 cM; d1=8 cM.

II cayuaii: ecmu Bpamarh MPsSMOYTOIBHUK BOKPYT OOJbIIIeiH
CTOPOHBI, TO /=4 cM; d2=6 CcM.

Ypok 50-51. Iliiomans moBepXHOCTH NUJIMHAPA. 2 yaca.
Yu4eb. cTp. 107-110

Conep:xareJbHBINH CTaHIAPT.
3.2.3. PemaeT 3a/1auu Ha HAXOXXJeHHE OOKOBOM M MOJIHON MOBEPXHOCTH U
oObeMa IUIHH]IPA.

HasbIku yuyaierocs:

® npencTasisieT GopMyy OOKOBOH M MOJIHOM MOBEPXHOCTH LIMJIMHAPA HA MPH-
Mepax 10 PUCYHKY U CIIOBaMU;

B pelacT 3aJa4M Ha HaXOKJeHne OOKOBOHM M MOIHOW MOBEPXHOCTEH LMIHMHPA.

VYdamumcsi peKoMeHAYeTCsl ONpeIeNICHUE M PacKpbIToe 00bsiCHeHHE GopMyI 3a-
[MCaTh B BUJIC TAOJHUIIBL.

[TommHas MOBEPXHOCTH NMUIWHApPA paBHA CyMMe
IJTOMIACH OCHOBAaHUN W OOKOBOM ITOBEPXHOCTH.

Stn. =2nrh + 2nr?=2nr(h +r) 10 e

[Tpumep: TuIOIIAH TOTHON MOBEPXHOCTH IIWIMHIPA C OCHOBA-
HUEeM 6 cM u BoicoToi 10 cMm Oynet: S=21- 6 (10 + 6)~ 603 cm?

92



VYyamuecs JOMKHBI yMETh M0Ka3aTh OOKOBYIO M TIOJIHYIO MOBEPXHOCTH LIMJIMHPA
Ha peasbHBIX NpumMepax. [Ipencrasnsiercs 3aaa4a peaabHON KU3HEHHON CUTYya-
LUH, T1e TpeOyeTcst HalTH TToLIa (b OOKOBOW M MOJTHON MOBEPXHOCTH LIMIMHApPA!
pacxon Marepuana TpH U3TOTOBICHUH KOPOOKH, pacXol KPackH MPpH MaJSPHBIX
pabotax, pacxox mMaTepuala Ui U3TOTOBICHUS OOJNBIINX KOTJIOB U.T.0. Tarke
oA s OOKOBOM U MOJTHOM MOBEPXHOCTEH HEOOXOAMMO ObIBACT BBIYUCIUTD IPH
W3TOTOBIICHUHM JIeTalleil Al MalluH HUIUHIpUYecKoi Gpopmbl. Hanpuwmep, cko-
pocTh paboThI, COBEpILIAEMOH OyJIb103epOM TpH YKJIaake acaibTa MOKHO TOA-
CUUTATh, 3Has MJIOMIAb OOKOBOM MOBEepXHOCTH OapabaHa Oyibao3zepa. Llumuaap
MOXXHO CJIeJaTh CBEPHYB JHUCT Oymaru. Torna HamIsAHO BUIHO, YTO pa3BEpTKOM
LWIMHApPA SBISETCS NPAMOYToIbHUK. MOXKHO MOKa3aTh, YTO MPU MOKpAcKe ILu-
JMHAPUYECKAM POJIMKOM OCTACTCSA MOBEPXHOCTH MPSIMOYTOIBbHOM (POPMBI.

? Pemienue HEKOTOPBIX 3aJaHUI U3 yYeOHHKA:

¥.1. Haiiaure momais MoJTHON MOBEPXHOCTH M- -
JIMHJPOB Ha PUCYHKE.
Pemenne: a) =4 cm, h =10 cm
Sun=2nr*2nrh = 2nr(rth) = 27-4-(4+10) =112n (cm?) 5
V.2. Heo0xoauMo MOKpacuTh Kak BHYTPEHHIOK, TaK U BHEIII-

HIOIO TIOBEPXHOCTH MOCY/IbI B pOpME IUIHHIPA 0€3 KPBIIIKH. 13 e
Haiinure o0myro miomnas, KOTOPYo HaJ0 TOKPACHUTh.

10 em

S
20 cm

Pemenue: miomaas, KOTOPYO Hy’KHO OKPAaCUTh paBHA CyMME ILIOIIA-
Jieil BHyTpeHHE! U BHEIIHEH MOBEPXHOCTH LWJIMHIpPA 03 KPBILIKH.

a)d=20cm, h=13 cm

[Tromaas ocHOBAHUS: Socu= 11> = 1007 (cM?2)
ITnomags 60KOBOM MOBEPXHOCTH: Soox. = 27rh =2 1-10 -13 =260 1 (cMm?)
O6mas mwromanb: S=2-(1007+2601) = 720 7 (cm?)

VY.7. Haiinure oTHOIIEHUE TUTOIAI OOKOBOW MOBEPXHOCTH K IJIOMIA/H TIOJI-
HOW MOBEPXHOCTH IIWJIMH/PA, BEICOTA KOTOPOTO paBHA UaMETPy OCHOBAHMUSI.
Pemenne: Seox. = 27rh, Sun. = 27r (r + h). B popmynax

ydreM h= 2y, TOT/Ia ICKOMOE OTHOIICHHE OyIeT paBHO:
Sco _ 2mrh h 2r 2

Sun  dme(rthy (k) (+2r) 3
V.12. MamuHa acanbToyKIaJduK COCTOUT U3 IBYX

MUJTUHAPUYECKUX YacTel st yTpamMOoBKH acdaibra. |
Bricora Gonpiero muuaapa 1,25 M, a anamerp 1,5 m.
Kaxyro mutomaap moBepXHOCTH BBIPABHUBAET JTa

4acTh 32 OMH 000pOT?
Pemenue: 3a olMH MOJHBIA 000POT BEIPABHUBACTCS IJIOIIA/Ib, PABHAS ILI0-

11311 OOKOBOI MOBEPXHOCTH IIMIINH]IPA
Seox. = 2mrh = tdh = n -1,5:1,25 = 5,89 (M?) - mIOIIATb.
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V¥.13. Jlast Toro, yToObl pa3BepHYTh HOAAPOUHYIO KOPOOKY, KOTOpasi HMEeT
(dbopMy LMIAMHIIpa, HA HEe HaHECeHa MyHKTUpHas pazmeTka. K onnomy
KOHIly ITyHKTUPHOH JINHUY NPUKPEIUICHA [IBETHAsI BEPEBKA, KOTOPAsi HAMO-
TaHa Ha UWIMHIP (B OJUH CJIO) U 3aKpeIieHa B IPYroM KOHIIE MyHKTHPHOM
nuHuK. Haliaure aiimHy BepeBKH, €CIIM AUAMETp OCHOBaHMSI LIMJIMHIPA
paBeH 4 cm, a BbicoTa 10 cMm.

Pemenue: 1niHa BEpeBKH paBHA AJIMHE THArOHAIH
pa3BePTKU LWIMHIPA. d h =10

d=10+16mr=V100 + 157,9=257.91 = 16 (cM) 2y — 4r

Ypok 52-54. Konyec. [li1omaab nopepxHocTn KoHyca. 3 yaca.
VYueo. crp. 111-117

Conep:xareJbHBINH CTaHIAPT.
3.2.4. PemaeT 3a/1a4u Ha HAXOXXJIeHHE OOKOBOM M MOJIHON MOBEPXHOCTH U
o0beMa KOHYyCa U yCEUEHHOI'0 KOHyca.

Hasbiku yuyamerocs:

B CO3/1a€T pa3/In4Hble KOHYCHI;

B [IPEJCTABIseT 3aBUCUMOCTD MEXKIY PaJnycoM U 00pasylolei;
B BBIYMCIISIET OOKOBYIO U HOJIHYIO IIOBEPXHOCTh KOHYCA;

VYdamuecst TOHUMAIOT, YTO KOHYC 3TO (u- e
rypa, MOJIy4YeHHasl BPAILEHHEM MPSIMO- %J'o
YIOJIBHOTO TPEYrOJIbHUKA BOKPYT OJHOTO

U3 KaTeTOB U M300pa)xaroT 3T0. A TaKKe, :

YTO KOHYC MOYKHO CO3JIaTh CBEPHYB KpY- u
rOBOM cexTop. DTa padoTa BBINOIHIETCS

BCEM KJIACCOM M MIMEET BaKHOE 3HAYCHHUE, TaK KaK SIBISICTCS 3aJJaHUEM JUUTsI pas-
BUTUA MAaHUITYJIITUBHBIX HABBIKOB. Korz[a
ydammecs u300pakaroT KpPyrd pasiind- ¥
HOTO pajiiyca, i BBIPE3AIOT M3 HUX Kpy- | =

| Tah- ¢ H
TOBBIC CCKTOPBI AJId PasHbIX AYI, TO 3TO i '{

",

asd

oGpasytot

o *;. .-'?

I

1] i II.
- 1 | K
\3 L 4 i |
pasBUBAET HE TOJBKO UX MaTeMaTnyeckoe f > Lo —t "‘l"ﬁ
o Ll 4 H
MBIIIIEHHE, HO ¥ (POPMHUPYET TU3aiHEp- l\\__ : B 'F: ——}

CKHU€E HaBBIKU. T da— T
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VYyamuecs J0IKHbBI MMOHMUMATh, YTO JJIMHA AYI'd CEKTOpa paBHA JJIMHE OKPYK-
HOCTHU OCHOBAaHUSA, a paaAnyC OKPYKXHOCTU paBCH o6pa3y10meﬁ KOHYCa. MoxxHOo
MOKa3aTh, YTO pa3JIMYHBIC KOHYCHI IOJY4YarOTCA TOJIBKO U3-3a TOT'0, YTO pPaaAnyChbL
KpYTroB, U3 KOTOPBIX BbIPE3acTCs prFOBOfI CCKTOp U AJIMHA AYTHU CCKTOpa pas-
nu4gHEl. [locie gero 3to MNpeACTaBIsACTCA B MaTeMaTH4eCKOM (bOpMe.

L-ZnR,
;/a / 360
& _ «
/4 / "7 360 R
T X 5p
360 TN =2

B y4eOHvKe 1t pa3BUTHSI JAHHBIX HABBIKOB MPE/ICTABICHBI IIPAKTHYCCKIE 3a/1a-
HUS ¥ HeOOIBINNE MPOCKTHBIE paboTHL. [laHHyT0 padoTy JOKEH BBITOIHUTE KaXK-
JIbIA yUaluiicsi, He 3aBUCUMO OT YpOBHS BoctpusiTHsi. OJJHAKO C TOUKH 3PEHUS
COIMANILHON aKTUBHOCTH YYaIIUXCS 3Ty PabOTy MOXKHO BBITIOJHATH B TPYIIIIaX.

VY.11. TpeyronbHHK, U300pa’KEHHBIA HA PUCYHKE, 3y

BpAILAeTCsl BOKPYT CIEAYIOIIHUX OCEH U B KaXI0M NN

cilydae TOoJy4aeTcsi MpOCTpaHCTBeHHAs (Qurypa. N
N3o6pasure nomydeHHyo GUrypy u HaiiguTe moJ- )
HYIO TIOBEPXHOCTD B T €JMHHIAX. 4 |2 |0 g l4x

a) BOKPYT ocl ) b) BOKpYT OCH X
C) BOKPYT MpsiMOii x = 4
d) BokpyT mipsimoii y = 3

Pemenue:
a) 7151 KOHYyca, TIOJYYeHHOTO TPU BPAIIEeHUH BOKPYT
ocH y paauyc Oynet » =4, BeicoTa & = 3, o0pasyrornias
[=5. Torna Sun. =+ nrl = m-4*+ n-4-5=36m

A

b) 115 KOHyCa, TIOMYYEHHOTO MU BPAILEHUH BOKPYT b

ocu x paauyc Oyaer = 3, Bbicota h = 4, 06pasyromas ik

[=5. Torna Sun. = 3%+ n-3:5= 24n — Ib E >
i
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c) durypa, mosydeHHas P Bpare-

HUU OTHOCHUTEILHO TPSMOH X = 4 (11H-
JUHAP ¢ KoHycoMm). Ilmomanan
MMOBEPXHOCTHU TAHHOW (PUTYpPBI COCTOUT
13 MJIOIIAU Kpyra U Tuiomaae 6oko-

BBIX TOBEPXHOCTEH LMIIMHJIpA U KO-
Hyca.

Sun =m4>+ 2143+ n-4:5=60n

>
3=

-

d) [Tnomaae moaHOM MoBepXHOCTH (hH-
TYpPBbI, IOJY4E€HHOH MPH BPALLICHUH OT-
HOCHUTEJIBHO NPSIMOK ¥ = 3 COCTOUT U3
TUTOINAIM KPyTa U TUIoMIa el GOKOBBIX
MOBEPXHOCTEH MUITHMHIPA U KOHYCA.
Sin=m3?+ 2134+ n-3-5=48=n

e m o=

IS
|
o

V.12. bokoBasi MOBEPXHOCTh KOHYca umeeT ruiomiaas 10 cm?. Pa3seprka Ko-
Hyca o0pa3yeT CeKTOp ¢ IeHTpaIbHBIM yriioM 36°. HaliuTe moiHyto moBepx-
HOCTb KOHYCA.

Pemenmne:

Tak kak 2 =i-21

aK Kak 2nr =3 -+ 21l 10

_ 1 &
=70 ! ! !

o ycnoButo Seox. = mrl = 10

OTCIOI[@.TE'%'['[ZIO 7 2nr

10 1
Ilonyuum, [ =—= . Torma r = —
y P P

HJ'IOH.I&I[L MOJTHOM MOBEPXHOCTHU KOHYCA paBHA
2

V.

Sin= Séox. T Soer.= 10+ 7 - = 11CM2.
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Ypok 55-57. Ceuennsi uMJMHAPA U KOHYca MJ0ckocThIO. [Ltomans no-
BEPXHOCTH yCE4YeHHOr0 KoHyca. 3 yaca. Yue0. crp. 118-122
Coaep:karejbHbIH CTAaHAAPT

3.2.3. Pemaet 3a/1aun Ha HAXOXJIeHUE OOKOBOM U MOJTHON MOBEPXHOCTH U
o0beMa IUITHHIPA.

3.2.4. PemaeT 3a/1auu Ha HAXOXKJIeHUE OOKOBOM 1 MOJTHON MOBEPXHOCTH U
o0beMa KOHyCa U YCEUEeHHOT0 KOHYca.

3.2.5. Pemaet 3a/1aun Ha HAXOXKJIEHUE MIOBEPXHOCTH U 00bEeMa I1apa.
Happbiku yuamerocs:

B NIPEJCTABISIeT HA PUCYHKE CEUECHUS pa3nuyHoi Gopmbl Quryp ;

B peIaeT 3aJa4M Ha CeYeHHE MIOCKOCTBIO;

B BBIYMCIISIET IJIOMIA I OOKOBOM U MOJTHOM MOBEPXHOCTEH YCEUEHHOTO KOHYCA.
B BBIYHCIISIET OOKOBYIO M MIOIHYIO ITOBEPXHOCTBIO YCEUCHHOTO KOHYCA.
BrimonustoTest 3aganus u3 yuyeOHUKa.

Ceuenust HMIMHAPA IIOCKOCTBIO. Cede-  —~ (T
HMS INIOCKOCTBIO NapasulelibHble OCHOBA-
HUIO  SBJIAIOTCA  Kpyramu,a  He
HapajuIelIbHbIE OCHOBAHUIO SBJIAIOTCS DIl
nuncamu. CedeHue, NMPOXOJAINEE 4Yepes3 A

OCh IMJIMHJIPA HA3bIBAECTCS OCEBBIM cede-
HueM. CeueHue ABISIeTCs MPSIMOYTOJIbHU-
KOM CO CTOpOHamHu /1 u 2r.

Ceuenue KOHYCA IIVIOCKOCTBI0. CedeHne MI0CKOCTHIO rnapaj-
JICJIBHOC OCHOBAHUIO SBJIACTCA KPYIroM, OCCBOC CUCHUC-TPC-

YTOJILHUKOM. .
| | oceeoe ce
ocesoe ceuernue

V.5. Beicora nununapa AB, nuametp BD. 3nas, uto AB =4 cwMm,
BD =6 cm u CD =4 cwm, Haiiaure momaas Tpeyronsauka ACD.

P

= ———————

Y
U

ueHue

Pemenue: coennuum Touku B u C. Tak kak B moimy4eHHOM
ABCD yron C = 90° (BnucaHHBIH yroja onupaeTcst Ha Aua-
Metp) BCLCD. Tak kak karer BC sBnsercs npoekuueit
AC, 1o o Teopeme o Tpex neprnenauxyisipax ACLCD.

N3 A BCD: BC?=BD?-CD?=6>-42=20

N3 ABCD: AC?=AB>+BC?=42+20=36uAC=6
Takum o6pazom, Sacp = ;—AC- Ch= ;— -6-4=12cm?
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V.7. lloneno umeet Gopmy munuHapa. duamerp
nuiaHapa paseH 48 cM, a anuHa 1,2 M. [loneno
paspesanu momnoiam, Kak oKa3aHo Ha PUCYHKE.
HaiinuTe mutomanp NOIHONW MOBEPXHOCTU OIHOMN
YacTH.

1 ocH. 1
Pemrenue: Sun =7860K, +2 S—2 +2rh = > 2nrh + 2 + 2rh =

=n-0,24-1,2 +10,24* + 0,48-1,2 = 00,3456 +0,576 =1,66 ( M?)

V.8. Tlenb st KOJAKA APOB CHUIM KaK MOKa3aHO Ha PH-
CYHKE M3 CJIOMaHHOro jaepea. Haiinure miomans ocHO-
BaHUS IHs, JUIs KOJIKU JAPOB.

Pemnenne:

Ecnu paguyc ocnoBanus R, o 2R = 60cos30°, /6«%
R =153 . Torna
Socn. = R2= 6751 cm?

Ha 2 - 3 ypoke BBOAUTCS MOHATUE YCEUCHHOTO KOHYCa, OOBSCHSCTCSI TIOITYYCHUE
(hopMyIT [T HAXOXKICHUS TUTOINA M OOKOBOW U IOJIHOM MTOBEPXHOCTEH.

T

&
6E€pXHee OCHoeaHUe fih,

boxosas NnOBEPXHOCNb a4

. _"'-
eblcoma & £S6OK' \:

/ e
<+ obOpazyrowas 3 W '-"--'
pazyiouy | ) e
HUDICHEE OCHOBAHUE ‘a -n .

dopmyna s HaXOXKIEHHUS TUTOIIA I OOKOBOM IMOBEPXHOCTH YCEYSCHHOTO KO-
HycCa, KaK Pa3HOCTH TIOMA/ei OOKOBBIX MOBEPXHOCTEH OOIBIIOT0 KOHYCa U
MaJICHBKOTO KOHYCa, OTCEUYEHHOTO IIOCKOCTRIO, MapaJljIeIbHOW OCHOBAHHUIO,
BBIHOCHUTCSI Ha OOIIIEKIIACCHOE 00CYXK/ICHNE, TTOCIIE Yero BBIBOIUTCS cama Gop-
MyJIa.

Séox. = T (ril + r2l) =7 l(r1 + 12).
I[nomas MoIHOM MOBEPXHOCTH YCEYEHHOTO KOHYCa PaBHA CyMME ILIOIIa el
OOKOBOM MOBCPXHOCTHU U Hﬂomaﬂeﬁ HHUIKHECTO U BEPXHECTO OCHOBaHHH:

Sun.= Tlr+r)+ nr? + wr? = n(r+r2)l+ n(r? + r?).
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? PenieHue HeKOTOPBHIX 3a1aHUI U3 yUeOHUKA:
[ |

V¥.1. (ctp.121) b) BricoTa yceueHHOTO KOHYCa 4 CM, paJlyChl OCHOBa-
Hus 3 cM u 6 cM. HaliauTe mmoniaan G0KOBOH ¥ MOTHON MTOBEPXHO-
CTel KOHycCa.

. e
Pemrenne:
I=N(n—r)2+h =\(6-32+4 =5cm HS

Soox = 27l(r1+ 12)= T - 5(3+6) = 457 (cv?)
Sun = mri*tar? + nl(rtr) =36m + 91 + 451 =907 (cm?)

V.5. (c1p.122) Benpo, 6e3 kpbliiku, uMeeT Gopmy I-'f-f W‘ﬁ.l
YCEYEeHHOTO KoHyca. Paguyc HHKHEro ocHoBaHUS 22 e}
CM, pajinyc BepxHero ocHoBaHus 36 cM. Beicora \‘ _f

Bezpa 24 cm. CKOJIbKO MaHat, MPUOIU3UTENBHO, CO- . /
CTaBJIAIOT 3aTPAThl HA M3TOTOBJICHNE OJJHOTO BENpa, H
ecau 1ieHa 1 M? Marepuana paBHa 5 MaHat?

Pemenne:

1=~242+ 72 =625 = 25 (cm)

S=n25(18+ 11)+ n:112= 7251 + 121n = 8461 =
~2657,8 cM?= 0,2658 M

P=0,2658 - 5~ 1,33 manar

V.8. (ctp.122) boxoBas IOBEpXHOCTh YCEUCHHOTO KOHYCa paBHa S, a pa-
Jquychl ocHoBaHWH R u 7. HaliuTe muomaab 00KOBOW MOBEPXHOCTH TIOJI-
HOTO KOHYcCa.

Pemenue: u3 1moo0us TpEyroJIbHUKOB HAa PUCYHKE MOYKHO HAITUCATh:

Sk AR-n=r x=gh

ITo ycnosuto: nl(R+r)=S. Torga /= ﬁ .

[Tnomane 60kOBOM MOBEPXHOCTH 1IEJIOTO KOHYCa paBHa: AN

Syan =nt(l+x) R = n(n(1§+r) +RL—Zr> R=

B <RS?+ n.IQL—ZI"n(g—i-r))' R:R—si-r '<1+%r>:178“%;
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Ypoxk 58-60. ILinomans moBepXHOCTH 1IAPA U €ro yactei. 3 yaca.
Yueb. cTp. 123-128

Conep:xareJbHBINH CTaHIAPT.

3.2.5. PemaeT 3a1aun Ha HAXOXKJIEHUE TIOBEPXHOCTH U 00bEeMa I1apa.

3.2.6. HaxomuT 1utomaam moBepXHOCTH M 00beM YacTeil mapa ( cCerMeHTa u
CEKTOopa).

Hagbiku yuyamerocs:

B IIPE/CTABISICT ONpeeneHue cepsl, 3aJaHHOEC B TCOMETPHUECKOM BHUJIC CJIOBAMH;
B 00BSCHSCT YaCTH IIapa CIOBAMH;

B HAXOIUT IIIONIAb IIOBEPXHOCTH ILIapa;

B HaXOAMT IUIOIIAJh MTOBEPXHOCTH MOTyIIIapa.

YnoOHO U3ydarh Map U ero 4acTH Ha IPUMEepe 3eMHOTO
mapa. OOCyXIaroTcs 3HaHHUS MOJydYeHHBIE Ha ypOKax
reorpaduu. [lo pasHOCTH TeMmriepaTyp MOBEPXHOCTH
3eMHOTO Iapa JENUTCS Ha pa3Hble KIMMaTHYeCKHe
rpymmbl. Ham yke u3BecTHO, 4TO MPUOIU3UTENHHO pa-
Jiyc 3eMHOTO 1mapa paBeH 6400 kM. A Kak Mbl MOYKEM
HAaWTHU 1UIOIIAJIb MTOBEpXHOCTH 3emiin? OTBET Ha ATOT
BOTIPOC MBI IOJTYYHM Ha YPOKaXx, I7le U3yUUM ILIOMIab
Kak MO>KHO HaWTH IJIONIAb TOBEpXHOCTH Iiapa. [lpu
ITOMOIIIM PHCYHKA MOXKHO JIaTh OOBSICHEHHE TeOMETPHUIECKOMY OTIpe-
JIEJIEHUIO TIOBEPXHOCTH I1apa.

OOBsCHSIETCS KaK MOKHO BBIBECTH (DOPMYITY TS BEIYUCIICHUS TUTOIIA U TOBEPX-
HOCTH 1apa. s 3Toro HCnoib3yroT IO TPANEUMU U TIOBEPXHOCTH yce-
YEeHHOTO KOHyca. BermoMuHatoTest opMyInbl 171l HAXOXKISHHUS TUTOIIAAN TAHHBIX
¢uryp. Ilmomans OOKOBOM MOBEPXHOCTH YCEUEHHOTO KOHYCa HAXOAUTCS 0 op-

. rt+nr
MyJe: Seox. = 21 rl, TOTHA = 5
dopmyra IO K TOBEPXHOCTH IIapa MOXKET
OBITB JI0Ka3aHa, IPY IIOMOLIH CIIEIYIONIEro PU- Py
cyHKa. PaccMOTpuM, HOJIOBHHY ITPaBHIEHOTO -3 | i
2n-yrobHHUKA, BIIUCAHHOTO B OKPYKHOCTb Pa- %/ L e |™ \\

auyca r. O003HaunM uepes 71 anodemy IaH-
HOoro mHoroyronbHuka. Torma mwmomans — J
(Gurypbl, NOJIY4EHHOH IpU BpAIICHUHU IOJY-
Kpyra Bokpyr auamerpa AF npubnusurensHo
paBHa IUIOLIAM IOBEPXHOCTH IIapa.
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S =2nrAP + 2nrPR + 21RO + 211 0Q +2n QL + 2 LF=
=2nr AP +PR + RO + OQ + QL + LF)

b4
2r

S =2nri2r
[Ipu yBeNnMYEHUH KOTMUYECTBA CTOPOH MHOTOYTOJBHUKA, BIIUCAHHOTO B OKPYK-
HOCTB #'1—7", €T0 IJIOMIA]h MPHOIMKAETCS K TUIOIIA/IN TTOTyKPYTa, a IUIoIas (hu-
Iypbl, TMONYyYEHHOW BpalleHHEM K IUIOmaau miapa. Mrtak Juis Tuiomamu
MOBEPXHOCTH IIapa Mmoayvactcss Gopmyiaa Suap =477

OOBSICHAIOTCST POPMYJTBI [T HAXOMK/ICHUS TIIOIIA M IAPOBOTO CIIOS U MIIAPOBOTO
cermenTa. OHU BBIBOAATCS Kak OMpE/C/ICHHAS 4acTh JUAMETpa Imapa mnepece-
YyeHHas Ha BbICOTE /1.

PexoMenyercs npeacTaBuTh pabOTHI 3aJaHUI U3 YUeOHUKA HA HAXOXK/ICHHUE OT-
HOIIICHUS IOBEPXHOCTEH 1Iapa 1 HJIMH/IPA, TUIOIIAIM TIOBEPXHOCTH 1Iapa 1o Ap-
XUMEJy ¥ IpYTue MoA00HbIC 3ajaHusl, B BH/IEC MPOCKTOB. DTH PadOThI yyalixcs
cobuparorcst B mOpTHOIHO.

? PenieHue HeKOTOPBIX 3aJaHMIi U3 yUeOHUKA:
n

VY .4. Tlonykpyr Ha pHCYHKE TIOBEPHYJICS HA OJIMH
000pOT BOKPYT OCH X . J
a) Kakast npoctpaHcTBeHHAs pUrypa noixyqninach? 2
b) Ilo maHHBIM pHCYHKAa HaWAWTE IJIOIIAb IO-
BEPXHOCTH TOJIyY€HHOU (DUTYPBI.

| 2a

.-20| 21416

Pemenue:

a) [1pu Bpamenun nomyuutcs map. M3 pucyHka BUIHO, UTO paauyc mapa
4 cwm, Tor/a MIoNIa/ib MOBEpXHOCTHU mapa S = 4nr? = 4n4? = 64n (cm?)

¥.9. lllap paccedeH MI0CKOCThIO, OTCTOSIIEH OT LIEHTPA HA PACCTOSHUU 3 CM.
Haiinure mutomanb cepruecKoil TOBEPXHOCTH IIapa M KaKJI0TO U3 JIBYX I10-
Jy4YEHHBIX CETMEHTOB, €CJIN JJIMHA OKPYKHOCTH CEUYEHUs PaBHA 8T CM.
Pemenne: 1o yciIoBHIO CEYSHUE TIOCKOCTBIO PaCIIo-

JIOXKeHO Ha pacctostuuu d = 3 ¢cM ot neHTpa. nmHa

OKpPYKHOCTH cedeHUs paBHa Coxp. = 2717 = 87 CM.

Torma » =4 cwm. I1o Teopeme [Tucdaropa @
R2=d?+ r>=32+42=25. Torna moBepxHOCThH

Suap = 4nR2 = 41-25 = 1007 cm?.

[Tnomanu cdepudecknx MOBEPXHOCTEH MOITYIESHHBIX

CEerMEHTOB COOTBETCTBBEHHO PaBHBI:

Si=2rR -Hi=2rn-5-2=20nc™m? S2=2nR - Ho=2m - 5 - 8 =80m c™m?.
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Y. 12. Paguyc mapa 15 cm. Haiinure miomaas BUAUMON MOBEPXHOCTH 1Iapa
OT TOYKH, KOTOpasi HAaXOJUTCSI Ha PACCTOSHUU 25 CM OT LIEHTpa LIapa.
Pemienne:

T:
N3 AAT 1O umeem OT;=15,A0 =25
Torma AT = V252 — 152= 20.
AAT 0 ~ ATIKO,

T2

A
AT, _ T:0 _ AO 15 _ 25 ., KO=9
TK KO TO’ KO 15

Torma BK =BO-KO=15-9=6

T.e. chepuueckast MOBEPXHOCTH COOTBETCTBYET CETMEHTY IlIapa, BHICOTOMN
6 cM. Tornma,
cermenta= 277 - h =21 - 15 - 6 = 1801 cm?

V. 17. Haligute mioniags mapoBoro mosca.

Pemenne: nycTh paauyc mapa paseH R.
N3 AOO:B u AOO:A no teopeme ITudaropa
MOy YUM
2+ 62=R?2
(14 —x)*+ =R
Orcroma, x>+ 6= (14 — x)*+ 82
X*+ 36=196 —28x + x*+ 64
28x =224
x=28
Torna paguyc mapa R*= 62+ 82 =100, R = 10.
[Tnomane mapoBoro nosica OyaeT:
S=2mrh=2n - 10 - 14 =2801 m>.

Ypok 61. Iliiomaan noBepxHocTeil KOMILIEKCHbIX (puryp. 1 4ac.
Yu4eb. cTp. 129-130

Conep:xareJbHBIH CTAHIAPT.

3.2.3. PemaeT 3a1auu Ha HaXOXKJeHUE OOKOBOW M MOJIHON MOBEPXHOCTH U
oObeMa IUIHHJIpA.

3.2.4. PemaeT 3a/1a4u Ha HaXOKJIeHUE OOKOBOH M MOJTHOW MOBEPXHOCTH H
o0beMa KOHyCa M yCEUYEHHOTO KOHYca.

3.2.5. Pemaer 3aaun Ha HAXOXKACHUE TOBEPXHOCTH U 00BbEeMa Iapa.
Hagbiku yuamerocs:

B pazzensieT KOMIUIEKCHBIE (DUTYPBI Ha TPOCTPAHCTBEHHBIE (DUTYPHI;

B BBIYUCIIACT IUIOIIAaAb IMMOBEPXHOCTU KOMIIJIEKCHOM (1)I/II'ypI)I, Kax IJIomanau 1mo-
BEPXHOCTEH (PUTYp U3 KOTOPBIX OHA COCTOUT.
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T'oBOpPS 0 KOMIIEKCHBIX WJIH CIIOKHBIX (PUTypax, Mbl IMEEM BBUIY KOHCTPYK-
LIUH, COCTOALINE U3 pPa3IMUHbIC MPOCTPAHCTBEHHBIX QUryp. B okpyxaromem
MHPE MBI Yallle BCTpeuaeMcs ¢ KOMIIEKCHBIMU (PUTypaMH.

VYyammecs J0KHBI IOHUMATh, YTO TUIOIIAAb OBEPXHOCTH KOMIUIEKCHOM (hu-
T'YPBI COCTOHUT U3 CyMMBI IUIOIIA I} TOBEPXHOCTEH MPOCTPAHCTBEHHBIX (DHUTYP
U IJIOCKUX MOBEPXHOCTEH U3 KOTOPHIX OHA COCTOUT U BHUMATEJIBHO BBIYMC-
JATh JaHHBIE TUIOIIAN.

Penienue HeKOTOPBHIX 321aHUI U3 yUeOHUKA:

V¥.2. CyBeHup Ha pUCYHKE COCTOUT U3 JCPEBIHHOTO LMIMHAPA
BbicoTOl 10 cM u pagmycom ocHoBanus 4 cM. C 06eux CTOpOH
LWIMH/IPA cJeNIaHbl BRIEMKHU B opMme noymapa. Haiiure mo-
1a/1b MOJTHOW MOBEPXHOCTH CYBEHHUPA.

Pemenne: mona b NOBEPXHOCTH 3aJlaHHOHN (pUTYpBI paBHA
CyMMe TUIOIajei O0KOBOM MOBEPXHOCTHU U TUIOIIAEH OOKO-
BBIX TIOBEPXHOCTEH ABYX MOIYIIAPOB HIIM TOBEPXHOCTH IIIApa,
paanyc KOTOPOro paBeH paauycy UWINHApa. 3Hasl, YTO BBICOTA LIU-
munapa 10 cm, a paanyc 4 cM noxydum

Sin. = Syur. + 2Snonymapa = 27rh + Si= 21-4- 10+ 41-42= 1447 cm?

DI

¥.9. Haiiaure mioimaas MOBEPXHOCTH (DUTYD.

c) Pemenue: B 3amaue n3 yueOHUKa pa3Mepbl OOKO-
BOM MOBEPXHOCTU MPSIMOYTOJILHOTO HapaJijiesent-
nefa 3x10x8 ¢cM U3 KOTOPOro ¢ KaXJI0H CTOPOHBI
c/ieflaHa BbleMKa B BUJE B BUJE MOJYLMIUHAPOB C
JTIMaMETPOM § CM.

YrtoOb! HAWTH TUIOIAAB (GUTYPHI HAJO U3 IUIOIMIAIN TOBEPXHOCTH Mapaesuie-
nunena (Suapamerenimera = 2(3- 10+ 8-3 + 8 10) = 268) OTHSTH IIOMIAAN IBYX KPY-
TOB, SIBJISIIOIIMXCS, KOTOPBIC SIBJISIFOTCSI JIByMsSI HIDKHUMH M BEPXHUMH
MONYKPYTaMu (2Skpyr = 2112 =27-4> =327 ), a TaKXKe MJI0LIaAb ABYX IPOTHBO-
MOJIOKHBIX IpaHel pazmepamu 3 X 8 (Srpaneii = 2-8 3 = 48) 1, HakoHe1 MprOaB-
JsieM  TUIOINAAu  OOKOBBIX — MOBEPXHOCTEH  JIByX  IMOJNYIHMIUHAPOB
(Séox. nos. nonyyumnopa = 2m-4-3 = 24m). Takum 06pazoM MoITydaeM,

S guryps = Swap-n — 2Sxpyr — Srpaneii T Snomun =268 =321 — 48 — 241 =220 — 8w (cm?)
PexomHeyeTcs, 9TOOBI IPU HAXOXKICHUH YUYalTUMHCS TPeOyeMOH TIOIaau
MPUMEHSIIN pa3NuvHble noaxonbl. [lnomane paccMmarpuBaeMoit (urypsr
MOYKHO TaK)KE€ BBIYUCIIUTH CICTYIOIUM 00pa3oMm:

Sun=2310+ 28 10-m -4+ 2n-4-3=60+ 160 —32n + 241 =
=220 — 8m (cm?).
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V.10. ITocyna U3 miacTuKa COCTOMT U3 JABYX 4acTeH - —_
BHEITHEH, B (hopMe MUITHHIIPA, BBICOTOH 66 CM U painycoM \;@/;/
ocHOBaHUS 12 cM, W BHYTPEHHEH, IMOJIOH JacTH, B popme itS o i

IAIHHPA, PATHYCOM 9 CM, BBICOTON 48 CM, HIKHSS YaCTh 66 oy i(*i ]

o o < ===
KOTOpOH npezcTasiseT coboii cdhepy. \\”M‘ 7
a) Haiinure momans BHyTpEeHHEH TTOBEPXHOCTH. tm==lll
b) HaiiauTe miomaas BHEIIHEN TOBEPXHOCTH. 2 Me——=

Pemenne:
a) [Imomanb BHyTpeHHEN MOBEPXHOCTH COCTOUT M3 TUIOIIAIel OOKOBOM MOBEPX-

HOCTHU IIWJIMHJPA U TOBEPXHOCTH MOITyIIapa.
Senyr. = 2nrh + 2nr? = 21m-9-48 + 21-9% = 181(4849) = 10267 (cm?)

b) Sexew. = 2nrh + 2 + m(R2 —1?) = 21m-12:66 + - 122 + - (122 — 92) =1 791 &t (cm?)
Ypoxk 62-63. Iliomaau nosepxHocreii nogo0HbIX ¢puryp. Ododmarmme

3ajaHus. 2 yaca. Yue6. crp. 131-133
Conep:xaresIbHbII CTAHAAPT.

3.2.2. [lpumensiet nmpeodpa3oBaHust MOAOOHS B IPOCTPAHCTBE

HasbIku yyamerocs:

N 3HACT PAaBEHCTBO COOTBETCTBYIONIUX JIMHEWHBIX Pa3MepoB MOIO0OHBIX QUTYP.

B [IOHMMAET, YTO TUIOIIAIN OJA0OHBIX (PUTYP OTHOCITCS KBaJpaToM KOs hu-
LIUEeHTa 1o100us.

B HaXOAHWT APYTod pa3Mep, 3Hast ko3 duimeHT momodus u 3aJJaHHbIA pa3Mep Mo-
NOOHBIX GUryp.

Pemenne HeKoTOPBIX 3a1aHUIT U3 yUeOHHKA:
| |

Y.4. ITlnomanu MoBEepXHOCTEH NBYX MOAOOHBIX IUIMHAPOB paBHHEI 48T U
1087. BricoTa MeHBIIETO MUIWH/PA PaBHA PaguycCy OOJIBIIETO MIIHHAPA.
Haitgure paanycsl v BBICOTHI ITUIUHIPOB.
Pemenue: 0003Ha4uM paJryChl U BBICOTHI HIWIMHIPOB yepe3 7, R u 4, H. 1o
ycnoButo £ = R u 2nrh = 48w; 2nRH= 108,
orctona rh =24, RH = 54. 13 nogo6us cineayert, 4To

ho_H_H 28 T8 =4k H=9k

7+ R _h° RH 54 H 9

Tak Kak rh = 24, To

24k*=24; k= 1,3nauurr=4,h=6, R=6, H=9.

V.7. MypaBeil IBUKETCS 1O MOBEPXHOCTH IUIUHAPA,
pazyc OCHOBAHHs KOTOPOIO PaBeH - CM, & BBICOTA

24 cM. OH mpouien BUHTaXHBIA MYTh OT TOUKHU A,
PACIIOJIOKEHHON Ha OKPY)KHOCTH OCHOBaHUSA IH- 24 cm
JTUHAPA, 10 Touku B, Ha Apyrom ocHoBanuu. Haii-

JUTE JUTUHY ITyTH, TPOUJICHHOTO MYPaBbEM.

Pemenne: n3006pa3uB pa3BepTKy OOKOBOIl MOBEPXHOCTH A
LWINHAPA YBUAUM, YTO MypaBel JBUraycs BAOJb AUAro-
Hamu passeprku: d =102 +242 =26 cm
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Tabauna kpuTepueB CyMMaTHBHOIO OlleHUBAaHUS MO pa3aeny 4

3ameuanus o0 yua-

Ne Kpurepun
IUXCs

1 [pencrasnser MUIUHAP B BUIE GUTYPHI Bpallie-
' HUE HA MOJICJIM U B BUJIC PUCYHKA.

) Permraer 3a1aun Ha HaXOXKI€HUE OOKOBOM U IOJI-
’ HOH NOBEPXHOCTEH LUIUHAPA.

3 [Ipencrasisier KoHyC B BUe (pUTYpHI BpalieHHe
’ Ha MOJIETIN U B BUJIE PUCYHKA.

4 Permraer 3aaun Ha HaXOXKI€HUE OOKOBOH U MOJI-
) HOI TIOBEpXHOCTEH KOHYycA.

5 Permaer 3a1aun Ha HaxoXKaeHUe OOKOBOM U I10JI-
) HOM MOBEPXHOCTEN YCEYEHHOTO KOHYca.

6. [To pucyHKy 0OBSICHSET CIIOBAMH YacTH IIapa.

7. HaxoauT miommas MoBEPXHOCTH Iapa.

] HaxomuT romiaie TOBEpXHOCTH KOMITJIEKCHBIX
’ ¢buryp.

9 HaxomuTt npyroit pazmep, 3Hast KOOQPUITHESHT

noo0ust ¥ 3aIaHHBINA pa3Mep NOA0OHBIX
¢uryp.
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Ypok 64. 3aganus A1 CcyMMAaTUBHOI0 OLlEHUBAHUS MO pa3aeny 4.

1) HaiimuTe rutomaas MoBEPXHOCTH GQUTYD.

4m
5.30M 30 em
4 2 cMm
3 S
m 16 e~

12 cm
npasuibHas yemolpex- ¢

Y2ONbHASL NUPAMUOA npasunbHas mpe-
Y2O0NbHAs NUpamuoa

2) Hatinure tuiomab MoBEpXHOCTH GUTYDP.

5™ 4 6M ;
M | 9Mm
.8\

3) Ilo pa3BepTke HalaUTE MIIOMIA](b TOJTHON MOBEPXHOCTH IIMIINHAPA.

O

4n

O

4) Ilo maHHBIM Ha pa3BepTKe, HAWIUTE IIIOMIA (b TOTHOH 1O~
BEPXHOCTH LWIHH/PA.

15cm

™M

M

22 cM

7cm 7 cMm

5) HatiguTe mmomaas 60KOBOH MOBEPXHOCTH ITMIMHAPA, 3HAS, 9YTO CyMMa TLTI0-
Iaaei ocHoBaHus paBHa 3271 cM?,a BeicoTa 60 cM:

6) Haiinure mutommaas O0KOBO MMOBEPXHOCTH KOHYCA, 3HASI, UTO JTMHA OKPYKHO-
CTH OCHOBaHUJ paBHa 62,8 cM, a oOpa3yromast 15 cm.

3cMm 4 cMm

7) Haitnure momaap GUTypsl Ha pUCYHKE.

CM

3cMm
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8) HaiimuTe momnias TOBEPXHOCTH (PUTYPHI HA PUCYHKE.
0 cm

10 cm >
4 cm

9) HailimuTe ruromanb MOBEPXHOCTH GUTYPHI HA PUCYHKE

10) Map paguycom 17 cMm paccedeH mapayjielbHbIMU
IJIOCKOCTSMHU Ha pacTosiHUM § cM U 15 cM oT LieHTpa B
pasHbIX cropoHax. Halinure niomanp mapoBoro nosca
U IUI0IIAAU c(hepUIecKUX YacTel MOTyYEeHHBIX CErMeH-
TOB.

W

11) Hunuaapuyeckas 9acTh TOMEIICHUS U1 XPAaHEHHS ISl CEHa UMEET BBICOTY
12 M u nuametp 8 M. OOpa3yroias 4acti B hopme KoHyca paBHa 4,5 M. CKOJIbKO
0aHOK KpacKH MOHAI0OUTCS [l OKPACKH TUIOIIA/IN TIOMEIICHUS, €CITH Ha

10 xB.M pacxonyetcs 1,5 1 Kpacku, KOTopas mpojgaercst B 0aHkax mo 8 i1?

12) Illap mepecedeH TIOCKOCTHIO HA PACCTOSHUH § CM OT IIeHTpa. 3Hasi, 4YTO
IUIOIIA/Ab OIYYEHHOTO CeUeHMs paBHa 127, HaliANTE II0IAAb HOBEPXHOCTH
OO0JIBIIETO CerMeHTa Mapa.

13) Kaxnplii cioit Topra umeet popMy nmmHapa. Jnamerp
HIKHETO ctost 64 cM, cpenHero 48 cM, a BepxHero 20 cMm. Bri-
coTa KakJIoro cios paBHa 15 cM. Haiinure miomans noBepx-
HOCTHU TOPTa, KOTOPYIO HA/l0 YKPaCUTh.

14) Pannyc konyca paBeH 6 cwm, a o6pasytomias 10 cm. Ha paccrosnuu 2 cm oT
BEPIIMHBI KOHYC IIEPECEUEH IUIOCKOCThIO, apaJljIeIbHON 0CHOBaHUI0. Haiinure
IUIOILA/lb OOKOBOM IIOBEPXHOCTH MaJICHHKOIO KOHYCa U YCEUEHHOI'0 KOHYCa.
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Tabauna niIaHupoBaHus 10 S pazaeny

OcCHOBHBIE CTAHAAPTHI Koui-Bo | Yue6.
Ypoxk Ne Tema
¥ MOCTAHIAPTHI 4acoB | cTp.
2.1.1. 3naet nonsTHE CpenHsist CKOPOCTb U3-
POM3BOAHON (QYHKIMH| 65-66 |MmeHeHMs, MTHOBEHHAs 2 135-139
i cBoficTsa Mu(epen- CKOPOCTh M3MEHEHHS
UpYeMbIX  (PyHKIIHIA,
snacom ¢ ochosmpvul ©7-08 | IIponsBonHas ¢pyHKumMu 2 |140-145
TIIpaBUJIaMU BBIYHCIICHUS]
Hgomsom{oﬁ. 69-70 [TpaBuna nquddepeniu- ) 146-150
2.1.2. Haxonut mpo-| poBaHHH
M3BOJHYIO HEKOTOPBIX| [TpousBomHas mpounsse-
¢bynkuuii npu nomomnty| 71-72 | nenusi.  IlpousBoxnas 2 151-154
Ta0JIUIBI TTPOU3BOIHBIX 4aCTHOTO
bIIeMEHTAPHBIX (QYHKITHH] "
1 TIpaBWJI BBIYUCIECHUS| 73-74 TIponssonnas COKHOHA 2 155-158
POM3BOIHOI. dynxm
2.1.3. Tpnmenser Perienue 3a1a4 mpy mo-
reomerpuueckuit u gu{ 75 MOTITH TIPOH3BOTHOI 1 159-160
BUYCCKHUU CMBICIT IIPO-
M3BOTHOM. [IpounzBonHast BToporo
76 nopsIKa 1 161-163
IIponssonHas nokasa-
77-79 | renbHoit u norapudmu- 3 |164-169
4ecKoM (PyHKIUHU
[IpousBonHas TpUroHo-
80-81 | merpraeckux dymkmii 2 (170-173
O000111ar0IIHe 3aTaHUS.
82-83 |3amanus aJIsi CyMMaTHB- 1 174
HOTO OIICHUBAHHUS
3amanust 17151 IOIyTOJ10-
84  |goro cymmarusHoro ore-| 1
HUBaHUS
Bcero| 20
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Ypok 65-66. Cpennsisi CKOPOCTh H3MEHEHUS1, MTHOBEHHAS CKOPOCTh

u3MeHeHus 2 yaca. Yue0. crp. 135-139
Coaep:kareJIbHbIN CTAHAAPT.

2.1.1. 3HaeT noHsATHE MPOU3BOAHON (QYHKIIMU U cBo¥icTBa nuddepentmpye-
MBIX (D)YHKIIHiA, 3HAKOM C OCHOBHBIMH ITPABHJIAMHU BBIYUCIICHUS TIPOU3BOTHOM.
2.1.3. IlpumeHsieT reoMeTpUUeCKUi U (PU3UYECKUN CMBICI IPOU3BOIHOM.
HaBbiku yuamierocs:

B TIPEJICTABISICT CPE/IHEE U MTHOBEHHOE M3MEHEHHE BEITMUMHBI Ha TIpUMEpax;

B YCTAHABJIMBAET FTEOMETPUICCKOE COOTBETCTBUE MEXTy MTHOBCHHOW U Cpe/l-
HEM CKOPOCTHIO M KacaTelbHOW U CEeKYIIIEeH;

B pelIaeT 3aJa49u PeajbHOM KU3HEHHON CUTYAIMH UCIIONb3Ysl MTHOBEHHOE U

cpemHee n3MEHEeHHeE .
Paccmorpum aBe curyaruu. [lycts, aBTOMOOMIIE 3a aBa gaca mpoexan 110 km.
3HAYUT CPEIHSISI CKOPOCTH aBTOMOOMIIS 55 km/uac. Temeps paccMOTpUM CIIeIyTo-
miee. Bol cuaute B aBTOMOOMIIE M HAaOMIOaeTe 3a CKOPOCTHIO. B 3TOT MOMEHT CKo-
pocTb m3menmnnach ¢ 45 km/gac g0 110 xm/gac. Pasnuvaercs mu uHpOpManus o
CKOpPOCTH B KKJIOM U3 TaHHBIX CUTyallnii. B nepBoM ciyuae peub UIET O CpeaHEN
CKOpPOCTH, @ BO BTOPOM CJIy4ae O U3MEHEHUU CKOPOCTH 55 KM/4ac, MTHOBEHHOM

CKOPOCTH. 2) IlomuB KOCTIOMOB, CKO-
o . OCTb ITPON3BO/ICTBA
1) llpoiineHHbIi TyTH a p P A
SNA
Paccrosiaue (km) gloo- S (4, 100)
2 75
g RG.64) /)
2,55)7~ T H

S 5ok Q( )3 C
E P (1, 20)

. - g 25 I v F

O 05 1,0 1,5 2 25 3,0 ¢(uac) ool g
BpeMmsLt

o 1 2 3 1
08:00 09:00 10:00 11:00 12:00
Paznuunble cuTyalmu, MOKa3bIBAIOMINE CKOPOCTh H3MEHEHHUSI MOTYT OBITh pel-
CTaBJICHBI KaK rpa)MuecKu. Tak U YuciIeHHo. LlenecooOpazHo mokas3ars pasind-
Hble peasbHble CUTyallMM. V3MeHeHus mpucymm BceM acleKkTaMm >KU3Hu. B
KaX/IOM clly4yae eTMHHIIbI CKOPOCTH JIOJKHBI COOTBETCTBOBAThH cuTyaunu. Hanpu-
Mep, Ha MepBOM rpadKe BBIIIE CKOPOCTh U3MEPSIETCS B KM B Yac, a Ha JpyromMm
rpaduKe CKOPOCTh BhIpa)keHa KOIUYECTBOM KOCTIOMOB.
a) ITo rpaduky HaiiieM cpeHIOI CKOPOCTh 3a JaHHBIH POMEKYTOK BPEMEHH.

a) [0; 0,5] b) [0,5; 1] b) [1; 1,5] b) [1; 2]
50-0 100 — 50

a)=>2—Y _ b)YV

) 050 100 xm/g ) 1-05 100 xm/u
100 - 100 50 - 100

C)— - b _— =

) 151 0 kM/u )2_1 50 kM/94
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HH(bOpMaI_II/IIO 0 CKOPOCTH U3MCHCHHS TOIIMBA KOCTIOMOB MOXKHO 3alMACATh TaK.

C 9 no 11 yTpa MOXKHO HaliTH CKOPOCTh KOJIMYECTBA MPOU3BOIMMOIO TOBApa.

NA
S100l S (4, 100),
64 — 20 34 (KOCTIOMBI) KOJHYECTBO 5
10-38 2 HOUIUTBIX KOCTIOMOB € 9 g 75k R (3. 64)
mo 11. = oL Q@I
3nech 17, ymmoBoit kodhGUIIUEHT OTpe3Ka, COSIH- é? > P(1,20) i 6420
Harommii Touku P u R. é s N/ 7
3HaunT, CPeHsAS CKOPOCTH ONpeenseTcs kak yrosoi .o, ' |,
o 1 2 3 4 o
KOX(PGUIINEHT OTpe3Ka, COSTUHIIOMNN TBE TOUKN Ha !
N Bpewms ¢
KpPUBOH.
st pyHKIHH f{X) CKOPOCTH M3MEHEHUS (DYHKITHH E
COOTBETCTBYIOIIAsT U3MCHCHHIO apTyMEHTa = fir)

y2=n
X2 — X1 IMECT BUJl J—— . 3nech, yUUTHIBAsI, UYTO fe2) — flxn)

X

yi=flx)

y1 = flx1), y2 = f(X2), MOXHO 3aIIlCaTh CPEIHIOI CKO- L L

poCTh TaK x2) _f()“), 371€Ch X2 #Z XI.
X2 — X1

Haxoxnenne cpenaeld CKOpoCTH 1O TabMuIe 3HAYEHUH U TpaduKy MPOBOAUTCS

KOJJISKTHBHO Ha MPUMEpPaXx.
VY4amuecs HAXOJUT CpeiHee H3MEHEHHE M0 TpaprKaM Pa3IHIHbIX (QYHKIHH.
5 Ab) - fla)
Taxkum 00pazom, cpeHssl CKOPOCTh, ONPEIEIeHHas KaKk ——p—,  leomer-
—a

PHUYCCKU ABJISICTCA YITIOBBIM KOB(I)(i)PIL[HCHTOM CEKymeﬁ, a MI'HOBCHHaAs CKO-

pocTh }E}a w 3HA4Y€HHUE YITIOBOTO KOA(PPUIIMEHTA KacaTeIbHOM.
—a

Ha npumepax B yueOHHKE KaK aHaJIMUTHYECKHU, TaK U TpaQHUUYECKH IMOKa3aHo, YTO
IIpY YMEHBILEHUH U3MEHEHUU TPUPALLEHUS CPEIHSISI CKOPOCTh MIPEBpAILAETCs B
MTHOBEHHYIO.

ye. koagh.ki

VYoot ko3 durueHT
KacarelbHOM B TOuke P
IIOKa3bIBACT MI'HOBCH-
HYIO CKOPOCT® K.

YcranaBiamMBaeTcs, 9TO IS TMHEWHBIX (PYyHKITHH, T.€. 1715 (PyHKITHA Tpap KoM Ko-
TOPBIX SABJSIETCS TPSMast JIMNHHSL, CKOPOCTh M3MEHEHHSI OCTAETCS TOCTOSTHHOH, He-
3aBHCHMO OT JBYX BBIOpAaHHBIX 3HaYeHWH x. JIIsi HeNMWHEHHBIX (QyHKIUH
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HAOMIOMAeTCsl U3MEHEHUE 3HAYCHNH (DYHKIINH, T.e. B 3aBUCUMOCTH OT TOTO, Ha
KaKOM y4acTKe BbIOPAHBI 3HAUSHUM X1 U X2, IOJTyYAIOTCS PA3JINIHBIC 3HAUCHHUSL.
DTO paszauune MOXHO YBUACThH MPH PEIICHUH 3a1a- |
uuii 1 1 2. 3amganue 3 peKOMEHIYeTCsl TSl JOMaIIIHEH 108
pabotsl. Ero pesynbrarsl MOTYT SBIATHCS MaTepUa-= go
7oM yist (POPMATUBHOTO OIICHUBAHUS U TIOMEIICHBI Bg 673 Papia y
moptdonno. Yyamuecss JOMKHBI, MO JaHHBIM Tpa-
(uKa, yMeTh OMPEACIATE CIIEAYIONIYI0 HHPOPMAIIHIO.

DubIaH

51
N

50 /
40
3

S
&
Q
Q
<
a

®dapu, Pa3uib 1 DIIbIIaH: 200 //

- IPOMEXKYTOK, IJIe UX CKOPOCTh ObLiIa MOCTOSTHHOM.
C Kakoi CKOPOCTBIO JBUTANICS KaKIIbIH U3 HUX?

- KTO ¥ Ha KAKOM Y4YacTKE YBEIUYMJI CKOPOCTh M C KAKOH CKOPOCThIO Oexall, B
KaKOM ITPOMEKYTKE CKOPOCTH ObIlIa HAMOOIBIIEH 1 KTO O€XKaJl C 3TOM CKOPOCTHIO?

051 1,5 2253354455
Bpemst (MHH..)

Yyammecs: HabIIOMAIOT, YTO MIPU BO3PACTAHUH YITIOBOTO KOA(PDHUITUEHTA, T.C.
TIPH yBEITMYEHNHN KPYTH3HBI CKOPOCTH Bo3pactaeT. Hanprumep, 10 3 MUHYTHI, OBI-
cTpee Bcex Oexan Dapupa, Tak Kak mpsMasi, COOTBETCTBYIOIIAs €€ JIBIYKEHHUIO
Kpyue, tgo 60bIIe, HO K KOHITY IBWKEHHSI OH HEMHOTO OCTaHABIUBAJICS U U3Me-
HeHHue paBHO Hy/10. K puHHUITY OH TpUIIIEN OTHOBPEMEHHO ¢ DIBIIIAHOM, CO CKO-
POCTBIO MEHBIIIEH CKOPOCTH B TIEPBbIE 3 MUHYTHI. .

[TobGenuTens copeBHoBannit Pa3ninb. Yyaniuecs JOKHBI TOT00HBIM 00pa3oM
TIPY TIOMOIITH BBEIYUCIICHUH U 110 TPa(UKy MPEICTABUTH B KAKOM ITPOMEXKYTKE CKO-
pPOCTh ABIKEHUS BO3pacTaja WM yMeHbInanack. Hampumep, B mepsoie 2,5 Mu-
HyThl dazuns aBurancs co cpeaHeit ckopocteio 500:2,5 = 200 m/muH. Haunnas
¢ 3,5 MUHYTBI €T0 CKOPOCTH PacTeT U K (GUHUIIY OH MpuxoauT nepsbiM. [1o rpa-
(bMKy MOYKHO CKa3aTh, 9YTO camMasi OOIbIIast CPETHSS CKOPOCTH MPUHAIEKHUT Da-
3mmo. ['padukn aBwxenus OnpmanHa ¢ 4 MUHYTH 1 Paszuinsg ¢ 3,5 MUHYTHI
MapajuIebHbI. YIIOBbIe KO GUITMESHTHI TapaIeNbHBIX TIPSIMBIX PaBHBI, 3HAYUTh
B T€UEHUM | MUHYTHI UX CKOPOCTH PaBHBI.

B 3apgannu 5 MoxxHO HaOMIOAATE, YTO AOXOA (THIC. MaH.) OT PEKJIaMbI TIEPBO-
HadaJbHO yBenmuunBaeTcs. Cleayroniie BIOKeHUS YMEHBIIAIOT 10X U OH CTa-
OMITM3NPYSICH, OCTACTCS MOCTOSHHBIM. JTa CUTyalus IMOKa3bIBaeT, 9TO peKama
MpOAyKTa, He (PaKTOp, YTO KOJMYECTBO IMOKyMareneil OyJeT pacTh HeoTpaHU-
YEHHO, a JI0 JOCTHKEHHUS OTIPEIeICHHBIX 00bEMOB TIPOJIaK.

31ech Hy’)KHO y/IETUTh BHUMAHNE OTHOMY Ba)XHOMY MOMEHTY. MTrHOBEHHAs
CKOPOCTD HE SIBIISIETCS TIOKa3aTeJIeM TOIBKO CKOPOCTH IBIKEHHUS U HE U3MepseTcs
TOJIBKO B M/C. B 3aBHCUMOCTH OT peanbHOM CUTYyaIlul OHAa MOYKET OBITh BBIpayKEHA
KaK TUIOIIaJb/BpeMsi, MaHAT/BpeMsl WIM Kak B 33JJaHUU 6 KOJI-BO TOBapa/THIC.
MaHat. VI3MeHeHue 0THON BEJMYMHBI OT JIPYroi BhIPAKEHHOE MIHOBEHHON WMJIU
CpeIHel CKOPOCTHIO B 3aBUCHMOCTH OT PEATbHOM CUTYallni BBIPayKAeTCs KakK OT-
HOIIIEHHUEM COOTBETCTBYIOIINX EAWHMII, a TAK)KE BEIMUYNHONW (PU3NIECKUX €JU-
HUI. DTH €AMHUIIBI TAKXKe SBISIOTCS eIUHUIIAMH U3MEPEHNS IPON3BOTHOM.
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Ypok 67-68. IlpousBonnasi pyHkuum. 2 yaca. Y4deo. crp.. 140-145
Conep:xaTeJbHBINH CTAaHIAPT.
2.1.1. 3Haer noHsTHE NMPOU3BOAHON (YHKIIMU U cBOMCTBa nuddepeHmmpye-
MBbIX (DYHKIINH, 3HAKOM C OCHOBHBIMH TPABUJIAMH BBIYUCIICHUS TIPOU3BOTHOM.
2.1.2. HaxoauT nNpou3BOHYI0 HEKOTOPHIX (DYHKIH PH TIOMOIIHU TAOIHIIbI
MIPOM3BOHBIX IMEMEHTAPHBIX QYHKIMI ¥ MTPABUII BEIYUCICHHUS TIPOU3BOTHOM.

2.1.3. [IpumeHsieT reoOMeTpUUECKUI U PU3NUECKUI CMBICI IPOU3BOIHON
HasbIku yuyamerocs:

B 00BSICHSET aHAJIUTHYCCKYIO 3aIIUCh IMPOU3BOIHON IreOMETPUICCKHY;

B OOBSICHSICT TIOHSATHUE IMPOU3BOIHON Ha PEANIbHBIX MPUMEpax;

B BBIUKCIIAET MPOU3BOJIHYIO MPU MOMOUIM IIPEIeIIa, HAXOAUT 3HAYEHUE MPO-
HM3BOJIHOM B 3aJJaHHOM TOYKE;

W ONPEIENAET CYNIECTBOBAHUE NPOM3BOIHOM.
1-pr1i1 yac. OOCyX/IeHUE POBOAUTCS BOKPYT YMEHUS BBIYUCIISATH IIPOU3BO/I-

S+ Ax) —flx)

HYIO [Tpu oMo npegena  f'(x) = gglo Ax . Bemmonustrorest
3a/1aHusl, € IPOU3BOAHAS HAXOAUTCS IIPU ITOMOLIY IPEJEIA, 3aJaHHOTO aHAJIN-
TUYECKH U BBIYUCIISIETCS 3HAYEHUE TPOU3BOIHOM B 33JJaHHOM TOUKE X, HAXOAUTCS
YIJIOBOW KOA((DUIIMCHT KacaTeIbHOMN B 3aJJaHHON TOYKE U 3aIlMChIBACTCSI ypaBHE-
HHE KacaTeJIbHOW. Ywuanuecs JOJIKHbBI IOHUMATh IIPOU3BOAHYH KaK HOBYIHO
¢dynkimro. Hanpumep, npy HaXoKASHUH MPOU3BOIHOM y = X? TIPU TIOMOIIIHU TIpe-
JieTia oyvYaeTcsi HoBast PyHKIHS 2x, T.€. IPOU3BOAHAS KBaPATHIHON QYHKIUH
sIBIIsieTCsl TIMHEWHOW (yHKumed. MoXXHO HaiiT 3HaYeHUe QYHKIMH ¥ 3HAYCHUE
MIPOBOIHOM MTPY OJTHHUX U TEX )K€ 3HAUCHHUSIX X. 3HaueHHe (PYyHKIIUK BBIpaXKaeT CTa-
TUYHbBIE JJaHHbIE, & 3HAUEHHUE [TPOU3BO/IHOM IMHAMUYHBIE JJAHHBIE.

Ha 1- oM ypoke B 0CHOBHOM 3aJJaHMsI BBITTOJHSAIOTCS Ha puMepax. [Ipoussos-
HYI0 IPOCTON (DYHKIIMUA MOKHO HAWTH MIPU ITOMOIIHU IIpejiena. Ydaluecs MoHu-

MAIOT, YTO HaXOXKJICHUE ITPOU3BOIHOM eCTh AudQepeHIpoBaHUE.
[Tpu BeIYHCIIEHUH IPOU3BOIHON IPH MOMOIIIH TIpeJiesia BOSHUKAET HeOOXO/IH-

MOCTH Pa3JIOKCHHUS MHOTOWICHA HA MHOKHTEIIH, YTO MOKHO CHEJIaTh MPH I10-
MOIMKA OWHOMHAJIBHOTO paslokeHus. [lodToMy, ISl AHArHOCTHYECKOTO
OTICHUBAHUS IIEPBOHAYATHHBIX 3HAHUH MOKHO BEITIOJTHUTE CICAYIONINE 3aaHus.

1) Ucnons3ys TpeyronbHuk Ilackans, 3anummre pa3noxkeHne OMHOMA.

a)(a+by by(a+b)y c¢(a-by d)y(atb) e(a=b> DHatby
3anoiHuTe TaOIUILY, UCIIOb3Ys IEPBYIO CTPOKY.

Pa3HocThb cTeneneii| Pa3iioskenne Ha MHOKHTEIH

(a o b)(an—l +an—2b + an—3b2 +

- T @b+ ab o+ b
b) a* - b*

c) (a—Db)a’+ab+b*)
d) a* - b*

e)a - b

DGr iy
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2-oii wac. Vccnenyercs ciydyan sl KOTOPBIX IPOU3BOHAS (DYHKIIMH HE CY-
mecTByet. [Ipou3BoiHas He CyIIECTBYET B TOUKaX, r7e (DyHKIIHS HE OIpeielieHa,
B TOM YHUCJIC B T€X TOYKAX JJIsI KOTOPHIX HEBO3MOXKHO MPOBECTH KaCATEIbHYIO.
[Tpumeps! ipeacTaBieHbl B yueOHUKE. BBIMONHSAIOTCS 3aaHus U3 yUeOHHKA.

Yno6uee nokasars nuddeperupyema i QyHK-
WS WK HEeT Ha Tpadukax A u B, kak moka3aHo Ha pu- ©
cynke. Ilo rpaduky A BHIHO, YTO MPU MPUOITHKCHIH
Toukn Q kK Touke P ¢ 00enx cTOpoH cekyIue B KOHIIE
KOHIIOB COBIIQ/IAIOT C KacareiabHOH B Touke P. 3HaunT (QyHKIMS B
ATOM TOUKe HenpepbiBHA U muddepennnpyema. Oymkmnmst B Taxke
HENpEPBIBHA, HO P pubmmkenny Touku Q k Touke PcmpaBam //0Q
CJIeBa CEKyIIHe Bcerya o0pasyeT yIibl, C Pa3InIHbIMU YIIIOBBIMU

K0P PUITHECHTAMH.
Beimonusitores 3aianus u3 yueoHuka. M300pasure QyHKIUIO, ONIPE/ICICHHY O

Ha NPOMECIKYTKE (—CX); +OO), HUMCHOIIYTO TOPU3OHTAJIBHBIC KACATCIIbHBIC B TOYKAX

x =0, x =3, x =6, KOTOpast HE UMEET NPOU3BOJHYIO B TOUKE X = 2.
W3 oObscHeHMi W BHITIOJHEHUS 3aJ]aHUH, ydaluecs WHTYH- A

THBHO TIOHWMAIOT, YTO B BEPIIMHHBIX TOYKAX (MakCUMyMa U ﬂ
MUHUMYMa) KacaTellbHas SBISIeTCS TOPU3OHTAITEHON nmmeﬁ.7{
[IpuMepom MOKET CITyKUTh cliefytomuii rpaduk. Oto 3a1anue (123§ >
OTKpBITOTO THNA. [ padkr MOTYT OBITH Pa3TUIHBIMH.

Takoxe peKoMeH/1yeTCsl, U pa3BUTHSI MaTEMaTHYECKOTO MBILIUICHHSI, UCTIOJIb-
30BaTh HABBIKU MMOCTPOCHUS rpadrka NporU3BOIHOHN 10 TpaduKy GyHKINUU U Ha-
00opoT, nocrpoeHue rpaduka GyHKuuU 1o rpauky Mpou3BOAHON. ITO TaKKe
romMoraet 6osee nIyOOKO MOHATH NPOU3BOAHYIO GyHKIMH. [ 3TOrO Tpedyercs
yYMEHHE HaXOIUTb YIJIOBOW KOY(GHULMEHT B 3aJaHHON TOUKE, YTO B CBOIO OUEpelb,
TpebyeT yMEHHUs OIpeleniTh Kak 3HaK kK B ypaBHEHUH JIMHEHHOH (yHKIHU
v =kx + b BausieT Ha pacroyioKeHue QyHKIMN Ha KOOPIAUHATHOHN IIIOCKOCTH, a
€ro 3HaueHWe Ha KPYTU3HY Ipaduka. DT HABBIKM MOXKHO MPOBEPUTH IPU I10-
MOIIH BOTIPOCOB U OTBETOB. Haxoas Mpou3BOAHYIO IPOCTHIX (DYHKIMH aHATUTH-
YEeCKU MOXKHO 3a1aTh 3TH (YHKUMU M M300paxars ux rpaduku. OgHako, 1
MOCTPOCHMSI TpaduKa MIPOU3BOAHON HYKHO HMCIIOIB30BaTh 3HAUYCHHUE YITIOBOTO
k03¢ PUIMEHTa KacaTelIbHON B TOUKaX KacaHusl.

y A
TanKe, C€CJIM Ha KOOPpAWHATHOU IJIOCKOCTH

JaHO B ONPEIEICHHOM MacmTade 04HOe / k=0
n3o0paxkeHne  rpaduka,  ydamigecs <
JOJDKHBI YMETh HaXOAHTh YIJIOBOH KO3(-

(GUIMEHT U3 MPSIMOYTOJIBHOTO TPEYTroJib- k>0 k<0
HHKa, 00pa30BaHHOTO TOYKaMH Ax [yt Ay

U3 OTHOLICHUS Ey . Jlns npumepa pas- /

=Yy

Oepem 3To Ha cIieyIoIeM rpaduke.
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Hanpuwmep, nis pyaxuun y = f{x) Ha pucyHke rpaduk Ipon3BOJHON MOXKHO
MOJIYYUTh PAa3MECTUB Ha KOOPIWHATHOW IIIOCKOCTH KOOPJAWUHATBHI X H Y
touek A, B, C, D, E, F, 3HaueHUs KOTOPBIX SBJISIOTCS YITIOBBIMU KO3 hu-
LMEHTaMH KacaTeJbHbIX B 3aJaHHBIX TOYKaX.

' KpuBas

I paghux npo-
U3600HOU

Gynryuu.
Y=f(x)

3[[er ydamuecs JOJKHBI TIOHUMAaTb, YTO 10 TOYKH C, 3Ha4YCHU YyIJIOBOT'O
KOd(PHITMEHTA TTOJIOKUTEIBHEI, T.€. PACIIOIOKEHBI BBIIIE OCH X, B Touke C
yIII0BOH KO9()(UIIMEHT paBeH HYIIIO, TOYKA HAXOAUTCS HA OCH X, HAUYMHAS C
ToukH C yrioBoit K03 UIIMEHT OTPUIIATEICH, HUKE OCH X U HAKOHEI] B TOUKE
F yrinoBoit ko3 GuImeHT paBeH HyIII0 U BCE YIIIOBBIE KOAPOHUITMSHTHI TIOCIIE
9TOM TOYKH BHOBb IOJIOKUTEIbHBI, 3HAUCHHS IPOU3BOAHON (YHKINU HAXO-
JSITCS BBIIIIC OCH X. HpI/I IIOMOIIIU TaKHUX paCCY)KIIeHI/Iﬁ MOXHO ITOCTPOUTH JIA
rpaduka o060l GyHKIMH rpaduk ee MPOU3BOAHON. YUamuecs TOHKHBI T0-
HUMaTh, YTO 3HAYCHUSI BCEX YIIIOBBIX KO3()()UIIMEHTOB KacaTeNbHBIX K Tpa-
¢uKy QyHKIMU paBHBI 3HAYEHHUSIM MPOU3BOIHBIX B 33/IaHHBIX TOYKAX.

MOXHO PaccCMOTPETH €Ille OIUH MPUMED.

OyHKIUA Touku, coorBercTByromue @OyHKIUSA IPOU3BOJHON
YIIIOBOMY KOO PHUITHCHTY.

1000300050007000 9000

I'padux mpon3BoaHOM HYHKITHE UMEET OONIBIITOE IPAKTUYSCKOE 3HAYCHHE.
[Tpu moMomM HETO MOKHO TOKa3aTh TUHAMUKY M3MEHEHHSI BEJTMUUHBI (TEM-
neparypsl, 0X0a, MPOU3BOICTBA MPOIYKTA U T.J1.) B pEabHBIX CUTYAIUIX.

LlenecooOpa3HO TAaKOro THMA 33/1aHHS MCIOIb30BaTh B KAUECTBE JIOMAIIl-
HETO 3aJIaHMs WM IpU paboTe ¢ KIIACCOM MaTeMaTHYeCKOTo YKIIOHA.

OuenuBanue. [IpoBonuTcs hopmMaTuBHOE OLIEHUBAHUE YMEHHUM yUaIIUXCs
OTPEJIEIATh MPOU3BOAHYIO, HAXOUTh 3HAYECHUE MPOU3BOAHON B TOUKE, CBS-
3BIBaTh TO 3HAUEHHUE C YIIIOBBIM KOA()(HUIIMEHTOM KacaTreabHOW B JTaHHOU
TOYKE U OINPEAEIIATh CYyIIECTBOBAHUE IIPOU3BOJHON B 3aJaHHBIX TOUKAX.
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Pa6oumnii imcr N1

Nmsa Damuius Jara

1) CpaBHHTE MTHOBEHHYIO CKOPOCTH (DYHKIIMH B 3aJaHHBIX TOYKAX. 3aITAIITHATE
CBOW YMO3aKITFOUCHHSI.

a) % b) NS
A ° G [ ~E
6 M\ K
4 | | 1g /
[ Ta/? [ Ve \
\ 7 | A \
641 hlo 4 o
/T 51 TEY 7 €
/ 141910 41 6
\ 4
|
H |
DB,DuF I)AuG HDBuC II)A,BuE
ICuG IV)AuE ICubD IV)AucC

2) Haiinure cpennee 3HaYCHUE N3MEHEHISI CKOPOCTH MEXKIY 3aIaHHBIMHU TOY-
KaMHU.

a) (-2;-1)m (2:3) b) (3;-5) n (-2;-1) o) (I;2) u (-1;-2)

3) YopocTute U BeIYHCITUTE 3Ha4eHue ipu a =—2, h = 0,01.

2) 2(a+ h)*-2a®
h
b (a+thy-ad°
) h

0 (a+ h})l4 —at
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Padoumii imct N2

Nmsa Damuims Jara

1) Onpenenute, nprUOIN3UTENHHO YIIOBOH KOd(PUIIMEHT KacaTenbHOM.

2) a) 3anummnTe ypaBHEHHE ceKyliel K rpaduky QyHKINHU B TOUKaX C yKa3aH-
HBIMH a0CIIUCCAMU.

b) 3anuiute ypaBHEHHE KacaTelIbHOM K TOYKAaX C YKa3aHHBIMH a0CIIICCaMHU.

f(x)=x*+2x; x=3, x=5
f(x)=6-x% =-1,x=3
f(x)=>5/; x=2, x=5
fx)=-3/(x+1); x=1, x=5
Fx)=4Vx; x=9, x=16
f(x)=\/;;x=25,x=36
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Ypoxk 69-70. IIpaBuaa nudgepenunpoBanus. 2 yaca. Y4eo. crp. 146-150
ConepskaTe/IbHBIN CTAHAAPT.
2.1.1. 3Haet nOHATHE NPOM3BOAHON (PYHKIMHU U CBOHCTBA Au(pepeHInpyeMbIX
(yHKIMI, 3HAKOM C OCHOBHBIMHU MPABHJIAMH BBIYMCIIEHUS TIPOU3BOTHOM.
2.1.2. HaxomuT npoM3BOAHYI0 HEKOTOPHIX (DYHKIMH IIPH MOMOIIH TaOIMIIBI TPO-
M3BOJIHBIX HJIEMEHTAPHBIX (DYHKIMH U TIPaBHI BBIYUCICHHUS IPOU3BOIHOM.
HasbIku yyaierocs:
B IpUMEHsIeT npaBuia auddepenimpoBanus GyHkmun f(x) = ¢, fx) = x",
g(x) = cf(x), hx)=flx) + gx)
W peliaeT 3aa4u peajbHbIX KU3HCHHBIX CHTYAIMi MpuMeHss mpasuia qudde-
pentpoBanus GyHKu f(x) = ¢, fix) =x", g(x) = c-f(x), h(x) =f{x) £ g(x) .
1-b1ii yac. Paccmarpusatotcs npasuia auddepen-
LMPOBAHMS MMOCTOSTHHON M CTENEHHOW (QyHKIUH, a
TaKXKe npaBuiia TupGepeHIMPOBaHUI CYMMY U pa3-
HOCTH. OOBSICHUTH YTO MPOU3BOAHAS TOCTOSHHOM
paBHa HYJIIO ydaruiics MoxeT o rpaduxky. [To rpa-
(uKy BUIHO, YTO U3MEHEHHE PAaBHO HYJIIO.

Hano ormeTuTs, 4TO NpaBmIIa AJ1s MPOU3BOTHON (DYHKITHH JOKA3BIBAIOTCS
IIPY ITOMOILY OTIpeesIeHUs POU3BOIHOM. BriBOK hopMyit MoxkeT ObITh 3aJaH

YA
f)=c| fotAx)=c

X xtAx x

B Ka4€CTBEC OOJIOCPOUYHOI0 AOMAIITHETO 3aJaHUA. VYuyaruecs NoAroTaBIMBaT
3aJlaHus Ha CIICHUAJIbHBIX JIUCTAaX WJIK B TETpau. Ot pa6OTBI MOT'YT OBITh

MTOMETIEHBI B TIOPTQOITHO.
PexomeHanum 1J1si BHINOJTHEHHSI HEKOTOPBIX MPUKJIATHBIX 3aJaHU.

OO6cyxnas uccieayeTcs yMEHHE 3aliChIBaTh YPaBHEHUE KacaTeIbHOM, HIICH-

TUPHUIUPYS] TOYKA COOTBETCTBYIOIINE OJWHAKOBBIM YIJIOBBIM KOA(UIIHEH-

tamu. Perenne TaHHOTO 3a/1aHMS yYallluecs 3alMiChIBAIOT B TeTpaau. Takxke

OHU JIOJDKHBI IOHUMATh, YTO MPSIMbIE, KOTOPbIE UMEIOT OMHAKOBBI YITIOBOM

K03(h(UIMEHT MapauieibHbl, B YaCTHOM CIIy4ae COBIIA/IAIOT.

VpaBHeHne y — yo = k(X — xo) 3aMMCHIBAETCS B CIEAYIOMIEH mocienoBarenbHocTH. Ha-

TpUMeED, 3aMKIIeM YpaBHEHHE KacaTelbHOU (QYHKIMH ¥ = X? B TOUKE ¢ aOCIIMCCON

x=-2.

1. Haiinem 3HaueHue QyHKIIUU B TOUKE Xo= —2.

y=f-2)=4
2. Haiigem npousBoanyto ¢pyHkimu: f'(x) = 2x
3. Haiinem 3HaueHue MpOM3BOHON B 3aJ]aHHOM TOUKE.
k=f'(-2)=2x=-4

4. 3armumem GopMyIry ypaBHEHHS KacaTeIbHOM y — yo = k(X — Xo)
y—4=-A4x+2); y=—4x—-4 )

5. IlpencraBnsiem rpagux.

117



? PenieHue HeKOTOPBIX 3aIaHNI U3 YUeOHUKA:
| |

Y. 16. a) Jlns pynxuii f{x) = 3x* u g(x) = x> HAWAUTE TaKUe 3HAUYCHUS X,
P KOTOPBIX yIIIOBBIE KOA(D(MUITMEHTHI KacaTeIbHBIX K TpaduKaM KaskK 0
U3 ABYX (DYHKIMI PaBHBI.
b)3anumuTe ypaBHEHHS KacaTelIbHBIX B TOYKAaX, HAHIEHHBIX B IYHKTE 4.
Pemenne: a) Yyamyecs 3HarOT, YTO YIIIOBOH KOAQ(PHUIIMEHT paBeH MPOU3BOI-
HOHM (YHKITMH, 3HAUYUT €CIU YIIIOBBIC KOA(P(GUIIMEHTHI B TOYKaX PaBHBI, TO
PaBHBI M IPOU3BOIHBIC B JAHHBIX TOYKAX.
2) () = (3x%)' = 6x g () = @) =3

6x =3x% 6x—3x>=0;3x(2—-x)=0;

x1=0ux2=2

b) 3amuiiem ypaBHeHHE KacaTeabHOU K rpaduKy Kax10i QyHKIUU B 1aH-
HBIX TOYKAX.

1. Jisx=0mpuki=7'(0)=6-0=0, k=g '(0)=3 - 0*=0 B TouKe ¢ abc-
nuccoit x = (0 ypaBHEHHUE KacaTelbHON K TpaduKy KaKI0W U3 (QyHKITHIA
umeer Bua y = 0.

2. Jnsx=2nupuki=f'(2)=6-(2)=12, kh=g'(2)=3 - 22=12 B TOUKE C
abcrccoil x = 2 ypaBHeHHUe KacaTelabHOH K rpaduky GyHKunu f (x)umeer
BUI: Yy — 12=12-(x - 2) wm y = 12x — 12;

ypaBHEHHE KacaTelbHOU K Tpaduky QyHKIMH g(X) UMEET BUJ:
y—8=12-(x-2)vayay=12x—16.

VY 22. a) Onpenenute yrnoBoit kod3pPpuimreHt A
KacaTeJIbHOM B TOUKE Xo = 2 K rpaduKy (yHK-
mmu flx) =-x3+3x2—-2x+ 5

b)3anumuTe ypaBHeHHE HOpMaIU QYHKIHHA f{X)
B TOUKE Xo = 2.

Pemenne: yuammecs 10/DKHBI 3a1ICAaTh YpaBHEHHE HOPMaJH, TIEPIICH/IUKY-
JSIPHOM KacarenbHOH. J{71s1 yrimoBBIX KOA(DGUITUEHTOB k1 ¥ k> TIEPTICHIUKYIISP-
HBIX MPSIMBIX JOJDKHO BBIOTHATHCS kika = —1.

B touxke xacanus xo = 2, yo = f{2) = -8 + 12 — 4+ 5 = 5 u ymnoBoii ko3¢ purmeHt
paBeH ke = [ '(2). Ilpu f '(x) = —3x*>+ 6x — 2 yrioBoi kod(pduIueHT
kae. =f'2Q)=-12+12-2=-2

3HAUUT Kuopu = - Hapno 3anucare ypaBHEeHHUE MPSIMOIL € YITIOBBIM KO3 hH-
IUEHTOM % W TIpoxosiei uepe3 Touky (2; 5). Takum oOpa3oM, ypaBHEHHE

HOPMaJI UMEET BUJL :% (x=2)+ S5Sum y =%x + 4,
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Pa6oumnii et N3

Nmsa Damusus Jara

Haiigure Takoe 3HaueHue k, 7151 KOTOPOTO 3a/laHHAs MPsMast SIBISETCS
KacareJabHOM.
[Ipumep. y = kx?; y=-2x+3
J10/DKHO BBIOJHATBCS ciieayromee kx> = —2x + 3. OnHako, s HaXOKISHUS k-
HaM HEOOXOJIMMO €III¢ OJTHO YPaBHEHUE.
VYrioBoit k03 uIMeHT KacaTenbHOM paBeH —2.
3HAuUT, U3BECTHO 3HAUCHHE NPOU3BOIHON QyHKIMHU B (—2) ' = 2kx; -2 = 2kx.
B paBenctBo kx? =—2x + 3 noacraBum —1/k = x, nomyuum:
ke (Ayp =21 +3
k k
1 3

2
—_— —+ _— = =
k k 3 k 3. k=1

Taxum obpazom, nipu k = 1 3aanHas npsiMas SIBJISIETCS KacaTelbHOM.

OyHKIUS: Kacarenphas:
f(x)=x*—kx y=>5x-4
Sx)=k—x y=-6x+1

_k -3
fe = y=-xtl
F) =k y=x+4
J () =k y=x+1

f(x) = kx? y=4x—1
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Ypok 71-72. IlpousBoanasi npousseaenusi. [IpousBoaHast yacTHoro.
3 yaca. Y4e0. cTp. 151-154

ConepskaTe/IbHBIN CTAHAAPT.

2.1.1. 3HaeT nOHATHE NPOM3BOAHON (PYHKIMHU U CBOHCTBA AU pepeHInpyeMbIX
(yHKUMH, 3HAKOM ¢ OCHOBHBIMU IIPaBHJIAMU BBIYUCIIEHHUS IPOU3BOIHOM.

2.1.2. HaxomuT npoM3BOAHYI0 HEKOTOPHIX (DYHKIMH IPH MOMOIIH TaOIHIIBI IPO-
M3BO/IHBIX JI€MEHTAPHBIX (DYHKIMH U IPABUII BBIYUCIICHNUS IPOU3BOIHOM.

2.1.3. [IpumensieT reoMeTpUIeCKUi U PU3MUECKUI CMBICI TPOU3BOTHOM.
HagbIku yuyaierocs:

W 3HaeT U puMeHseT npaswio npousseaeHus(f(x) g(x)) =f"(x) g (x)+f (x) g'(x);

B 3HACT U MPUMCHACT IMMPABUJIO YaCTHOT'O [ jg:'(zx)) ]’: f(x)g(?‘)(_)é(x)g'(x) 5
gX

B peIIaeT 3a/1auu peaabHOU KU3HCHHON CUTYaIlny IPUMEHsIS TipaBwiia qudde-

PEHIUPOBAHUSA MPONU3BEACHUA N YaCTHOIO.

1-p1if yac. [IpaBuio nuddepeHnrpoBaHUs TPOU3BENEHUS BBIBOIUTCS 110 OIIpe-
JIEJIEHUIO TIPOM3BOTHON. PeKoMeHIyeTcsl 3aiChIBaTh 3TO TMPABUIIO TIPY TTOMOIITN
3anucu Hprorona-JleiiOnuna.

A fog= )G e) + g oA

BrmonasroTcst oOyuaromnue 3aganus. Ha maHHOM ypoke TakKe HaXOMIsIT Kaca-
TeNbHYI0 QYHKIUH 33aJ]aHHOW B BHJIE POU3BE/ICHUSI M YaCTHOTO. PaccMoTpum
cremyromnie npuMepsl. Hammiem ypaBHeHHe KacaTenbHOH K rpaduky GyHKINN
y=(x*—1)(x*—2x+ 1) B Touke x = 2.

Hert HeoOxomumoctu ynpomars y' = (2x)(x> — 2x + 1) + (x* — 1)(2x — 2). MoxHO
HETIOCPEACTBEHHO MOJICTABUTH 3HAYEHHE X = 2 U HAWTH YIIIOBOM KOA(DPUIIHMEHT
B JJAHHOM TOYKE BBIYMCIIUTH IIPH ITOMOIIN JOCTATOUYHO MPOCTHIX BEIYUCICHUI:
k=2-2(2:2-2-2+1)+(2:2-1)(2-2-2) = 10. Haiinem 3Ha4eHne QyHKINN B TOUKE
x=2:3=£f2)=3-1=3

y—yo=hk(x—x0); y-3=10x—-2); y=10x-17

Jist TOro, 4TOOBI HACKOJILKO XOPOIIO YYaIIuecs MOHSIIH PaBuiIo TuddepeHi-
POBaHUsI TPOU3BEICHHSI, MOKHO 33/1aTh CIEAYIOIINE peIeKCUBHBIE BOIPOCHL:

° 3a4eM B JI0KA3aTeIbCTBO ObLT BBEACH WieH — f(x)g(x) + flx)g(x) — KoTopbIit
“co3maBan Hyas” ? UTo 3TO HaM gano?

* Ha KaKOM 3Tare MPOU3BEeICHHE pa3iaraioch Ha MHOKHUTEIN?

* B UeM CYTb 3allUCH B BHJIC PA3IMYHBIX IPEICIOB?

2-oii yac. [IpaBuno audpepeHIMpPOBaHUS YACTHOTO TAK)KE BBITEKACT U3 ONpe/ie-
JIeHHs TIPOU3BOHOM. Jl0Ka3aTeIbCTBO MPOBOAUTCSA MMCHbMEHHO MO3TAIHO, C MOJI-
HBIM O0BSICHEHUEM JIJIsl Yero mpojesiaHa AanHas padora.
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Ha/:[o 06paTI/ITL BHUMAHHC HA TO, KaK HAXOAUTCs NPOU3BOAHASA paHHOHaJ’ILHOﬁ
(bYHKHHH, B 3HAMECHAaTeCJIC KOTOpOﬁ HaXOJUTCS MOCTOSHHBINA MHOXUTEb.

3ananHas GyHKIUA: DKBUBAJICHTHAS 3alUCh: Jluddepennpan:  YIpomeHue:

a y= 3 ye i)yt xty) = 2E3
b. y= 5§‘4 y:%x“ y':%(4x3) y’:%)ﬁ

C. y=ﬂ3x%2le y=*%(3*2x) y'L%(fZ) y'=%

d. y=% y=%x*2 y':%(—zx%) y'=—%

[pu muddepeHInPOBAHNN YACTHOTO HAI0 MPUBECTH PALIMOHATBHOE BHIPAKCHUE

K yIOOHOMY BHUJY, T.€. MOCTAPATHCS, YTOOBI YUCIUTENb U 3HAMCHATEIh ObUTH B

BHJIC MHOTOWICHOB.. Hanpumep, Hasio 00bsCHEHUE PUMEPOB MPOBOIUTH HA MPHU-

Mepax TUMA: YTOObl HAWTH MPOU3BOAHYIO (YHKIIMN X Hamo yMHOXHTH

YHCIUTEIb ¥ 3HAMCHATEIb PAIMOHAILHOTO BRIPAKCHUSI Ha X 1 3aIicaTh (PyHKITHIO
Sx—1

B BUsE flx)=—F—F%— .
a f( ) x2 + Sx d [x"] :i 1
. dx dx | x*
Haiitn ipaBmino nuddepeHnmpoBaHus CTETICHH C OT- (0 — (1)t~ 1)
pHUIIATENBHBIM EJIBIM TTOKa3aTelleM HCITONIb3Ys Ipa- = )2
BHJIO OTHOIIEHHUS MOXHO MPEIJIOKUTh B KauyecTBe L
CaMOCTOSITEITLHON paOOTEI, pabOTHI B TTapax U rpyTIax. = %
x
Ecimn B dyHkimu f(x) = x" 9MCIIO 1 ABNSCTCS LEMBIM OT- P
PHIATEHLHBIM YHCIIOM, TO JIJISl 77 = —k CYIIECTBYET MOJI0- o
= nx"-

JKUTEIBLHOE YHCIIO K .
[IpaBuiio HaxoxkACHUS TUPPEPESHIIUPOBAHKS YACTHOTO MOXKHO ITOJIYUUTh pa3-
JUYHEIMU CITOCOOAMHU.

1. [Tpu moMo11K ONpeieieHrs IPOU3BOIHOM, KaK MIOKa3aHO B yUeOHUKE;

2. [IpuBoast K MPOU3BECHUIO;

3. Ucnonp3ys npaBuio auddepeHmpoBanus CI0KHON QyHKIMH. 3-¢ IPaBUiIo
OyZIeT pacCMOTPEHO Ha CIICIYIOIIUX YPOKaX.

VYyamuecss MOTYT pa3OUThCS Ha TPYIITBI X BEIBECTH 3TO U3 2 criocoba.

[Mycte, pyHkus g(x) Iﬁ , 2(x) =0, te f{x) u g(x) nuddepennupyembie
byHKIHH.

1. OGe yacTu paBEeHCTBA BBIIIC YMHOKUM Ha g(x).

2. Haiiaute npon3BOIHYIO KayKA0H YacTH paBEHCTBA, IPUMEHSS PaBUIIO TIPO-
W3BE/ICHUSL.

3. Haitnure MHOXUTEND g '(X)g(X).

Sx)

gx) ’
5. [IpuBeauTe mMpaByro 4acTh K 00IIEMY MHOKHUTEITIO.

4. BeInonmHuTe 3aMeny ¢g(x) =

6. Haiimure g '(x).
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? Penrenue HeKOTOPBIX 3aJaHUI U3 y4eOHHMKA:
u

V¥.6. 3aBUCUMOCTB TeMIIepaTypbl OOJILHOTO
OT BPEMEHU MO>KHO CMOJIETMPOBATh CIIEIYIO-
e GyHkImeit:

8t
T() =" + 36,6

Haiinute MrHOBEHHYIO CKOPOCTh U3MEHE-
HUA OpU £ = 2.

5 10 15 20 25 't

Pemenmue:

CKOpOCTbh U3MEHEHHUS TEMIIEPATYPbI:

o o 11t . & (P+1)-8t2t  —8r+8
T(t)—(t2_1+36>6)_ (t2+1)2 _(t2+1)2'

B momeHT 7 = 2 ckopocTh OyzeT paBHa
, —8-4+8 24
TQ2)= ——F,=— .
4+1 25
V.7. ®yHKIUS MOKA3bIBAIOIIAS 3aBUCUMOCTH CKOPOCTH COOPKH JIETAII HOBOTO
paboTHHKA OT KOTMYECTBA JHEH, 3aTPaueHHBIX Ha €ro 00y4YeHHE BhIpaKaeTCs

bopmysoit N(r) =100
32+ 10
a) 3amaiite GyHKIMIO, CKOPOCTH COOPKH AeTaleil B 1000 JeHb.

b) Hatimure 3rauenns N'(2) u N'(10) u oObsSICHUTE TaHHYIO CHTYAIIHIO.

Pemenne:
CKoOpoCTh COOPKH JICTaIH:

v 10072 | 2006(3+10)-6¢1007  600£+2000 — 6007 2000-7

a) N'(1) —m) = (322 + 10) - (B£+102  (3r+ 10y
o 4000 4000 10

PYNC) =15 Toy =~ 48400 ~ 121

, _ 20000 _ 20000 _ 200
N(10)= =702~ ~ 96100~ 961

[Tockonbky N'(2) > N'(10), To cKkOpOCTb COOPKH JIeTAIN YMEHBIIIACTCS.
OuenuBanue. [TpoBomurcs popMaTHBHOE OLICHUBAHUE YMCHUS I0KA3aTE/IbCTBA
npaBui auddepeHunpoBanms, yMEHUS IPUMEHSTH ATH MPaBUIIa [IPH PELICHUH

3amannii. PekoMeHayeTcsl B KaueCcTBE IOMAIIHETO 3a/IaHUs 3aITUCaTh MOIIAaroBOe
JI0KA3aTeILCTBO HA OTAEIILHBIX JINCTAX.
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Paooumnii 1uct N4

Nwmsa Ddamuiusa Jara

3anumuTe ypaBHEHNE KacaTelbHON B 3a/IaHHBIX Ha rpauKax TOUKax.

[To cnemyrommmM qaHHBIM HaIUTEe TpeOyemoe:
f)==2)- 2+ 1), f1(1)=?

x—1 ,
gW) =g -¢'H=?

Omnpenenure Kakas U3 JaHHBIX (YHKINH HMEET TOPHU3OHTAIBHYIO
KacaTelIbHYIO.

fo=-2 f@=—"
_ X _ x—4
fo=— O
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Ypok 73-74. IlpousBoaHasn cjioxHOMH GyHKIHUH. 2 Yyaca.
Yueb. cTp. 155-158

Copaep:kareJibHBIA cTAaHAAPT.

2.1.1. 3naet nmoHATHE NPOU3BOAHON (PYHKIIMU U CBOMCTBA AU PepeHIIUPYEMBIX
(yHKITHIA, 3HAKOM C OCHOBHBIMH TIPABUIIAMHU BBIYNCIICHHS TIPON3BOTHOI.

2.1.2. HaxonuT npou3BOAHYIO HEKOTOPBIX (PYHKIUH ITPH MOMOILHU TaOJIUIBI TPO-
M3BOJHBIX 2JIEMEHTAPHBIX (PYHKINIT U IPaBHUI BEIYUCICHHUS TIPON3BOIHOM.

2.1.3. IlpumeHsieT reoMeTpuyecKuil 1 HU3NYeCKuil CMbICT IPOU3BOAHOM

Hasbiku yuyamerocs: d dy du
m npuMensieT npasia quddepennuposanus A'(x)=f (g(x)) g'(x) i - =42 »

B pelaeT 3a/1a4d peasibHON KU3HCHHOW CUTYAIMU MPH IOMOIIIH TPABHIT f{imb(be-
PEHIIMPOBAHUS MTPOU3BEICHHS M YaCTHOTO.

OO0yyaromuii OJIOK B yueOHUKe U3ydaeTcst KoJuteKTUBHO. [lonstue nuddepen-
nyajia u npasuia audQepeHIupoBaHus CI0KHON (YHKIIUN MOXXHO OOBSICHUTH
Ha pealbHBIX (PU3NYECKUX COOBITUSX. [IpH mogbeMe U Cllycke Ha Topy Ha aBToO-
MOOWMIIE B yIIIax CIBINIHO OMeHUE. DTO BHEIITHEE BO3/ICHCTBIE HA M3MCHEHUE BHYT-
PCHHETO JaBJICHUS MPHU PE3KOM M3MEHEHHH JaBJICHUS U3BHE. B 3TOM coOBITHH
MPOUCXOIUT U3MEHEHUH TPEX BEJIMYHH (BPEMsi, BBICOTA, JIaBICHHE) - BHICOTA 3a-
BHUCHUT OT BPEMEHH, JIaBJICHUE - OT BBICOTHL. [IpydKHa yBeIMYEHHS 3BOHA B YIIIaX

IIpH [TOIbEME TIOBBIIIEHNE IaBIEHHUS, T.€. U3MEHEHNUE J1aBICHUS L A ecnn

9TO U3MEHEHHE OyzieT OOJBIINM, TO 3TO MOXKET IPUBECTH K TpaBMe OapadaH-
HOM MEPETIOHKH.

W3MeHenune naBieHns HEBO3MOYKHO 3apETUCTPUPOBATH cpasy. OTHAKO METeo-
POJIOTHY OLICHUBAIOT JIABICHUE KAK U3MEHEHUE BBICOTBI ——  Ha OMH METP OT-
HOCHUTENbHO ypoBHs Mopst —0,012 (rpamm/cm?) umeet OTpI%LIaTeJ'II)HLII\/'I 3HaK, TaK
KakK 4eM BBILIC BBICOTA, TEM MEHBIIIE AaBieHue). Ecnm 3a Kakaylo ceKyHay mpo-
HCXOMUT CIIYCK Ha 3 M, TO

du
a -3. Tenepg MBI Mg)KeM HAWTH M3MEHEHHE JAaBICHUS B KaXKIYIO0 CEKYH/IY.
D U p
e ar dr (-0,012) (-3) = 0,036

MBpI paccMOTpesH U3MEHEHHE CIMKHON (DYHKIINY - IaBJICHUE ABIIETCS QYHK-
U OT BBICOTHI, & BBICOTA - (DYHKIIMEH OT BpeMeHHU. B 9TOM citydae mpu MrHO-
BEHHOM H3MCHEHHM JIaBJICHUS (CKOPOCTHOM) TMEPEMOHKA, SBISIOIIASICS
KOHTPOJIEPOM CHCTEMBI CITyXa HE CIPABIISICTCS € JAHHON (DYHKIMEH U B yIlIaX BO3-

HHUKAeT 3BOH.
W3 npasuna quddepeHuupoBanus CI0XKHON (yHKIMA BHOBb MOXKHO HOIYYUTh

paBmwiIo TUQPepeHIIUPOBAHNS IPOU3BEICHHS. DTO [IEIeco00pa3Ho 3a/1aTh B Ka-
YEeCTBE CAMOCTOSITEILHOU paOOTHI.
Zanmce ¢'(x) =Ax)(—1)[g(x)] 2 g'(x) + f'(x)[g(x)] ! npencrapnser anbrepHATHBHYIO
3aIuCh MpaBUIIa I[I/ICB)(I)GPGHLII/IPOB&HI/IH MIPOU3BEICHHSI.

X

3ammch g(x) = "2, MOYKHO 3aIucarb Kak g(x) = f (x) g '(x) ¥ MoIy4uTh MpH-
MEHsISI TpaBWiIo n(pPepeHITNPOBAHIS TIPONU3BEICHHS.
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? Pemenne HeKOTOPBIX 3a]aHUi U3 yUeOHUKA:
|

V.7. Beraucaure npou3BoaHyo GyHKIuH f(x) = x*(5 — 4x)* B Touke x = 1.
Pemenne: 31ech Mbl ipuMeHUM (HOpMyITy TPOU3BEACHUS ISl IPOU3BOAHOM
Y TipaBuiIo JuddepeHInPOBAHUS CIOKHON (DYHKITHH.
X)) =(xD)'(5—4x)* + x2((5 — 4x)*)' = 2x(5 — 4x)*+ x*:3(5 — 4x)*(-4) =
=2x(5 — 4x)*(5 — 4x — 6x) = 2x(5 — 4x)*(5 — 10x)

Torma momyunm (1) = —10 .

VY.15. PacnpocTpanenue yreuxku HedTu. HedTanoe natHo, KpyroBoii pomsl,
BO3HHKIIIEE IPH YTEUKU HA HEPTAHOW CKBaXXHHE, HEJAJIEKO OT Oepera pacmpo-
CTpaHsETCS B 3aBUCUMOCTH OT pajauyca Kak »(f) = * . S(r) = nr? BbIpaXKkaeT
IUIOINAAb KpyTa, paauyca r.

a) 3arumute GyHKIUIO S[7(f)] ¥ 00BACHUTE COOTBETCTBYIONLYIO CUTYAITHIO.
b) Haiinure dpynkiuto S’(f) 1 00bACHUTE COOTBETCTBYIOILYIO CUTYAIIHIO.

¢) Haiinure u o0bsacaute 3HaueHue S’(100).

Pemenne: cHayana oObICHUM MPOU3BOJHYIO (YHKIIMU 3aBUCUMOCTHU IUIO-
mraau ot paauyca. [lnomans kpyra S = 172, [IpousBomHast faHHO#N QyHKIHH
S'(r) = 2nr. 7 mocTosiHHOE YKCIIO. ECIIM MBI BMECTO 7 TTOJICTABUM Fo = 5 M H
HaliJieM 3HaueHue MPOU3BOAHOM MPHU KAKOM-THO0 3HaYe-
HUM, HaIIpUMep 1pu 7o = 5 cM, To S'(5) = 107 . D10 roBo-
PUT O TOM, YTO NPU yBEJIWYCHHH paauyca Ha | 1w,
wiouaap ysenuuusaercsa Ha 10w nv2. OOparure BHUMA-
HUE Ha eAUHMIB u3Mepenus. [lnomans u3mepsercs B
M2, eUHUIA U3MEpeHuss (QYyHKIMH TPOU3BOJHON 1M,
TaK KaK MPOU3BOIHAS IJIOLIA/IU BBIPAXKAET JUIMHY OKPYXK-
HOCTH. YUaluecs MOJDKHBI MPU PEIICHUH MPUKIATHBIX 3a/1a4, 0OBICHATH
3HaueHHe (PyHKIIMU TPOU3BOHON B 3aJaHHOM TOUKE,B COOTBETCTBUU C peallb-
HOU CUTyaLUeH.

a) S [1(?)] = mr2(¢) = n(?)? =nt*. Ilnomaas pacrpocTpaHeHUs HEPTH HAXOAUTCS
B 3aBUCHMOCTH OT BPEMEHH B 4 CTEICHH, T.€. PACIPOCTPAHCHHE YBEINIUBACTCS
B 4 paza ObicTpee.

2nr

b) S'(¢) = (nt*) = 4ns* - CkOpOCTh pacpoCTPaHEHUS 3arPA3HEHNs YBEINNBa-
€TCsI IPSIMO MPOTOPIUOHAIBEHO KyOy BPEMEHHU.

¢) S'(100) = 4n-100°= 47 10°ks. ex. mwiomanu. T.e. B 100 - yro CeKyHIy CKO-
POCTh pacrpocTpaHeH s 3arpsi3HeHus oouta 47 10°kB. ex.
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Padoumnii iuct N5

Nma Damuins Jlara

Haiinnre npon3BoaHy0 QYHKIIUU MIPUMEHSS PaBUiIoO AU depeHITUnPOBAHMS
JUTSL CTIOKHOHW (DYHKIIHU.

f)=@*—6x+ 1)

SO G2+ 3)F

JE=(+27+1y
Fx) =+ 522

S ) =(x =207

1
SO =5 50y

3
SO = a2y ay

)= 236%1 [(2x + 1)+ 5]

S@) =1 +x
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Ypok 75. Pemienne 3a1a4 npu noMouy npou3BoaHoii. 1 yac
VYueb. cTp. 159-160

Conep:xareJbHBINH CTaHIAPT.

2.1.1. 3HaeT noHsATHE MPOU3BOAHON (QYHKIIMU U CBolicTBa nuddepentmpye-
MBIX (PyHKIIMIA, 3HAKOM C OCHOBHBIMHU TIPAaBUJIAMHU BBIYHCIICHUS TIPOU3BOI-
HOM.

2.1.3. IlpumMeHseT reoMeTpUUECKUi U (PU3HUYSCKUN CMBICI IPOU3BOIHON

HagbIku yuyamerocs:

B IIpUMEHsIeT npaBmia JuddepeHIMpOBaHHS ;

B pelnacT 3a/1aui peajbHOM )KU3HEHHOH CHTYyalluy TPUMEHSISI TPaBUiIo Tudde-
PEHIOUPOBAHUSA TPONU3BEACHUSA, OTHOICHW.

O0603Ha4nM 3aTparbl Ha MPOU3BOJCTBO X €IUWHUI] mpoaykuuu depes C(x),
Torma 3arpathl Ha MPOM3BOACTBO X + 1 eauHUIIBLI TpoayKIun OyaeT C(x + 1).
Paznocts C(x + 1) — C(x) BeIpaskaeT 3arparbl Ha MPOU3BOACTBO (X¥+1) eTUHUIIBI
DTa pa3HOCTh MOKA3bIBAET MPUPOCT 3aTPAT U HA3BIBAECTCA MAapKUHAIBHBIMH
3arparaMy Ha MPOU3BOACTBO. Map>KWHAIBHBIE 3aTPaThl HA MPOU3BOJICTBO
TaK)X€ MOTYT OBITh BBIPAXKEHBI

3HAYEHHEM YIJIOBOTO KOS(i)(l)I/ILII/I- Veno8ou Kodghguyuenm kacamenpHol =

. MAPIUCUHANLHBIM 3aMPaAmam
CHTa KacarCJIbHOU B TOYKE

Cx)
(x; C(x)), npyrumMu cioBaMu ee
MOXKHO HaWTH BBIYHMCIIUB 3HAYe-
HUE TPOU3BOAHON (YHKUIUHU B 1.0+ 1)

Touke X. T.e. 3HaYeHUE MPOU3BO/I- ahih

. (x.C() oy -0
ot C'(x) mnst pynkumu C(x) BBI- | o2 |\ . __
1
paxaer 3aTparhbl Ha
MPOU3BOJICTBO X + | €MUHUIBI U O PEEETS N

WCIIONIb3YeTCA JUIsl TPUOIU3H-

TeNbHOU oLeHKU. Hanpumep, mycTh 3aTpaThl Ha N€4aTh KHUI B KOJINYECTBE
200 wryk 500 manar, Torga 3arparbl Ha niedath 201 KHUT MOTYT COCTaBJISATh
501 manar. 3necs C(501) — C(500) = 1manar, 3HaunT 3aTparsl Ha Tiedatsb 201-
W KHUTH TPUOIU3UTENBHO paBHBI | MaHaty. Ty CyMMY Ha3bIBaIOT MapKu-
HaJbHBIMU 3aTpaTaMH U OHa crpaseyiuBa i 201 KHUrH.

Bripakast 3aTpaThl Ha IPOU3BOICTBO (WK YCIYTH), TPUOBUIH M CKOPOCTH U3-
MEHEHHS MPUOBUTN NP TIOMOIIM MPOU3BOAHON oOmpezaensieM Takue dpdex-
TUBHBIE SKOHOMHMYECKHE IIOKa3aTeld KakK MapKUHaJbHbIE 3aTpaThl Ha
MIPOU3BOACTBO, MapKMHAIbHAS PUOBLUTH M MAPKHUHAIBHBIN JJOXOJ.

127



, dcC
Map:kuHaJIbHbIE 3aTPaThl HA MPOU3BOACTBO C '(X) = —— MIHOBEHHOE
dx

M3MEHEHUE 3aTpaT Ha IIPOU3BOJACTBO MPOAYKLIHU. [IpyruMu CIIOBaMU, MapKu-
HaJIbHBIE 3aTpaThl - 3TO 3aTPAThl Ha IPOU3BOACTBO ( YCIYTY ) OJHOMN JOMOIHU-
TEJIbHOM €IMHULIbI IPOIyKLUU.

Map:kuHaabHasi NPUOBLIbL R '(x) nm Z—f - MTHOBEHHOE U3MEHEHUE
MpUOBLUTH B 3aBUCHMOCTH OT KOJMYECTBA MPOAAHHOMN MPOAYKIUHU ( 00CTyXKH-
BaHUs). [pyrumMu cioBaMu MapKHHAJIbHAS IPUOBLTH 3TO TPUOBLTH TTOTyYeHHAS
OT TIPOJIAXKH OJTHOW JOTOTHUTEIHHON €INHUIIBI TIPOTYKITHH.
Map:kuHaJIbHBIN 10X01. P’(x) WU A HU3MECHEHHUE (CKopOCTL) noxomaa
MOJTyYE€HHOTO OT MPOJIaXKH TOBapa ( YCIYTH ) B 3aBHCHMOCTH OT KOJIMYECTBA
ToBapa (yciyru). Jpyrumu clioBamMH, JTOXOJ ITOTyYEHHBIN OT MPOJaKy OTHON
JIOTIONTHUTENFHO MTPOU3BEICHHON €UHUIIBI POAYKIINH .

? Penienue HeKOTOPBIX 3aJaHUI U3 yYeOHHKA:
| |

V.17 Map:kuHa/IbHbIe 3aTPaThl HA MPOU3BOACTBO. [IycTh 3aTparhl Ha
MIPOM3BOICTBO CTUPATBHBIX MAIIWH B KOJHMUYECTBE X SIUHUI] MOICTHPYIOTCS
¢ynkumei C(x) =2000 + 100x — 0,1x2

a) KakoBa cpemnsist mena (C(x)/x) cTupanbHON MalIMHBI IPU TTPOU3BOICTBE
100 mryk?

b) Uemy paBHa Map)KHUHaJIbHAS IIeHa (C€0ECTOMMOCTD) OTHOW CTUPATTLHON Ma-
=GB! 1pu npou3BoacTee 100 mryk?

¢) [Mokaxkure, 9T0 MapKUHAJIbHASI CEOECTOMMOCTH (II€HA) MTPH MPOU3BOACTBE
100 cTupanbHBIX MalllMH OpUOIU3UTENbHO paBHa 1eHe 101-i ctupanbHoit
MaIIHHBI.

Pemenne:
a) CpenHss LieHa cTUpalbHOW MaIyHel pu x = 100:

C(100) 2000 + 100-100 - 0,1 -100?
00 - 100 = 110 manar

b) ITpu C'(x) = 100 — 0,2 x mony4dum
C'(100) = 100 — 0,2-100 = 80 maHar.

MapxuHaJIBHOH Ce0eCTOMMOCTRIO (IIEHOM) cUnTaeTCsl ce0eCTOMMOCTh OTHOU
CIemyIomel cTupaabHON MamuHe! mocie 100 mpou3BeeHHBIX.

¢) Haiiast paznocts C(101) — C(100) moxHO Haiitu cebecroumocts 101 cTu-
paJIbHOW MalllMHBI

C(101) = C(100) =100 (101 — 100) — 0,1 (1012 —100%) =100 - 20,1 = 79,9
Kak BunHO Haiinennas B mynkre b) ¢pynkuus npu npoussoactse 100 ctupanb-

HBIX MaIllMH MPUOTU3UTEIBHO paBHa Map kuHabHOU cebecronmoctu 101 cru-
paJIbHON MAaIIMHBL.
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¥.19. Map:kunajibHasi npuobLIb. [[pruObLUH, MOMy4deHHas (HPUpMO 32 HEAETIO
OT TMPOU3BOJCTBA U MPOJAKU X €AUHUI] CTAHKOB, BhIpaskaeTcst (PyHKIUEH

P(x) = - 0,004x* — 0,3x* + 600x — 800.

B nacrosumii MoMeHT ¢upma 3a HeJIeNo NpoJaeT 9 CTaHKOB.

b) Ecnu mponaxka CHU3HUTCA 10 8 CTAaHKOB B HENEINIO, KAK YMEHBITUTCS €Xe-
HeJenbHast TPUObLTH?

¢) Haiigure MapknHaNbHYIO TPUOBLTH 32 9 CTAHKOB.

d) Mcnonb3ys pe3ynbTarhbl MyHKTOB a U ¢ ONpEAeTuTe, NPUOIU3UTEIBHO,

puOBLTE OT TIponaxu 10 cTaHKOB.
Pemenune:
P(x) = - 0,004x* — 0,3 x* + 600x — 800

a) Berarcnum HenenbHy o npuobLIb pH X = 9:

P(9)=-0,004:9°-0,3-9% + 600-9 — 800 = 4572,784 maHar

b) Ecnu cHU3uTh npojiaxky 10 8 CTAHKOB B HEZCIIIO, TIPUOBLITH 32 HEIEIIO CTa-
Her P(8) =—0,004-8° — 0,3-8% + 600-8 — 800 = 3978,752 maHar.

3Ha4UT, IPU CHIKEHUH TIPOJIAXKH € 9 710 8 CTAaHKOB 32 HENEeNI0, HeAeIbHas
npuObLTE YMEHbIIUTCS Ha 4572,784 — 3978,752 = 594,032 maHar.

¢) Berurcnum MapikrHaIBHYIO IPUOBLITH OT MPOAAXKU 9 CTAHKOB.
P'(x)=-0,012 x>— 0,6 x + 600

P'(9)=-0,012- 81 — 5,4 + 600 = 593,6 manat

d) 3nas, uro P'(9) = P (10) — P (9) u ucnomnp3ys pe3yabrarhl, IOITYYCHHBIC B
IMyHKTaX a U C, MOXKHO MPHUOIM3UTETHHO HAUTH TPUOBLIHL OT mpogaxku 10 craH-
koB: P (10) = 4572,784 + 593,6 = 5166,384 maH.

Ypok 76. IlpousBoanas Broporo nopsijaka. 1 yac

VYueb. cTp. 161-163

Coaep:kaTeJbHBIN CTAHAAPT.

2.1.1. 3HaeT noHATHE MPOU3BOAHON (DYHKIIMK U CBOMCTBA AuddepeHIupye-
MBIX (D)YHKIIHA, 3HAKOM C OCHOBHBIMH TIPABHJIAMHU BBIYUCIICHUS TIPOU3BO/I-
HOM.

2.1.3. IlpumeHseT TeoMeTpUIECKUi U (GU3HIECKUN CMBICI IIPOU3BOTHON
Hasbiku yyamerocs:

B [IOHMMAET, YTO NPOU3BOAHAS (PYHKIIMH 3aBUCUMOCTH MPOUIEHHOTO My TH OT Bpe-
MEHH SIBIISIETCS CKOPOCTHIO;

B [IOHMMAET, YTO NPOU3BOAHAS (PYHKIIMH 3aBUCUMOCTH CKOPOCTH OT BPEMEHH SIB-
JTISIETCS YCKOPEHUEM;

B [IOHMMAET, YTO MPOU3BOAHAS BTOPOTO MOpPsIKA QYHKIMU 3aBUCUIMOCTH MPOICH-
HOTO IYTH OT BPEMEHH SIBJISIETCS YCKOPEHHUEM;

B TIPEJICTABISET MO rPaduKy U MO AHATUTUYECKOI 3aIUCH TIPOU3BOIHBIX CBA3b (PU-
3UUYECKHUX BEJIMYMH MPOMEHHOTO MyTH, CKOPOCTH M YCKOPEHHUS.

129



Kak npumensts nuddepennnan, kotopsiii Mcaak Hetoton Hazan “fluksion”,
K TIpaBHJIa IBWKCHUsI, OH OMHUcal B cBoel kHure “mipaBmia fluksion”. Ha atom
YPOKEe MBI U3yYUM KaK MPUMEHSIETCS IPOU3BOIHAS IPU MPSIMOJIMHEHOM JIBHKE-
HUH. /|0 HACTOSIIETO MOMEHTA MBI ITOJTyYaJIi TIPOM3BOIHYIO (DYHKIIUH M paccMat-
pHUBAaH €€ KaK HOBYIO (DYHKIHIO. A MOXKHO JIM U3 (PyHKIIMU TPOU3BOTHON BHOBb
MOTYYHUTh IPOU3BOAHY0? ByneT nmn ¢yHKIHMs, OTydeHHast OT IPOM3BOIHOIT BTO-

poli pa3 HOBOI QyHKIMEH?

1. 3ammmmTe GyHKIHO ¥ = % x3 2012k

U TIOCTpoiiTe ee rpaduk.

2. 3anummTe Npou3BOIHYIO (YHK-

=

1 .
mny = > X3 W TIOCTPOHTE ee rpaduK. 2

3. 3anmumuTe NPOU3BOJAHYIO (QYHK-

)

[IMH, TIOJyYeHHON Ha BTOPOM d3Tare u

MOCTPOHTE ee rpaduK TR
' I
4. 3anuImuTe TPOU3BOIHYIO (PyHK- 5
LUH, TIOJTyYCHHOH Ha TPEThEM JTaIle U ol 2y

TTOCTpoiTe ee Tpaduk.

TakuM 00pa3om, MBI TOTYYUIIN TPH QPYHKIMH POU3BOJHBIE OT ) = % X3,
MIpUYEM KaK[IbIH pa3 HOBbIE PYHKIIUU. MBI OTPaHUYNMCS TOJIBKO HAXOXKICHHEM
IIPOM3BOIHOM BTOPOTO MOPSJIKA, KOTOPYIO OyJIeM MPUMEHATH JIJIsl PeIIeHus 3a-
JTaHWM.

[lepemenienne, CKOPOCTh M YCKOPEHUE 3TO (PU3NYECKHE BETHINHBI, tuddepen-
[T KOTOPOU OT OJHOW M3 HUX JaeT BO3MOKHOCTh HAWTH JIPYTYIO BETHUUHY.

[NepemeriieHne Teaa MOKAa3bIBACT H3MEHCHUE TIEPBOHAYATHLHOTO MOJTOKCHHS
TOYKH 32 OMPEACICHHOE BPEMs B OPE/ICIICHHOM HAIPABJICHUH MIPH JIBUKCHHUH.
CKOpOCTh MMOKa3bIBACT KaK MepeMEIICHUE Tella 3aBUCUT OT BPEMEHH.
YckopeHune MoKa3biBaeT Kak CKOPOCTh 3aBUCHT OT BPEMEHH.

PexomenmyeTcs 3aaTh CICAYIONIYIO TAOIUITY, OTPAKAIONIYIO (PU3UICCKUAN U
AHATUTUYECKUH CMBICIT TAaHHBIX MOHSITHH.

Ilepemenienue CKopoCTh YckopeHue
PaccTosnme, npoiieHHoe | 3aBucHMOCTb mepeMerie-| 3aBHCHMOCTB CKOPOCTH
Onpenenenne  Irenom u3 Ha4yaabHON TOUKH | Hus (s) or BpemeHu (t) (v) ot Bpement# (t)
Ba Bpem t.
! —
3aBHCHMOCTD s(h s () = w({) V”(f) =a(?)
s"() =a()
Enunuust M/CeK
M 2
U3MepeHHs M/CeK
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B y4eOHMKe paccMaTpuBaroTcs IpUMeEphl rpaduKoB MPOU3BOTHON MEPBOTO TO-
psiZIKa, a TaKyKe Kakasl CBSI3b CYIIECTBYET MEX/Y paikaMu TIPOU3BOIHBIX MEp-
BOTO W BTOpOro mopsiaka. Mccrnemyercs, kKak Mpu W3MEHEHHH OPUTHHAIBHOM
¢byHKHK BeneT cedst QyHKIUS MPOU3BOHOM. YYaluecs TOHUMAIOT, KaKast 4acTb
rpaduka Mpou3BOJHON (PYHKIINH PACTIONOKEHA BBIIIE OCH X ( TIOJIOKHUTENbHA) HITH
HU>KE OCH X (OTpHIIATeIbHA) B COOTBETCTBHHU CO 3HAKOM YTIIOBOTO K03 duirenTa
KacaTeJbHOW U TO, YTO MPU HYJIEBOM YITIOBOM Kod(dunueHTe (kacarenbHas ma-
paiieTbHa OCH X) BEPIIMHHBIC TOUKH SIBISIOTCS TOUKAMH TIEPECEUCHUS C OCBIO X.

I'padux Ha puCyHKe OTOOpaskaeT IBIKECHHE
MOTOLIMKJINCTA. B KakoM HHTepBaje yriioBon
KO3 GULINEHT NOIOKUTEIICH, a B KAKOM OT-
punarenen? OObsicHUTE MO TpaduKy Kak
YBEJIMYMBACTCA WM YMEHBIIAETCS CKO-
POCTb U YCKOPEHHE.

WMurepBan| VYmiosoii kodhdunmeHT CKOPOCTH | Yekoperne
ot O o A YIJI0BO# KOAD(HUIIHEHT TTOI0KHUTENIbHBIIN, BO3pacTaeT + +
orAnoB YIVIOBO# KOO GUIHEHT TTOIOKHUTENIbHBIN, YObIBACT + —
or B o C YIVIOBO# KOA(D(GUIHEHT OTPULATENIbHBIH, yObIBAaCT _ _
or C noD YIII0BO# KOA(ULIHUCHT OTPHUIATEIIBHBI, BO3pacTaeT _ +
orD o E YIVIOBO# KOO (GULHEHT PaBeH HYIII0, TOPU3OHTAIIbHAS IPSMAST 0 0
oTE no F YIVIOBO# KOO GUIHEHT OTPULIATEIIBHBIH, yObIBAaCT o o

Vuyaruecst T0MKHbI TOHATh (U3HIECKHT CMBICIT POU3BOHON MEPBOTO K BTOPOTO MOPSI/I-
KOB, QaHATUTHYCCKH 3aIUCHIBATH KOT/IA CKOPOCTh M YCKOPEHHE MONOKUTENbHA, KOT/Id OT-
pUIATENbHA U KOT/IA PABHA HYITIO B YMETh 00BACHUTD 3T0 husuuecku. Hampumep, 3amuch
v(£)>0 o3HauaeT, 4T0 00BEKT JBUIKETCS B TIOJNIOKUTEILHOM HarpaBieHuu, a npu v(¢)<0 B
OTpHIATEILHOM HampasieHuu, a(f)>0 moKasbiBaeT, 4To CKOpPOCTh Bo3pacTaet, a(f)<0 - cko-
pocTth yobIBaeT. v(f)-a(f)>0 ckopoctb Bo3pactaet, v(f)-a(#)<0 ckopocTb yObIBaET.

V.8 Teso Maccoii 3 Kr JBMIKETCS MPSIMOJIMHEHHO 110 3aK0OHY §(f) = 12 — 4¢
(s - mepemernieHue B MeTpax, ¢ - BpeMs B cek.). Haliaure 3nauenue cuibl F,
JIEHCTBYIOIIEH HA TEJIO.

Pemienue: Haiijis IPOU3BOAHYIO 2-T0 mopsiaka QyHKIMH s(¢) = 2 — 4¢ Haiijem
yckopenue: s'(t) =2t —4, s"'(t)=2

3HAYHUT, TEJIO JABHKETCS C YCKOPEHUEM a = 2 M/CeK>.

Haiinem cuny, netictyroyro Ha Teno o Gopmyne I 3akona Herorona

F =ma.

B paccmarpuBaemom cityuae cuia paBHa F = 3-2= 6 N.

131



Ypok 77-79. IlpousBoaHas noka3arejbLHoil u jJorapupmudeckoi GpyHk-
nuii. 3 yaca Yue0. crp. 164-169

Conep:xareabnblii cranaapt. 2.1.1. 3HaeT noHsATHE IPOU3BOAHON (QDYHKINU
u cBoiicTBa U hepeHpyemMbIx (yHKINN, 3HAKOM C OCHOBHBIMU TIPaBH-
JIaMH BBIYMCIIEHUS IIPOU3BOJHOM.

Hasbiku yuyamerocs:

B IPUMEHSET MPaBwiIo TudPepeHInpoBaHNs TOKa3aTeIbHON (QYHKIIH;

B IpUMEHseT npaBuia auddepeHIupoBanus A QyHKUUI,conepKamx
[I0Ka3aTeNbHYIO U Jorapudmuueckue GyHKIUN;

B peIIaeT 3aJa4M PeaabHOM KU3HEHHON CUTYallMl HAXOs IPOU3BOJHYIO
norapu(MUYECKON U IMoKa3aTenbHON (YHKITUH.

Ha sTom ypoke MbI H3y4nM 3aBUCUMOCTH CKOPOCTH U3MEHEHHUS YKCITOHEHITH-
aNbHBIX (PYHKUUH BUJA Y = a@*, Y = €X OT X. IPU 3TOM MbI YBUJIUM KaK 4acTo
YHUCJIO e UCIIONB3YETCsl Ul MOACIINPOBAHUSA U3MEHEHNS PEAJIbHBIX KU3HECH-

HbIX CI/ITyaL[I/II/I
CHauana BCIIOMHHM, KaK IIpXW IIOMOIIHA IpCaciia HAWUTU YUCJTIO e. I[J'ISI 9TOI'0

MPOMU3BENEM CIEAYIONINE BIYUCICHHUS.

[Ipn oMoy KambKyIsATOpa BEIYUCIUM 3HAUCHUE BhIpakeHUS (1
3Hauenusix n =1, n = 10, n=100, n = 1000. BeruuciieHus Moka3pIBaloOT, 4TO0 IPU
YBEIIMYCHNN 3HAYECHUN 1 3HAUCHHUE BBIPAKCHUS YBEIMIHBACTCS U OyIeT HAXO-
quTes Mexay 2,71 u 2,72 D10 unciio 0003HAYA0T 3a € = hm (1 + —)”

Uwuca e 1 T HA3BIBAIOTCS TPAHCIICHICHTHBIMH YHCIIAMH. TpaHCI_IeHILeHTHLIMI/I Ha-
3BIBAIOTCS YHCIIA, KOTOPBIC HE MOTYT SIBIISITHCS KOPHIMH aNTeOpanvaecKoro ypaB-
HEHUS C TETBIMHA KOIPPHUITHEHTAMHU.

[Tocne dero paccmarpuBarOTCsi OLEHKA MPOW3BOIHON IKCIOHEHIIMAIBLHOMN
¢yskmu. Kax mo Bamemy, OyzieT 1 MpOU3BOIHAS SKCIIOHSHIINATBHON (PYHKITUU
SIBIATHCS (DYHKIIMEW, 3aBUCSIICH OT SKCIIOHEHIIMAILHOW TiepeMeHHo#? MoXHO
JIU ATO MPUONHU3UTEIHHO OTPEACTUTh NpU rmoMoIu rpaduka? Hampumep, nzo0-
pasuM rpaduk GyHKIUHU y = 2* U pacCTPOUM YIIIOBbIe KO (DUITUEHTHI KacaTelb-
HBIX, TIepeMeIias JITHeWKy BAoub rpaduka. Kak BuaHO, A
YTIIOBOW KOA(h(HUITUEHT TP COOTBETCTBYIOIIEM HU3Me-
HEHWU 3HA4YCeHUU (YHKIMH Bcerna OyaeT MOJoKUTe-
JIEH.

3HauuT, NPOoU3BOAHAA (YHKUUU y = 2¥ H3MEHsA
[IPOMOPIUOHATIBHO TOYKH OPUTMHAIBHON (DYHKIIMH,
0CTaeTCs HKCIIOHEHITHANBHOU: y'= (2¥)" = 2¥In2

[IpousBoxnoi GyHkunu y = e* sBrsiercs GyHKuus y = e* . IT0 yTBEpKICHHE
JIOKA3bIBACTCSI AHAJTUTUUCCKU. Y YalIUMCs PEeAIaracTcsi IOCTPOUTh B OJJHOM CH-
CTeMe KOOpAHWHAT Tpaduku caMux QyHKIud y = 1,5, y =25,y =3* y=35u
rpadMKy UX MPOU3BOAHBIX. B Kakux ciaydasx rpauk NpOU3BOAHONW HAXOOUTCS
HaJ rpaduKoM 3a1aHHON (YHKIMH, a B KAKUX 10 IpaUKOM 3aJaHHON (PYHKIHN?
[IpencraBnsaoTcss MHEHHS IO JAHHOMY BOIIPOCY.
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BrimonustoTes 3a1aHus NPUKIAIHOTO XapakTepa. MOKHO 3a/1aTh y4aluMcst
coOparb 6osnee OOINPHYIO HHPOPMAIIMIO O CUTYa[OHHBIX 3a/1a4aX B yUeOHHUKE.
Hanpumep, npupoct HaceneHus, yBelIn4eHue KonuyecTBa OakTepui - is pere-
HUS 3a/1a4 TaKOro THIA MPUMEHSIETCs MPOU3BOAHYI0. MOKHO 0pOPMUTE ITO B
BUZIe HEOOJBILIOTO MPOEKTA UM MPE3CHTALNH.

2-it yac. OH OTBE/ICH MJIs TOKA3aTEIbCTBA TIpa-
B auddepeHINpPOBaHUSI  JoTrapru(OMHUICCKOI
dbyakmuu. OTMedaeTcs, YTO JorapudpMuIecKas
(hyHKIINSA, SBIISIETCST 00paTHOM IS ITOKa3aTeIbHOM
(yakmun. [lo3ToMy HY»XKHO BCIIOMHHUTBH CBOHCTBA
00paTHBIX (QYHKIUH 1 1300pa3uTh rpaduk. OyHK-
AN y = Inx U y = €° TaKXKe ABJAIOTCS B3aUMHO 00-
parHbIMA QYHKIISIMA. VX CBOWICTBA TIPEACTABICHBI
B TaOJIAIIE HIDKE.

y=e' y=Inx
Oo6mnacte onpenenenus: xe R Ob6macts onpenenenus: xe (0;+ )
MmuoxecTtBo 3HaueHM: ye (0;+0) MHoskecTBO 3HaueHmil:: ye R

Bo3spacraer na Bceli oOnactu onpezienenns. Bo3pacraer Ha Beell 001acTy ONpeieIeH s
TO4Ka repecedenus ¢ oceio ) : (0;1) TOUYKH [IEPECEUEHUS C OCBIO ) HET

TOUYKH [IEPECEUEHUSI C OCbIO X HET. TOYKa mepecedeHus ¢ ocwo x: (1;0)
TopusonranbHas acumntoray = 0 (och x) BepTukambhas acumnrora x = 0 (0cb y).

MaKCI/IMyMOB 1 MUHUMYMOB HET. MaKCI/IMYMOB U MUHUMYMOB HET.

3-if yac. DTOT yac OTBOTUTCS JIJIsl MPUKIIAAHBIX 3a1aHuii. Oco00e BHUMaHHE
1P BBINOJHEHUH NPUKJIAIHBIX 3aJaHUH CIICIYET YIEeJIATh TOMY, YTOOBI ydaIinuecs
MOTJIM ONKCBIBATh CUTYALUIO, 1151 3HAYEHUS IPOU3BOAHOH B Touke.Hanpumep, B
3a/iaHuu 7 Ha pasMHOXKeHHe Oaktepuid. N'(7) mpu ¢ = 12 BeIpakaeT He KOJTMYECTBO
Oaxrepuii uepe3 12 yacos, a yBelIn4YeHHE KOJTHMYECTBA.

Taxoke BHUMaHWE HAlO YAEIUTb YMEHHUIO MPaBHIbHO Iu(pdepeHunpoBaTh
(dyHKIMH, coeprKallie oKa3aTeIbHble U JIorapupmMudeckue QyHKLINH.

OuenuBanue. [IpoBonutcs GopMaruBHOE OLICHHBAHUE YMEHHUS HAXOIUTh
[IPOM3BOJHBIE ITOKA3ATEIbHBIX U JIOrapu(PMUUECKUX (QYHKUUI 1 IPUMEHSTh K HUIM
npaswia quddepenuuposanust. OLEHUBACTCS YMEHUE IPUMEHSTh KaJIbKYISTOD
JUIS HAXOXKJICHUSI 3HAUEHUH [TOKa3aTeJIbHBIX U JorapupMuuecKux QyHKUUM, 1
yMeHHE 00bSCHUTH 3HAYEHHE TPOM3BOIHOM /1JIsI KOHKPETHOHM PEabHON CUTYalHH.
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? Pemrenue HeKOTOPBIX 3aJaHUIl U3 y4eOHNKA:
u

¥.3. (ctp. 165) b) 3anmmmuTe ypaBHEHHE KacaTeIbHOU K rpaduKy QyHKIHH ¥
= e 2B Touke (0;1).

Pemenue :

byy=e>x=0, yo=1
YpaBHEHHE KacaTeIbHOM:
Y =0=y'(x0)(x — xo)

V(x)=(e) =-2e™;

Y(0)=-2; »(0)=1
y—1=-2(x-0)=-2x
y=-2x+1.

Y.9. (ctp.166). buznec. 3arparsl Ha TPOU3ZBOJCTBO ¢

uzzenus A (MJIH. MaHAT) Ha 3aBOJE 110 U3TOTOBIIE- 80) C()=100-50¢"
HMIO TTOJIMMEPHBIX M3ENUH MOKHO CMOIEIUPOBATE 60
¢ynkmumeii C(¢) = 100 — 50e . 40

| | [
S

L
[ 5 10 15 20 %

Haitgure cnenyromiee:

a) MapknHaJIbHBIE 3aTPaThl Ha MPOU3BOICTBO.

b) 3nauenne C'(0).

c¢) 3nauenne C'(4) (c TOYHOCTHIO JIO COTHIX)

d) lim C(¢) u lim C'(¢). O6bscHUTE Ha IPUMEpPE PEabHOM CUTYaIlUU KOJie-
6aHNe CTONMOCTH MPOAYKTA TPU CTPEMJICHHH K HYJTIO.

Pemmenne :

C(#) = 100 — 50-¢
a) MapskuHanbHasi CTOUMOCTh
C'(t)=50-¢"
b) C'(0) =50
¢) C'(4) = 50-¢ %= 0,92
d) lim C(¢) = im(100 — 50¢) = 100 — 50'lim ¢”'= 100 — 500 = 100

t—+w

lim C'(#) = lim 50-¢= 0

t—+0 t—+w

HpOI/ISBOI[CTBO CTa6I/IJ'II/I3I/IpyeTCH, HU3MCHCHHUSA B 3aTpaTax Ha IIPpOU3BOACTBO
HCT.

134



Ypoxk 80-82. IlpousBoanas rpuronomMerpudeckux pynkuuii. 0600-
maroniue 3aaanus. 3 yaca Yueo. crp. 170-174

Conep:kareiabHblii cranaapt. 2.1.1. 3HaeT MOHATHE TPOU3BOAHON (PYHKIIUN
1 cBoiicTBa uddepeHmpyeMbIx QyHKINI, 3HAKOM ¢ OCHOBHBIMH ITPaBU-
JaMH BBIYMCIICHUS IPOU3BOJHOM.

2.1.2. Haxoaut npou3BOAHYIO HEKOTOPBIX (YHKIUI TPU OMOIIH TaOIHIIbI
MIPOM3BOAHBIX dJIEMEHTAPHBIX (DYHKIMN M MIPAaBUI BEIYUCIICHUS TPOU3BO/I-
HOM.

HaBbiku yuamerocs:

B HaXOJUT aHAJIUTHYECKH, ITPH TIOMOIIH ONPEICIICHNS TPOM3BOTHOM Mpo-
HM3BOTHYIO QYHKITHH ) = Sinx, y = COSX;

B onpezersieT rpadMIecKy IMPOU3BOIHYIO, IPU TOMOIIN H3MEHEHHE 3HAaKa yT-

J0BOTO KOd(duIienTa GyHKIHUN y = sinx, ) = COSX.
B peanbHOI )KM3HU MBI 4aCTO BCTpeUaeMcs ¢ IEpUOANIECKUMHU coObITUsIMH. [1e-

pHOIMYECKOEe BpaIlleHHEe 3eMIT BOKPYT CBOCH OCH, BpaIlleHHE ITAHET COTHEUHON
cucremMbl BOKpyr CoiHIIa, CMeHa JTHS M HOYM, CMEHA BPEMEH ToJia, BOJIHBI, BO3-
HUKAIOIUe TIPU MPUIMBAX M OTIMBAX, CTYK YEIOBEUECKOTO Cep/Ila, bIXaHue
T.1. [ToaTOMYy MHOTHE (DU3NUECKHE TTPOLIECCH MOTYT OBITH CMOJICIIMPOBAHBI TIPH
TIOMOIIY CUHYCOUIBI. DTUM K€ CBOMCTBOM 00IaIat0T PSIT AIEKTPUUCCKUX, DIEK-
TPOHHBIX M ONTHYECKHX cOOBITHI. Kaxxmoe nepuonndeckoe codbiTre ObUIO J0-
Ka3aHo JUIsi KOMOMHAIIMK TPUTOHOMETPHUYECKUX QYHKIUH CHHYCa M KOCHUHYCA.
[epronnueckue coOBITHS, UMEIOT OOJBIIOE TIPAKTHUECKOE 3HAYCHUE JUIS IBYX
3aBHCUMBIX JIPYT OT JIpyra BenuuuH. {7t aToro Hamo ymeTsh quddepeHupoBaTh
TPUTOHOMETpHUYECKUE (DYHKIINH.

Ecnu 1o HacTos1ero BpeMeHu, y4ayecsi MOryT CPaBHUTh TpaUKi OpUTHHAIIb-
HOW QyHKIMHU ¢ Tpad)UKOM MPOU3BOAHON (PYHKIIMHU, TO UM OyJET JIETKO OCO3HATh,
9TO sl PYHKIMHU Y = Sinx rpad)uKoM MPOU3BOTHOH sBisieTCsl rpaduk QyHKINU
vy = cosx. Hanpumep, 3HaK yrnoBoro ko3 duiuenta QyHKINHT Y = sinx Ha 4acTH
OA. B Touke A kacarenpHasi mapajjielibHa OCH
X, 3HAYUT, YIJIIOBOM KO GHULNEHT paBeH HYJIIO U
rpauK MPOU3BOJHON B JAHHOW TOYKE JOJIKCH
nepecekarb OCh X. Takoro THIa BU3yaJbHBIN
aHaJIM3 IOMOTaeT NPUOIN3UTETLHO YCTAaHOBUTD,
YTO TpaduKOM MPOU3BOAHON QYHKIMHU ¥ = Sinx
sBisieTcs: Tpaduk QYHKLIUH ¥ = COSX.

[Tocnie 4ero, mpu MOMOIIM ONpEENICHUS TPO-

W3BOJIHOM yYaIIuecss MOTYT YOSIUTCS B 9TOM aHAITUTHYECKH.
AHaIOTUYHO, MOXXHO OTIPEeNINTh Kakoi (yHKIMeH OymeT Mpou3BOAHAS LIS

(hyHKIIMH y = CcOSX.

=Y

=

Oco00 cremyeT 00paTUTh Ha YMEHHE YUAITIXCS OMPEIEIATh YIIIOBOM KO3 HHUITH-
SHT KacaTeJIbHOM B 3aJJAHHOW TOYKE M MPUMEHSTH TpaBmiia quddepeHIMpoBaHs
TpuroHOMeTpuIecknXx GyHKINH. [IpaBuna muddepeHmupoBanms eme pa3 pac-
CTPAMBAIOTCS HA KOHKPETHBIX TIPUMEpax.

135



[Ipumenenue npasui quddepeHIUPOBaHUS CIOKHON QYHKIHMH:

JIms HaxodKIEHHs TPOM3BOIHOM (QYHKINH y = sin® 3x ee HAIO MPEACTABUTH B
BHIE ¥ = (sin3x)? ¥ MPUMEHUTH TpaBWiI0O UG PEpEeHINPOBAHUS CIIOKHON (YyHK-
LIUU, COIepIKaIllel CTeNeHb

y = (sin3x)? = 3sin?3x (sin3x)’ = 3sin3x (cosﬁ1x) (3x)'=9sin?3x cos3x

1-b1i1 pa3 cinoxHas 2-0H pa3 cioxHas
(byHKITHS (yHKITIS

3anucaTh ypaBHEHHE KacaTelbHOH B 3a/laHHON TOYKE, MOXHO aHAJOIMYHO Ipa-
BIJTY 3aIUCH JUIs APYTUX QYHKLUH.

1. Haxoauwm mpon3BoaHy0 GyHKINH f'(X).

2. Haxonuwm 3Hadenue GyHKIUH (Yo) B 33JaHHON TOUKE (X0) ¥ 3HAYCHNE TPOU3BOI-
Holi (k).

3. [Moy4yeHHBIC 3HAYCHUS TIOACTABISIEM B YpaBHEHUE ¥ — Vo = k(X — Xo).
3anuiuTe ypaBHEHUE KacaTeIbHOM K QYHKIUH ¥ = 3sin2X B TOUKE I
Pemenne: 4

1. Haiinem npousBonnyto ¢pynkuuu: y ' = (3sin2x)’ = 6c0s2xn

2. Haiinem 3HaueHue yrioBoro ko3@uiuenTa B TOUKE X = i

T T
y = 6c0s2x = 6¢0s 2T= 6 cos 5= 0
3HaYUT B JJAHHOW TOUKE KacaTejbHas IapajuiebHa OCH X.

N . T .o
3. Haiinem 3nayenue QyHkmy : y = 3sin (2- ——) =3sin ——=3
4. Tak xak k = 0, TO ypaBHEHHE KacaTeIbHOU ) — Vo = k(X — Xo) I 3alaHHOM
(yHKIIMK paBHO ) = 3.

? Penienne HeKOTOPBIX 3a1aHUH U3 y4eOHUKA:
| |

¥.16. (ctp.173). HaiinuTe yrinoBoil KoappUIMEHT KacaTelbHOM, TPOBEACH-

. . . T
HOM K rpaduky GyHKIHH y = 2¢0S X sin 2x B TOYKE C aOCIIUCCON X =5
Pemenue: Haiiiem mpou3BOAHYIO A33aHHON (PYyHKITUH:

y'=(2cosxsin 2x)' = (2cosx)'sin 2x + 2 cosx(sin 2x)' =

= —2sinxsin 2x + 4cosx cos2x

B touke x = ler10130171 ko3 punmeHT KacaTebHOM K rpaduKy paBeH 3Haue-
HUIO HpOPI3BO%[HOfI B 33JIJaHHOM TOYKE.

T
k=y'(—) = —2sin " sin 1t + 4cos T cosm=0.
2 2 2

T
k = 0 moxa3bIBaeT, 4TO B TOUKE X =5 KacarenbHOW K rpaduky QpyHKINN

y =2cosxsin 2x ABIsAeTCS TOPU3OHTATIBHAS MTPsMast MapajiebHas OCH X.
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Padoumnii iuct N 6

Nmsa Damuins Jlara

Haiinnre mpou3BoHy 0 (GYHKITUHN U YIIPOCTUTE OTBET, TIPH ITOMOIIN TPUTOHOMET-
pUYECKUX OTHOILICHUM.

y = cos*x — sin’x _X , sin2x
2 4
» = sin’x — cos2x y = 3sinx — 2sin’x
y=tanx—x y=cotx+tx
_sin’x  sin’x _sec’x  sec’x
T3S O

= In(sin2
y = In(sin’x) y =%ln(coszx)

Padoumii iuct N 7

Nmsa Damuius Jara

3anumuTe ypaBHEHHE KacaTelbHOH K Tpadukam ciieqyromux (yHKITAN B 3a1aH-
HBIX TOYKAX.

OyHKIUU: Touku:
y=tanx (*%;*1)
y = secx (Z.2)
y = sindx (m; 0)
¥y =csc?4x (ZL:1)

2
y=cotx (374“; -1)
y = sinxcosx (3—;; 0)
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Tabauna kpuTepueB OlleHUBAHUS 1O pa3aeay 5

Kpurtepun

3ameTkn 00 yua-
1M XCH

Omnpenenser Mponu3BOAHYIO (DYHKIIUH MPH T10-
MOIITH ITpe/ena.

Brruncnsier 3HaueHUe MPOU3BOJHON B 3a/1aH-
HOU TOYKE.

CBsI3bIBa€T YITIOBOM KOA(PPUIIMEHT KacaTellb-
HOM C IPOM3BOAHOM (DYHKIIUH B TaHHON TOUKE
11 3aIIUCBIBAET YPABHCHHUE KaCATECIIbHOM.

Pemaer 3a7auu peasibHOM )KU3HEHHOM CUTYa-
[IIY TpUMEHSIsE TTpaBria A depeHIMPOBaAHMS
bymkimii (x) = ¢, fix) =x", g"(x) = ¢ f'(x),
h(x) = flx) + gx).

[TpumensieT paBmita qudGepeHInpoBaHms
[TPOM3BENICHHSI, YACTHOTO, CIIOKHOU (QYHKITHH

3HaeT nmpaBuiIa HAXOXKICHUS POU3BOJHOI BTO-
pOro mopsizika 1 00bACHSET ee pruzndecKuit
CMBICIT.

[IpuMeHsieT IPOU3BOAHYIO JUISL PELLIEHUS ITPO-
CTBIX DKOHOMHYECKHUX 3a7a4.

HaeT U MPUMEHSET NpaBuiia AU PepeHInpo-
BaHMSI I0OKA3aTEIbHON M JIoTapr()MUUECKOM
(DYHKITHIA.

puMeHseT Tu((epeHINPOBAHNE TOKa3aTeb-
HOW 1 JIorpapudMuIecKoil GyHKIUY IS perie-
HUST 33/1a9 peaIbHBIX KU3HEHHBIX CHTYalHni.

10

pUMeHsieT npaBuiia In((epeHIINPOBAHUS
TPUTOHOMETPHUYECKUX (YHKIIHH.
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VYpok 83. 3aganus 118 CyMMaTHBHOIO OIIEHHBAHMS 0 pa3jiely 5

1) Haitnure npou3BoHy 0 (QYHKIIHUU.
1

g ()= \x + (x-=3)° y :m f(x)=-5x 2x - 3)*
2) Haiinure %,% u %HH}I caenyromux (QyHKITHHA.

y:”+1 , u=1+x
u—1

3) s dyHKIMH, 3aaHHON TpaduKoM, HaHIUTe 3HAUC-
HUS IPOU3BOJIHOM B CIIAYIOIINX TOUKAX.

a)f"(2) b)f'3)  f'(®)
d)f'(10) ¢ f'(12)  )'(7)

4) 3anumKTe ypaBHEHHE KacarelbHON GyHKIuH f{x) = 3x> — 7x + 8 B TOuKe ¢ abC-
LUCcCcon x = 2.

j= »—NMJALA‘S

12345678 010011213"

5) a) Beraucnute Cleayromme mpeaebl.

T \3
}in& tan (x + A) — tan x lim cos(‘gth) —=
- h h—0 h

b) Kakoit u3 1aHHBIX MIPEIEIOB BhIpaXKaeT MPOU3BOIHYO?

6) UTo U3 CIEYIONIETo IBISETCS MPOU3BOAHON QyHKIIUU ) = 5 7

dy . by 4y _ dy _ &) D = 55
a) i 5%1n5 )dx e’ C)dx Se* )dx (5Y

7) dns byHKIuM y = xe* , HAIUTe POU3BOIHBIE TIEPBOTO U BTOPOTO MOPSIIKA.

8) HaiimuTe mpon3BOAHYIO (DYHKIINH.

f(x)=(2x+35)(Bx—-4) g (x)= 4x*(x* + 5x)

9) ®ynaxmus C(x) = 950 + 15Vx, sBISIETCS MATEMATHUYECKOM MOZEIIBIO 3arpar B
MaHaTax Ha MOIIUB MOJYNAIBTO TEKCTHIBHON (GUPMBI B KOJTUYESCTBE X CJTHHHII.
Kax m3aMeHsTCs 3aTpaThl Ha IPOU3BOACTBO, eciu hupma mormbioT 400 maasTo?
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10) Haiinute mpou3BonHy0 QyHKITUN
f ()= cos7x? f(x)= (cos5x)* f(x)=cos*7x

11) B xakoif Touke kacarenbHas K Tpaduky GyHKIINN y = x> — 4x? mapaiebHa
ocH x?

12) IlpupocT HaceneHus B Topojie 3amaeTcst QyHKITUESH
P(¢) = 100,000 + 2000# ¢ .

a) Haiinure ckopocTh IPUPOCTA HACCICHIS dp_
b) KommaectBo xuteneit uepe3 10 mer.

¢) Cxopocts ipupocTa 3a 10-br1if ros.

d) 3anummTe peaNbHyI0 CHTYAIHIO IS ITyHKTA C.

2
. X
13) Haiinute npous3BonHyto GyHKIUH f{x) =—@_y CHaYaia npu moMomH
npaBuia audhepeHIMpoBaHHs YacTHOT0.a 3aTeM npasuia auddepenupona-
HUSl CTETICHU.

14) ns pysxmwm fx) = \x + % HaWIUTE TIPOU3BOIHYIO BTOPOTO MOPSIKA U

S

15) Teno nBuxercs mo 3akoHy s(f) = 272 + 5¢ . 3neck ¢ B CeKyHaxX, S MyTh B CM.
Haiinute a) v(¢); b) a(f). c) ckopoctb u yckopenue mpu ¢ = 10.

16) O6u1yto NpuOBLTH MOMYYEHHYIO OT IPOJaKH HOBOHM MPOIYKIMU B KOJTHYE-
CTBE X IITYK MOJKHO cMozenupoBarh QyHkmer R(x) = 50x — 0,5x2, 3arparsl Ha
poun3BoAcTBO - pynkuueit C(x) =4x + 10.

a) OyHKIMs J0X0Aa OT MpHOBLIH P(X) HAXOMUTCS KaK pa3HOCTh MEXKIY MPHObI-
JBIO U 3aTpaTaMy. 3alHIINTe 3Ty QYHKIHIO .

b) Hatigure 3nauenus R(30), C(30), P(30).

¢) Haitnure 3nauenus R '(30), C '(30), P’ (30).
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3aganus I CyMMaTHBHOI'O OLICHUBAHUS 32 NepBoe M0JIyroamne

Ypox 84.

1) ToctpoiiTe rpaduk pyHKUINUN U UCCIEYHTE €€ Ha HEMPEPhIBHOCTb.
3, x<l1

x, x<0
/) =1x+2, 15353 Deg®={y =0
5 x>3 U
2) Boruucnure npezen.
a) lim _x*=3x_ b lim VX —2
x—2 x2+ 2 x—4 x2 —16

3) O6ocnyiite, uto pyHKIM f (x) = x> + x + 1 UMeeT HyIu Ha
orpeske [—1; 0 ]

4) Haiinure nnuHy Menuansl BM TpeyroinpHuKa ¢ BEpIIMHAMU B TOUYKaX
A(0;2;6), B(6;-7;,-2), C(6;-8;-14).

5) HaliguTe KOCHHYC yTiia MEXIy BEKTOpaMu Z(Z; 2;1)m b 0; 2;-2)

6) Z[aHE)TO‘{KI/I A(-5;2;3), B(2;4;1), M(O0;y;z). 30as, 4T0 BEKTOpa
AB n1 BM konHeapHsl, HAUTe YUCla ) U Z.

7) Ilpu kakoM 3HaYEHUU A TIPH JEICHUU MHOTOUIeHa x* + 2x% — 3x + n Ha
(x + 1) ocrarok Oyzner paBeH 4?

8) x, = 3 ABiseTCS OJJHUM U3 KOpHEH ypaBHeHUs ax® — 3x*> —4x + 12 =0.
Pemure 310 ypaBHEHHE.

9) Pazmenute muHoTOuIeH X° — 3Xx + 2 Ha IByX4WiieH x — 2.

10) IIpu xakoM 3HaYEHUU M BEKTOPA c? (2;-1;3)m 3 = 31'—>+ m-f—%nep—
TICHIUKYIISIPHBI?

11) 3amummre ypaBHEHHE NPSAMOM, poxosieit uepe3 Touky Po (3; 2) u
napaienbHoi BekTopy m ( 2; 1),

12) Haiiaute mioma/ib MOJIHON MOBEPXHOCTH IIMIIMH]IPA C paguycoM 4 cM u
I0Ia1bt0 oceBoro ceuenus 40 cm?.
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13) Touka A (2; 1; —1) 1€XUT B MIOCKOCTH C HOPMAJIbIO ;< 3;-1;4).
3anuimmuTe ypaBHEHUE TUIOCKOCTH.

14) Haiigure yrioBoii ko3 duuneHT kacareabHOU K rpaduKy GyHKIUN
f(x)=2x*—1BTouke A (-1; 1).

15) BpluncnuTe MrHOBEHHYIO CKOPOCTb YACTHUI[BI B MOMEHT =2 ceK.,
JBUOKYLICHCS MPSIMOJIMHEWHO 110 3aKoHY X(7) = 22 -5 + 6¢ .

16) I?afmme 3Ha4YCHUE TIPON3BOTHON QYHKITHH f(X) = %x3 _2 B TOUKE
X=— X

17) 3nas, uto f(x) = In (2x —5) pemute HepaBeHCTBO [ '(x) > 1.

18) 3anumuTe KOOPAWHATH TOUYKH KaCaHUs KacaTelbHOU K rpaduKy QyHK-
2 o
uu f(x) = 3x* — X mapauienbHOU ocu abcIucc.

19) Jlana pyuknus f(x) = 2x* — 3x2.
a) Pemmre ypaBuenue ' (x) =0 .
b) Pemute HepaBencTBo /' (x) <0 .

20) £ (x) = ;‘%2 . Haitgure /7 (4)

21) HaiiguTe miioniaab MOJTHONW MOBEPXHOCTH KOHYCA C PAJNYCOM & CM,
€CJIM OTHOIICHHE BBICOTHI K 00pa3yroleii paBHO 3:5.

22) B mape, Ha pacCTOSIHUH 3 CM OT IIEHTpPa, MPOBEACHA IMITIOCKOCTh. [L10-
aib OJyYEeHHOTO ceueHus paBHa 167 cm?. HaiinuTe momans chepude-
CKOM TIOBEPXHOCTH IIapa U MOJIYYCHHOTO CETMEHTA.

23) |§|_)= 4 |d|=3 . Haiixute ckanspHOe MpOH3Be- F
nenue F-d. 5
d

24) Kakas U3 clieqyronuX ToYeK PactoioyKeHa Ha TIOCKOCTH, 3aJJaHHOM
ypaBHeHUEM 2x + 3y +z—4 =07
a)(-1;2;0)  b)(2;0;,-1) ¢) (0;2; -2)
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Tabdnuna niIaHNpPoOBaHUS MO pa3aery 6

CEKTOPA).

Ko.i- .
OCHOBHbBIE CTAHAAPTHI U Vpok Ne Tema 01-B0| Y4ed
MOACTAHAAPTHI yacoB | crp.

3.2.2. Ilpumenset npe-

P P 85-87 [O0OBem mumuHIpa 3 176-179
00pa3oBaHus OO0US B
MPOCTPAHCTRE. 28-90 OObeM KoHYyCa U yce- 3 180183
3.2.3. Pemaer 3a7aun Ha YEHHOTO KOHYyCa
HaXO)K,‘IlLeHI/Ie OOKOBOH U 91-94 O61zeM mapa ¥ ero a- 4 |134-188
TIOJTHOU ITOBEPXHOCTH U CTCH
0OBbeMa IUITHHJIPA. OGBeMEL 10

JTOOHBIX
3.2.4. Pemaer 3amaun na| 95-96 buryp 2 [189-191
HaxO0KIeHHe OOKOBOH U
[TOJTHOM TTOBEPXHOCTH U 97.98 | 0606 5 li92.103
00beMa KoHyca U yce- ) ODHIAIOLIAE 3aNaHHA )
YEHHOTO KOHYCa. 3
3.2.5. Pemaet 3agaun Ha 99 ANARHA JUIA CyMMATHB- 1
HOTI'O OLIEHUBAHUs

HaXOXKICHHE TTOBEPXHO-
CcTH U oObeMa 1mapa.
3.2.6. HaxomuT miomaay
[TOBEPXHOCTH M 00bEM Ya-
cTei mapa ( cerMeHTa u

pa ( Bcero 15
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IIpumep ypoka
Ypok 85-87. O0bem unanuapa. 3 yaca. Yueo. crp.176-179
Conep:xaTeJbHBIH CTAaHIAPT.
3.2.3. Pemaer 3a1aun Ha HaXOXKJA€HUE OOKOBOM U TOJTHON MOBEPXHOCTHU U
o0beMa LIWINHIPA.
Hasbiku yyamerocs:
B T[IPEACTABIACT IOHUMAHUC TTOHATUA 00beM B PCabHBIX CUTYyallUAX Ha MOACIAX WIN
ONIBITHBIM ITYTEM;
B 00BsACHAET (hopMyITy 00BbEMa ITHITMHAPA CIIOBAMH U TIPEICTABIACT AaHATUTHIECKYIO 3a-
TIHCB;
B pelaeT pa3nuyHble 3a/1a4n, Ha HaXoK/IeHne o0beMa IMITHH/pA.
O0beM nuanHApa. KostekTuBHoe 00cyskaeHue (5 MUHYT).
1-p1ii yac. OGbeM ATO YacTh MPOCTPAHCTBA, KOTOPYIO 3aHUMaIOT (purypsl. [o-
BOpst 00 00BeMe UMEIOT BHy TPOCTPaHCTBEHHBIE (purypsl. UTo BBI qymMaeTe o
TOM, 00BEM KaKoro MUJIMH]IpA Ha pUCYHKE HIDKe Oombire? Kak MOYXHO OTBETHTH
Ha 3TOT BOIIPOC HE MPOBOJS MATEMAaTHUYECKUX BBIYMCICHUNH? Yuamuecs MOryT
ITOHUMAaTh 00BEM, KaK 00BEM 3aHUMAEMBIH KUAKOCTHI0. OTpenenTh Kakoi 13
IWIHHIPOB UMEET OOJBINNK 00heM MOYKHO HAITOIHUB €r0 BOJIOW MPU ITOMOIIH
OJTHOM U TOM K€ MOCY/IbI.

| __1 3
8 4

ITocTanoBKka mpodiieMbl, 0CHOBAHHOIi HA MEPBOHAYAIBHBIX 3HAHUSAX. (5 MUHYT)
Koneurno 06beM Kak 10 GUrypbl MOXKHO HAHTH IPU OMOIIM  ~——~_
reoMeTpuueckux Gopmyna. Mbl yxe 3HaeM Kak HallTH o0beMm i
MIPU3MBI, KOTOpast SIBJISIETCS] OHUM M3 BUJOB IIHIHHpa. O0beM
MPSIMOM TIPU3MBI PaBEH MPOM3BEICHUIO TUIONIA I OCHOBAHUS U
BbICOTEL. O0beM = MJIONIAJb OCHOBAHUS * BBICOTA.

I[O CBCACHUS yHaIIUXCA JOBOAUTCS, UTO €CJIN OC-
HOBAaHUCM HWJIMHApPA ABJIACTCA 3aMKHYTAsl KpUBasi,
TO ¢¢ 00BEM TaKKe HaXOAUTCs KaK IMPOU3BEIACHHNC
rionm@aan OCHOBAHUA HAa BBICOTY.

O0beM = II0IIAAb OCHOBAHHA - BLICOTA.
O0BeM IPSMOTO KPYTrOBOTO IIMIHMH/IPA TAK)KE HAXOIUTCS

KaK TPOM3BE/ICHUE TUIOIIAM OCHOBAHHS M BBICOTHI. Yua- ;
nuecs BCIIOMUHAIOT CBOWCTBA MPSIMOTO KPYrOBOTO IH-
muaapa. OOpasyroomas MWIMHApPAa JODKHA  OBITh
MEePIEHANKYISIPHA MIIOCKOCTH OCHOBAHUS, T.€. 00pa30BbI-

BaTh C IJIOCKOCThIO OCHOBaHuUs yroi 90°.
O0BbeM = MJIOIIA/Ib OCHOBAHUS + BHICOTA.

- SOC

Kaxoit ¢hurypoii siBisieTcst OCHOBaHWE IMIMHIPA M KaK HAWTH €€ TUTOIIab?
VYyamuiics, KOTOpOMY 3a/1aH BOTIPOC OTBEYAET HA HETO, OCTaJIbHbBIE yda-
IIFeCs BBIPAYKAIOT CBOE€ MHEHHE TI0 MTOBOY CIIPABEIIIMBOCTH €TO OTBETA.
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IIpoBepka uzyuennoro. (7-10 MuHyT)

1. HenocpencrBennoe npuMenenue popmyasl. Pagora ¢ 3anannsavu 1-2 y4ueo-
HHKA.

[IpaBuna u GpopMyIIbl I BBIYUCICHUSI 00BEMOB KOTOPbIE ObLTH U3Y4YEHBI IPHMeE-
HSIOTCS Ha MpuMepax. Bee yuammecs yuarcs mpuMeHsITh popMyITy 3anchiBas ee
B TETPa/Y CIIOBAMH U IIPU MTOMOIIN MAaTEMaTHYECKIX CUMBOJIOB, Ha IIPE/ICTABIICH-
HBIHBIX [TPUMEpax..

e 18 Mm

2cm
Ilnomanan ocHoBaHus: 25 mm?

VYyamuecs ¢ HU3KUM ypOBHEM 00y4eHHOCTH MOTYT paboTarh y nocku. [Ipu aTom
OH BBINOJIHAET 3aJaHKE IIPH MTOMOLIHX CIICAYFOIINX HABOASAIIMX BO- —————
MIPOCOB. i

Kak HazpiBaetcs manHas gurypa? [IpsMoyTromsHbIH Tapauieeni- {9 cm
Ten. 2¢cMm — ==
Kax Mo)xHO HalTH mIomaab OCHOBaHUA? S =23 cm? 3 om
Uemy paBHa BbicoTa? 9 cMm

Kak Berancnuts 066emM? V = Soeu:h = 6-9 = 54 cm?

Kaxue 3 maHHBIX BEMTWYHH SBISIIOTCS €AMHALIAMH TIIOMIA/IN, a KaKUe - eNHU-
mamu o6bema? Ecitn MBI 3aX0THM BBIpasuTh 54 cM® B M*, TO Kakne mmpeobpa3oBa-
HUS MBI JOJDKHBI BBITIONHUATE?

1 M3 = 100-100- 100 c™m?, 3HaunT 54 cm*uamo pasgenuts Ha 1 000 000. Eciu BBI
pasnenute Ha 100, TO OMyYNTE HEBEPHBIN Pe3ynbTaT(5-7 MUHYT).

OCH.

2. 3uas hopMyy 00beMa, pEIIaroTCs 3a/1auu, T/Ie HaJ0 HAUTH APYTHE N3MEPEHUSI.
Yuebunk N3. Dtr 3a1a0ust MpeAHA3HAUCHBI JIJIST CAMOCTOSTEIFHOTO PEIICHHUS
(5-7 MuHyT).

3. BrmonusroTcs 3aganus Ha cutyaruio (YueOuuk No 4-5) u 3a7aHust, OXBaThI-
BaIOIIME paHee MoMy4deHHble 3HaHu (No 6). OTH 3aaHusI MOTYT BBITIOIHATHCS
KOJUIEKTHBHO, C OOCYX/ICHUSIMH.

OnHako BbIMOJIHEHUE 3aManuii 4,5,6 U 7 Gojiee 11e/1eco000pa3HO OpraHU30BaTh B
BH/IE TPYIIIOBOI pabOTHI. DT 3aaHUs OXBATHIBAIOT YMEHHE MIEPBOTO MIPUMEHE-
HUsL. [ pyTmIsl BEITIOMHSIOT paboTy, paclpeeuB 3aJaHHsI MEKy YIACTHHKAMHU.
Kaxnas rpymma orieHUBaeTCsl Ha MPEAMET MPaBIILHOCTH pemenus. Ha pabdoty
B TPyIINIaX OTBOAUTCS 15 MUHYT.

OuenuBanmne. DopMaTUBHOE OIEHUBAHUE TIPOBOAUTCS 32 y4acTHE B OOCYXkKIe-
HUSX, YMEHHUE MPEICTABIIATH CBOC MHEHUE, PEIIaTh 3aJaHMsI, 32 AKTUBHYIO PadoTy
B TpYIIax.
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2- 0#i-3-i1 yac. DTOT Yac OTBOIMTCS JJIsl BBITIOJTHEHUS IPUKIIAIHBIX 3aaHU.

Jlnst HaxoX/1eHUs1 00BEMOB CIIOKHBIX (PUTYD ydalnuecs JOIKHBI YMETh Ope-
JEJATh U3 KaKUX (PUTyp COCTOUT 3Ta ciaokHast purypa. OJHUM U3 pelaroIux
MOMEHTOB IIPH PEIICHUH 33]a4d TAKOTO THIIA SIBISIOTCS YMEHHE OINPEeTUTh
YBEJIMUUBAETCS WM YMEHBIIAETCS 00beM JAHHOW KOHCTPYKIUU B JAHHOMU CHU-
Tyaruu. B cooTBeTcTBUM C cuTyaruei oo0beMbl OyayT 1100 CKIIaIbIBaThCs,
100 BbIUUTAThCS. [lJI1s 3TOro ydamumcsl 3aAar0Tcsi HaBOASIIUE BOIPOCHI.
BepHno 11, 9T0 nipu HaXOXKJCHNE TUIOIAAN TOBEPXHOCTH TAaKUX QUTYP MOXKHO
IIPUMEHUTb TAKTUKY, KOTOPYIO MbI IPUMEHSEM IIPH HAXOKAEHUU 00BEMOB, T.C.
HAWTH B OTAETBHOCTH IUIOLIAIN KaXKJON (DUTYPBI, @ 3aT€M CIIOKUTH UJIH BbI-
gyecTb? DTOT MOAXOJ HEMpPUEMJIEM Il IOBEPXHOCTEH, U3-3a CTPOEHHsI KOH-
CTPYKIIHH.

? Pemenne HEKOTOPBIX 3a1aHMIT U3 yUeOHUKA.

V.5. Haiinure o6beM MUIMHAPA, BBICOTA KOTOPOTO paBHA 5 CM, a IUIOMIAh
IIOJTHOM TIOBEPXHOCTH paBHa 72 Tt cM?.
Pemenne: 1 =15

h=>5
Sin=721n
2nR2427R-5=72 ™
R+ 5R-36=0 R=4

V=nR?>-h=n-42-5=80n cm®

¥.8. Haiinute 00beM HMIMHIpPA, €CIIM IUIOIA L OOKOBOM MOBEPXHOCTH
paBHa S, a JUIMHA OKPY’KHOCTU B OCHOBaHMHU paBHa C.

S C
Pemenne: 2 R A=S, 2nR=C, =—, - —
C 2n
VenRj= g S_ SC
o T 4 C  4rn

¥.14.B cocyn, nmeronuii GopMy IWIHHIPA, PAIAyC OC-
HOBaHUS KOTOpOro paseH 15 cwm, a BeicoTa 20 cM,
HauT cok. IIpomaercs cok B cTakaHe, paguyc oc-
HOBaHUS KOTOPOTo paBeH 3 cM, a BbIcOTa 6 CM.
CKOJTBKO JICHET BBIpyYaT OT MPOAAKU MOJHOTO CO-
Cyza, €CJIM 1IeHa OJJHOTO CTaKaHa COoKa paBHa 3 Ma-

Hara?
Pemienune: Oo0nem

V=mn-15-20= 141372 cm?
Verakan =7 - 32 6 = 54 - n = 169,65¢cm?

v
=V ~ 83 crakaHa coka, P = 250 manar
cTaKaHa 5w

20 m
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V.15. Haitnure maccy TpyOBl JIIUHOM 35 CM, M3TOTOBICHHOM
U3 Marepuala, MIOTHOCTh Kotoporo paBHa 0,6 r/cm?®, ecnu o
BHYTPEHHUH TuaMeTp paBeH 24 cM, BHEUTHUHN JUaMETp paBeH :
28 cM.

Pemenne: V=m (142-12?)-35=mn-52-32=5717,7 c™m®
m=v-p=3431q=3xr43lr
V.18.Haiinute 00beM CIIOKHBIX (GUTYD HA PH-

C)uz—Mu

CYHKaX.
Pemienne: c) V=V, +V,=
=n-25%-2+mn-12-3= 2wm

=125n+3n=155n M
f—5nu—
Y.24. llunuaapuydecKuil MOPIICHb BOASIHOTO HAcOCa Jiha-
MeTpoM 60 MM, coBepIllaeT JBUKEHUE Ha paccTossHun 150
MM. 3a 1 MUHYTY MOpIIIeHb coBepiaeT aBmwkeHne 40 pas.
Haiigure 00beM KUAKOCTH, KOTOPYIO TIEPEKAYuBAET HACOC
3a 1 gac paboThI. R=3cm
Pemenue: cnavgana Haiinem oobeM nmmuHapa V, =m -9 - 15=135 7 cm®
Ecnm 3a 1 munyTy nBmwkenue cosepmaercs 40 pas
V=40 -V,=40" 135 n = 5400 r c™m’
O0BeM )KUIKOCTH, KOTOPYIO IEPEKaYMBAET HAacoC 3a | yac paBeH:
V=60-5400-3,14= 1017876 cm* = 1,02 m*

15 cMm

Ypoxk 88 - 90. O6bem konyca. O0beM yceueHHOro KoHyca. 3 yaca.
Yueb. cTp. 180 - 183

Conep:xaTeJbHBINH CTAaHIAPT.
3.2.4. Pemaer 3a/1auu Ha HaXOXAeHNE OOKOBOM M MOTHON TTOBEPXHOCTH U
o0beMa KOHyCa U YCEUEHHOTO KOHYca.

HaBbiku yuamierocs:

B IIPEZICTaBIsAET 00BEM KOHYCa SIMITMPHYECKUM METOIOM U Ha MOJIEISIX;

m 00BsCHSET (HOPMYITy HAXOXKICHHSI 00beMa KOHyCca CJIOBAMH W TTPEICTABIISICT
AHATMTHYECKYIO 3aITUCh

H pelIaeT pa3inyHble 3aa49H BEIYUCISII 00beM KOHYyCA.

AHMMAIHOHHBIE IPHUMEPBI:
https://www.youtube.com/watch?v=0ZACAU4SGyM&feature=youtube

M3roroBeTe U3 KapTOHA MOJIENN WJINH/IPA U KOHYCa C OIMHAKOBBIMU pajuy-
caMU OCHOBAaHMI M BbICOTaMU. HanmogHUTE MMIMHIP TECKOM (PHCOM U T.1I.)
MIPH TIOMOIII MOJIETH B pOopMe KOHYca. 3a CKOJILKO pa3 MOJICIb B BUJIE KOHYyCa
3arOJIHAT MJIMHAPUIECKYIO MOJieb? BepHo i1, uTo TpeMs MOJIeNIsIMU KOHYyca
MOXKHO 3aIOJIHUTh MOZCIb UIUHApa?

147



OneIT.

VYwyanuecs: 0TBeHalOT Ha IAHHBINA BOIPOC MOCIIE BBIONIHEHUs onbiTa. [Ipose-
JIEHUE 3TOTO OIMbITa MO3BOJsIeT dPPEKTUBHO U HA JOITOE BPEMS 3aIIOMHHTH
dhopmynbl o0beMa.

K xonycy MOXHO MOmONTH U3 00-
IIEr0 OMpEeNeNICHus] I[HIMHAPA.
[Tyctp TOuka P nexut Ha ogHOM U3
MapaieIbHbIX MII0CKOCTEH, OCHO-
BaHMH. EciTi 9Ty TOUKY COCTMHUTD
C KaXXJ0M TOYKON OCHOBAHHUS OT-
pe3KaMu, TO MOIy4YuM (PUTypy, KO-
TOpasi Ha3bIBAETCsI KOHYCOM ( HIIH
¢burypoii B Bujie KOHyca).

Hano craparbesi chopMUpOBaTh Y KXKAOTO yUSHHKA YMEHUE TPEIACTABISATh
00beM KOHYCa SMITMPUUECKH, Ha MOJICIISX WM B BUJIC CISAYIONIHMX (opmyi.
Takoke oueHb BaXKHO 3TH OIBITHI TPOCMOTPETH 10 YKa3aHHBIM BBIIIE JIHHKAM
B Youtube.

O06beM KOHyca paBeH OJHOM TpeTbel mpo-
W3BEACHHS IUIONIA {1 OCHOBAHUS U BBICOTEL
1

1
= — = 2 = 2
V 3 Socult , Socn. = TF \Y 3 nrh

MOXHO CITPOCUTB YEM OTIANYAETCS IPSMON KOHYC OT Ha-
KJIOHHOTO KOHyca? Yyaiuecs 10JKHbl YMETh MOJEIUPO-
BaTb  pEaJIbHbIE 00BEKTHI, JINHUU KOTOPBIX
MEPIIEHANKYJSIPHBI IUNIOCKOCTH OCHOBaHUA. Moaenupo-
BaTh JOJDKHBI HE OT/ICIIBHBIEC YUAIIMECS U YUUTETD, a KaXK-
JIBIN ydaruiics.

2-0ii yac. O6beM yceueHHOro KoHyca. BeiBoa hopMybl 1)1 HAX0XKACHUS
00beMa yCEYEeHHOTO KOHYCa MTPOBOIUTCS KOJIEKTUBHO. Oco00e BHUMaHNE
YAEISIETCSl TPE00PA30BAHUIO SAMHUI] 00beMa M3, CM3, MM? B €JIUHUIIBI
00beMa KHUJIKOCTEH TOHHBI, TUTPHI 1 MUJLTHIATPHIL.
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? PenieHue HeKOTOPBIX 3a/1aHM U3 yUeOHUKA.
n

V.12, Iunueapudeckas 4acTh COCYya MMEET JUIMHY 8 CM.
K neit mpukpeneHa 4yacTb B BUI€ KOHYCa BBICOTOM \ |
h, Kak TIoKa3aHo Ha pucyHke. Eciu cocyn nepesep- é;{ le
HYTb, TO YPOBEHb KUAKOCTU cocTaBuT 12 cm. Haii- - &
JTUTE BBICOTY KOHYCa /.

Pemenue: mo ycioBuro V=172 -8 =‘%—n »h+mr? (12 —h). Orcrona

8:—%_h+12—hI/IJII/Ih:6CM.

¥.13. 3a MunHyTy U3 cocyaa, B popMe KOoHyca, 0 KaruisiMm,
BhITEKAET 4 cM> BO/IBI. 3a KaKoe BPEeMsl MOJIHBINA COCY OITy-
cromurcs Ha 80%? 3Has, uto 1 cm® = 0,001 1z, BeIpasute
00beM cocy/ia B JINTpax.

Pemenne: no manaeM 7 = 6 cMm, £ = 20 cMm.
Torma o6beM TOCy/IbI paBeH
V=-%~n~62'20=-%—~1t'36~20=n'2402754CM3zO,75n.

80% cocyna onmycromuTcs 3a npudau3uTesnbao 754 - 0,8 : 4 = 151 MunyT.

8 cm
V¥.19. HaiinuTe miomaap MOJTHOW MOBEPXHOCTH U 00BEM yce-

YEeHHOI0 KOHyca, oOpa3yrolas KoToporo paBHa 13 cwm, a pa-
JINyChl OCHOBaHUH 8 cM 1 3 cM.

Sn.n. =nlR+r)+nR2+n 2=
=n-B-8+3)+n-8+n-3>=n(143+64+9)=216 nmc™m’.

YT10oObI HANTH 00BEM YCEUEHHOTO KOHYCA, CHaYasia HaleM BBICOTY.

Tak kak r=3cm R=8cm™m, /=13 cm, TO

h=NI2— R -r)* =V13>— (8 — 3)*= 12 cm. Toraa 06beM yCEUEHHOTO KOHyCa
paBeH:

V=3 h-(R+r2+Rr)="5 -12- (8°+32+8-3)=41-(64+1+24)=388m cm.
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Y.20.
EMKOCTB 111 MOJIOKA BBIMOJHEHA B BUJIE YCEUEHHOIO KOHYyca 0€3 KpPbIIIKU
BBICOTOM 15 ¢M 1 paguycamu ocHOBaHU 8 ¢cM U 16 cM. CKOJIBKO J€HET BBIPY-
4yaT OT MPOJIAXKHU MOJTHOW €MKOCTH, eciu 1 TuTp Monoka ctouT 1,35 manar?
CKOJIBKO JIEHET MOTPATIT Ha U3TOTOBJIEHUE JAHHON eMKOCTH, ecin neHa 100
cM2 MaTepHana, i3 KOTOpOTro Ce/NaHa eMKOCTh, paBHa 0,95 MaHasdd o>
Pemenune: R =16
r=8 h=15 I=N(R-v)2+h2 = \82+15=17
V=?- 15-(162+8+16-8)=57 (256 +64 +128) =

=~7037 cm® = 7,037 1. o
Henbru, noaydeHHsie oT npojaaxu mojoka P= 7,037 - 1,35 = 9,5 manar.

15 cm

S=nlR+1)+znr?=7n-17-(16+8)+ -8 =472 1= 1482,83 cm®
Torga Ha n3rotoByieHue eMkocTu notpatiat P = 14,09 manar.

Ypok 91-94. O6bem mapa u ero yacreii. 3 yaca. Yue0. crp. 184-188

Conep:xaTeJbHBINH CTAHIAPT.
3.2.5. Pemaet 3agauu Ha HaXOKICHHUE TTOBEPXHOCTH M 00beMa Iapa.
3.2.6. Haxonut muiomniaiy moBEpXHOCTH 1 00beM dacTell 1iapa ( CerMeHTa U CEeKTopa).

Happiku yuyamerocs:

B IPE/CTaBISET 00BEM KOHYCa IMITUPHYECKH U TIPU TIOMOIIU MOJICIICH;

m 00BsicHsAET opMyIly 0ObeMa KOHyCa CIIOBAMH U TIPEACTABISAET B aHAIUTHYC-
CKOM BH/JIE;

N pelIaeT pa3ndHbIC 33/1a4u Ha BBIYHCICHUE 00beMa KOHyca.
https://www.youtube.com/watch?v=aLyQddyY8ik
https://www.youtube.com/watch?v=h4j813p22e8

OmnbIT.

1. Bo3pbMHuTE KakOH-TMO0 MY ¥ TPUOIHU3UTENLHO OMPEACTUTE €0 TUAMETP.
2. N300pazute pa3BepTKy HMIMHAPA, PaJIyC OCHOBAHHS U BHICOTa KOTOPOTO
PaBHBI IMAMETPY MsI4a.

3. CBepHHTE pa3BepTKy U MOIYUUTE MOJBIN UINHAP. Pa3nenure quimHap no
BBICOTE Ha 3 paBHBIE YaCTH U CAENaiiTe COOTBETCTBYIOIINE

OTMETKH. N

4. O6epuuTe M54 (HOIBION MITH IUIOTHOM TKaHblo. [lomyuen- « .
HBI MEUIOK C(hepruueckoil POPMBI 3aTIOITHUTE IECKOM. i |
5. Ilepechlnbre MECOK U3 MEIIKA B U3TOTOBICHHBINA BAMU LU~

muHp. Kakasg gacTe UINHApA 3aTOIHATCS TIECKOM?
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Ecnu cdepy pasznenuts cdepy B BUIE CETKU U3 TO-
pHU30HTaJIEN U BEPTUKAJIEH, TO MOYKHO ITPEJICTaBUTh,
YTO OHA COCTOMUT U3 OECKOHEYHO MaJbIX MUPAMHU,
OCHOBAaHHEM KOTOPBIX SIBIISIOTCS “TPAMOYTOJIbHBIE™
KyCOUKH C(pephbl, a BEPIINHBI HAXOJATCS B LIEHTPE
cepsl.

IIpumepsl aHUMALMH.

https://www.youtube.com/watch?v=aLyQddyY8ik
https://www.youtube.com/watch?v=h4j813p22e8

Dopmyna oobema chepbl, TakxKe Kak U GOpMyIbl 00beMa HMIIMHIPA U KOHYCa BbI-
BOJIUTCSI ONBITHBIM ITyTEM, IIPHU TIOMOIIM MOJENIeH U aHUMaluii U3 UHTEpPHETA.
Dopmyna odbeMa cepsl MPEACTABISIETCS CIOBAMU U B BHJIE (HOPMYJIBI KaK I0-
Ka3aHO HHKE.

O6wem chepsl paBeH ?npommneHm Ky0a pa-
JTUYCa U T .

4
= — 3
V 3 r

? Penrenue HeKOTOPBIX 3aJaHUI U3 yYeOHHKA:

n

Jis oGecriedenust TOTUTMBOM KOCMUYECKUX Kopabiei
WCIIONB3YIOTCS MATTIbl. OHU T0CTaBIISIOT HEOOXOIH-
MBbI€ I'py3bl Ha KOpabiu, KOTOpPBIE BPAIIalOTCs IO 0padu
[IaTTbl, B OTANYUHK OT JIPYTUX KOCMUYECKUX KOopaOnei, '
00I1a1al0T BO3MOKHOCTBIO BO3BPAILaThCsl HA OPOUTY He- | .
CKOJIBKO pa3.¥Y HUX eCThb IIUCTEPHBI C JKUIKAM KHUCIOPO-
JIOM M YKUJKUM BOJOPOJIOM.

[{ucTepHa IS KUAKOTO KUCIOPOJa UMeeT GOpMy COSAMHCHHBIX TOJTY-
cdepsl, IWIMHIpPA U KOHYyca. LlucTepHa /uist )KuAKOro BoIopoa - IHIHHIID,
Ha KOHIIE KOTOPOTO PacIioyIoyKeHbI moirycdepsl. Halinnre 00beMbI TUCTEpH
M0 PUCYHKY.

Lucmepna ons dHcudko2o Kuciopooa — [fucmepna Ons Jcuoko2o 6000poda

v 42 m

4,2\
Al S =
4M—8,1M —212m —

42 M
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Pemenue: muctepHa Juist >KUIKOTO KHCIOPOAa COCTOUT U3 MONyIIapa PagunycoM
4,2 M, TWIHHJpPA BBICOTOH 4 M 1 KOHYyca BbicoToi 8,1 M. O0OBEM LIUCTEPHBI:

Vi= % '47” 423+ 7 4,2 4 +% ‘74220 8,1=167,85 1~ 526,5 (1)

LUCTEePHA JIJIS )KUIAKOTO BOIOPO/Ia COCTOUT M3 JIByX IOJIYIIAPOB paganycom 4,2 M
U uHaApa BeicoToi 21,2 M. O0bheM MUCTEPHBI:
Vi=2- % . 4T” L4253+ 422212 =98,784 1+ 373,968 T =

=472,752 m = 1485,2 (m3)

V¥.10. IInockocTe, NepNEHANKYIIApHAS JUaMETpy 1Iapa, IeIUT JuaMeTp Ha 2
yactu: 3 cM 1 9 cMm. Ha kakue yactu mpu 3ToM AenuTcs 00beM mapa?
Pemenue: no ycnosuto O1A =3 am, O1B =9 m.

3HauuT, AMaMeTp OKpykHOocTH d =3 + 9 =12 cMm.

[Ipu d =2r umeem r = 12 : 2 = 6 cM. B cooTBeTCTBUH C POPMYIIOI HAXOXKICHUS
cerMeHTa mapa paguyca R u Beicoroit H.

Ve = THAR 3 H) A

T

Torna:

1
Vi= w3 (6 3 3)=45m (),

Vo= m-92-(6— % 9) =243 1 (a?).
B

Ypok 95-98. O6bembl MoA00HBIX (puryp. Od6o0IIatOIMeE 3a1aHNS.
4 yaca Ywue0. cTp. 189-193
Coaep:kaTeJbHbIH CTAHAAPT
3.2.2. [IpumensieT npeoOpa3oBaHue B MPOCTPAHCTBE TIPU PEIICHUH 3a/1a4.
Hagpiku yyamerocs:
B OIPpCACIIACT HO,I[O6I/I€ MNPOCTPAHCTBCHHLIX (1)I/Il"yp B COOTBCTCTBUHU C OTHOLIC-
HHEM UX JIMHEHHBIX pPa3MEpoOB;
B OpCACIIACT OTHOLICHUC 00bEMOB HO,I[O6HLIX MPOCTPAHCTBCHHLIX (bl/ll"yp 1o
3aJaHHBIM JIMHEHHBIM pa3MepaM MPOCTPAHCTBEHHBIX QUTYD;
B peHIacT pa3/IMYHBIC 3aa4U, IPUMCHSA HO,Z[06I/IC MMPOCTPAHCTBECHHBIX (bHpr

[Togobue mpocTpaHCTBEHHBIX (GUTYP MOXOXKE Ha 1mogodue miockux ¢uryp. T.e.
oJo0HbIE (PUTYPBI UMEIOT OJUHAKOBYIO (POPMY M OTIMYAIOTCS TOJIBKO JIMHEH-
HBIMU pa3MepaMu. YIIbl MOJ00HBIX GUTYp KOHIPY3HTHBIEC. COOTBETCTBYIOIIUE
pa3Mepsl IPOIOPLHOHATBHBI.
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OTHo1eHue MO0BIX JTMHEHHBIX Pa3MEPOB MOJOOHBIX

_."-‘l‘::‘" =5
IIPOCTPAHCTBEHHBIX q)Hpr PaBHBEI. I[J'IH (1)I/Iryp Bpalie- I |
HU OTO OTHOLICHUE pasMEpPOB BBICOT, TUAMETPOB, pa- o ’
ANYyCOB, IJIMH Opr)KHOCTefI, O6p33yIOU.II/IX u T A i E

[Inomann nogoOHBIX GUIYp OTHOCSITCS C KBaApaToM -
ko3 unmeHTa OTHOLICHUS TUHEHHBIX Pa3MEpOB, a
00beMBbI ¢ KyOOM KO3 HUIKEeHTa OTHOLICHUS JTHHEH-
HBIX Pa3MepoB.

Kak n3BecTHO pe3yasTaToM TOMOTETHH SIBISIETCS yBe-
JUYEHUE WIM YMEHbIICHHE pa3MepoB (Guryp B coort-
BeTCTBUM CO 3HaueHueM kodddummenra k.
Pesynsratom mpeoOpa3oBaHusi IpU TOMOTETHUU SIB-
JIIETCS TOI0OHBIE (PUTYPBIL.

VY4amumcsi MOXKHO 3a/1aTh CJICAYIOIINE BOIIPOCHI:

1) OTHoIIeHNE TUHEWHBIX Pa3MepoB ABYX Mpm3M 1: 4. OObSICHUTE KaK OTHOCSTCS
UX IUIOLIA/IN.

2) Pagnyc ogHOl cdeps 5, a apyroit 9. OObsICHATE KaK OTHOCSTCS HX OOBEMBI.

? PerieHue HeKOTOPBIX 32/1aHUI U3 yueOHUKA.
u

COM, BIIUCAHHOTO B KOHYC, PaJInyC KOTOPOTO paBeH 6 CM, a BbI-

coTa paBHa § cMm.

6) Haitnure paanyc mapa ¢ Hauboapmmm 00beMoM, TOMEIIeH- A"
HOTO BHYTPb COCYZIa B BUJI€ KOHYCA, €CIIH PAJNYC OCHOBaHI/IH
KOHYca 7, a BbICOTA /1. rooen

V7. (ctp. 192) a) Haiimure 06beM mapa ¢ HauOOIBIIUM PaIHYy- E h=8eu

Pemenne: a) OOpasyromas kKoHyca pajauyca 6 CM U Bbl- T

cotoit 8 cM paBHa [ = 6%+ 8= 10 cm. llap HanbosbIIero

panuyca, BIMCaHHBIN B KOHYC JJOJDKEH KacaTbCsi OCHOBA- .
1

HHI KOHYyca U Bcex oOpasyrommux. Paccmorpum oceBoe .
cedyeHHe KOHyca. L A

Tak xak ATT101 ~ ATOC, To — R_Z-R . Orcroma o r C

10
10 R =48 — 6R, R =3 cm. Torma o6bem uckomoro mapa V = %n “R3=
=%n +33=108 T c™m>.

b) CHOBa paccMOTpUM OCEBOE CEUEHHUE U U3 MO00US TPEYTrOILHIKOB

ATT\011 ATOC nipu O:T = / — R Mmoo 3ammcars R - _A-R

— roNP+ R
Orcrona R(\/r2 + h?)=rh — rR 1 MbI ONTy4aeM pagnyc mapa, KOTOpbIii
UMeeT HaubobIIui 00beM: _ h-r
T NPt Rt
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Hms

Padoumnii mct N1

damuausa

1) 3anumuTe 1aHHBIE B MYCTHIC SYCHKH.

HUIAHAD

2) 3anonHuTe TAOIHUIy.

Hara

Paznyc Jmuna
OKPYX-
HOCTU

ITmomane
KpyTa

O0BeM 111-

O0nem KoHyca,

JIMHJIPa, BEICOTOHU | BBICOTOM 6 CM

6 cm

O0beM
apa

10 cMm

3) Bak ¢ pazmepamu 60 cm X 90 cM, 1 BBI-
cortoit 2,40 M 3amoyTHeH BOJIOM Ha BEICOTE
1,80 M. Ecnin B HEro omnycTuTCs 4eloBeK,
poct kotoporo paseH 1,80 M, TO Ha CKOJBKO
YBEIUUUTCS YPOBEHb BOABI?
Yka3zaHue: IpUMUTE YeJI0BeKa Kak (Qurypy
B (hopme umHApa.
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Ta0nuna kpuTepues I OLEHNBAHNUSA MO0 pasely 6

Ne Kpurepuu 3amMTKH 00 yyamuxcst
1 O0BsicHsIET hopMyy 00beMa UIUH/PA CIOBAMU
" M mpencTaBiseT aHATUTHYCCKYIO 3aIUCh
) Perraet pa3nuyuHble 3312491, HA HAXOXK/ICHHE
" |oObema muMHpA.
O0BsCHSET POpPMYITy HAXOKICHHUS 00beMa
3.  |KOHycCa CIIOBaMH W TIPEACTABIISET aHATTUTHYC-
CKYIO 3aIIUCh
4 PerraeT pa3nuyHble 3aa4M HA BHIYUCICHUE
" |loObema KoHyca.
OOBscHsET popMylTy 0ObeMa KOHyca CI0-
5.  [Bamu M mpeAcTaBIAET B aHATUTHIECKOM
BU/IC;
6. eIIaeT Pa3JInYHbIC 33Ja41 Ha BHIYMCIICHHUE
00ObeMa I1apa 1 ero yacrtei.
7. eIaeT Pa3JInYHbIC 3a7a4M Ha BHIYMCIICHHUE
00beMa MoJJOOHBIX UTYP.
elaeT 3a/1a4u Ha o1001e MPOCTPAHCTBEH-
8 P 0

HEBIX Quryp.
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Ypok 99. 3aganusi 1Jisi CyMMaTHBHOTO OLleHMBAHUSI 10 pa3jerny 6

1) B uununap, paauyc 0OCHOBaHHSI KOTOPOTO PaBeH 5
., a BbIicoTa 12 ef1. BMUcaH KOHYC, PauyC OCHOBaHUS
1 BbICOTa KOTOPOTO PaBHBI PaJIyCy OCHOBAHUS U BbI-
core nuauHApa. Haliaure muomans B T eAMHALIAX BHE
KOHYyCa, HO BHYTPH LWJIMHAPA.

2) Haiimure paguyc ocCHOBaHHs KOHYca, 00beM KOTOporo paBeH 300m cM?, a BbI-

corta paBHa 15 cm.

N137

3) [1o maHHBIM Ha pUCYHKE HalauTe 00BEM KOHYCA.

4) a) 3anmummTe COOTBETCTBYIONINE pa3MepsI I KOHyca, MOIT00HOTO IS KO-
Hyca B MyHKTE 3.

b) Haitnure 00beM HaliIcHHOTO B ITyHKTE 3 ITOIOOHOTO KOHYCA.

5) Macca cyBeHupa u3 30J0Ta, IPOJaBaeMoro B MarazuHe pasHa 0,945 rpamm.
CyBenup nmMeeT popMy KOHYca BEICOTOM 6 CM B pailycoM OcHOBaHUs 5 cM. [1moT-
HOCTh 30510Ta 19,32r/cM®. OOBSCHHUTE M3 YHUCTOTO 30JI0TA MM HET CIETaH CyBe-
HUpP. YUTUTE, YTO IUIOTHOCTh PaBHA OTHOLICHUIO MACChl K 00BEMY.

6) [1nomane ocHOBaHUs KOHYyca paBHa S, a BbicoTa h. Konyc,
Ha OMHAKOBOM PACCTOSIHUH II€PECEUEH III0CKOCTIMH, Mapaj-
JeNBHBIMHA OCHOBaHUt0. Halinure:

a) 00beM caMoro BepxHero citost ( koadurment mogodus 1/3)
b) 06BeM cpenHero ciost B BUE yCEUSHHOTO KOHYyCa (KaK pas-
HOCTh OOBEMOB JIBYX KOHYCOB)

¢) 00bEeM HIKHETO CJIOS B BUZE YCEUEHHOT0 KOHyca (KaK pas-
HOCTh 00BEMa BCETO KOHYCa M BTOPOTO CJIOs).

7) Haiinure BMecTuMOCTB Oaka JyIst BOJIBI, BBICOTOM 1,5 M U painycoM OCHOBAaHUS
75 cMm.
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8) Kaxkas ¢urypa umeer 60mpmiuii 0obem?

[
I;-:“'-\. ~6CcM -
RV ,-a: >

i i i ]
I I-,. \ [ x'!-;}f o )
i 110 e, f. 1

5 | Y, | -

FA—— ) '

12 cm

9) Jleitra Hanuta 06eM KOHYCA C paiyCcoM OCHOBAHHS 4 ¢M U oOpa3yrorieid 12
CM Kak 1mokaszaHo Hike. OOBSICHUTE, 94TO penieHne JIeinpl BepHo.

V= %n(42)- 12
_l612
3
=64m

- T Otset: 6471 c™m?

10) ITo maHHBIM Ha PUCYHKE OIIpEENNTe Kakas PUrypa uMeeT OObIIHiA 00bEM. .

N—7
11) Hafiiure 00beM CIIOKHBIX QUTYD.

\‘_5 CM

=

2cMm

5cm
5cm

12) JIlmameTp 1mapa pa3mesieH mapajieIbHBIMU TUIOCKOCTSIMHI Ha 3 paBHBIC
gacTH. 3Has, 9To nuaMeTp paBeH 30 cM HalauTe 00BhEeM Iapa i KaKI0H U3 o-
JIYYEHHBIX YaCTeH.
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Tabauna niaHupoBaHus 1o pasueny 7

Kou-
OcHoBHBbIE CTaHAAPTHI | YPOK
Tema BO |Yu.cTp.
U NOACTAHAAPTHI Ne
4acoB
100 HaxoxieHre mpoMexxyTKOB
107 |BO3PAcTaHusi M yoObiBanusg | 3 195-199
¢dHKIIIN
Kpurnueckue Touku U 3KC-
103-105 P 3 1200-207
2.2.1. Haxomut crarmo- TpeMyMBbI QyHKIHH
HapHbIC TOYKH, IIPH T10-
MOIIM TTPOU3BOJHON | [TocTpoenue rpaduka
OTIPEJICNIICT SBISAIOTCS (GYHKIMH ¢ TOMOUIBIO TPO-
WA HET OHH TOYKaMU HU3BOJHOM.
IKCTpEMyMa. 106-109| IToctpoenue rpajpuka| 4 [208-211
2.2.2. llpumensier nud- (GYHKIH MHOTOYJICHA.
(hepeHmanbHOe UCUnC- [Moctpoenne rpaduka pa-
JeHue npu UOHATLHON (QYHKIMN
nccnenoBaHuy QyHKIUi
WU MOCTPOCHUM MX Ipa- 3amayn Ha OKCTPEMYMBI.
p PaTl110-112| J 31212218
(bl/IKOB. TITUMH3AIIUTO.
O6o0mwaronye  3aaaHusl.
3ajmaHust IS CyMMAaTHUB-
y
113-115|HorO OLeHMBaHUA O pa3-| 3 |219-220
Jieny.
Bcero: 16
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Ypok 100-102. Haxo:kneHue MpoMeKYTKOB BO3PACTAHUA M YObIBAHUS
¢uxuuu. 3 yaca. Yueb. crp. 195-199

Coaep:kareJIbHbIN CTAHAAPT.
2.2.1. Haxogut craliioHapHble TOUKH, PY TOMOLIY IIPOU3BOAHON U OIIpe-
JIEJISIET SIBJSIFOTCS. MUIM HET OHU TOYKaMH KCTPEMyMa.

Hasbiku yuyamerocs:

B TI0Ka3bIBACT IIPOMEXYTKH BO3pacTaHMs U yObIBaHUs (PyHKLIUH Ha rpaduke;
B OIIpeAessIeT IPOMEXYTKH BO3PACTaHUS U yObIBaHUA (QYHKIIMH IPU TTOMOIIN
MIPOU3BOJIHOM.

Jlo HacTOSIIEero BpeMEHH MBI CTPOMIIH rpauK (GyHKIMH 10 TadIuIe 3Hade-
HUI,a TAK)KEe MOTIIM CXeMaTHYHO N300pakaTh rpaduKu KBaApaTHIHON 1 KyOnde-
CKOH (DYHKIIMI 110 HECKOIBKUM YIOOHBIM TouKaM. [1py cxeMaTHaHOM MOCTPOCHUH
rpaduka MpoCTHIX PalMOHAIBHBIX (YHKINH NPUXOAMIOCH HAXOIUTH TOPU30H-
TaJIbHYIO U BEPTUKAIBHYIO0 aCUMITOTHL. HO MBI JIETKO 1 JOCTaTOYHO TOYHO MOYKEM
MOCTPOUTH I'paduk 1000# QYHKIMU IPH OMOIIY rpadKaIbKyIsTOpa. A Ha OC-
HOBE KaKoW MHPOPMALIUU CTPOUT Tpaduk rpadkaibKynsaTop? Ity padboty rpad-
KaJIBKYJISTOP MOXXET BBIIOJIHUTH B OCHOBHOM Ha OCHOBE IIPaBHJI OOJBILIOTO
paszena MaTeMaTHKH MaTeMaTHYeCKOTO aHalk3a, KOTOPbIH BKIIOYaeT B ceds
TaKHe TOHATHS KaK IPeaes, IIPOU3BOIHAS U HHTETPaJL.

B manHOM paszene Mbl IPH OMOIIH TPOU3BOIHON HAYYUMCS HAXOJHUTH TIPO-
MEKYTKH BO3pacTaHMs M yOBIBAHUS, IKCTPEMYMBI U CTPOUTH TPadUKH QYHKIHN
MHOTOWICHA U PAllMOHAIBHON QyHKIMHA. A TakKe, IPUMEHSSI IPOU3BOAHYIO MBI

HAy4UMCsl PeIaTh 33/1a4i Ha ONTUMH3AIIUIO .
OOyuaromue 3agaHus B yUYCOHHWKE HM3ydaeTCs KOJUICKTHBHO. Y YallHecs

JIOJDKHBI YMETh OMPEACISITh SBISICTCs M (QYHKIMS Ha MTPOMEXKYTKE BO3pacTaro-
meil win yObiBatomieil. [[is 3Toro oH AOMKEH yMeTh NMPOBEPHUTH YCIOBHS
fx2)>fx1) mmm f{x2) < f{x1) JUTst TPOU3BOIBHBIX 3HAYCHUMN X1, X2, YIOBJICTBOPSIIO-
e ycioBuio x2 > x1. C 9ToM 1embio, Ha/Io Co3/1aTh pabovne JTUCTHI ¢ rpaduKaMu.

Ha camom niene, onpenenuTh MpOMEXYTKH BO3PACTAHHS M YOBIBAaHHS (PYHKITHH
MBI MOXKEM H TIPY TTOMOIIX 3HaKa YII0BOTo Kod(hduimerTa. 910 ObUIO U3YYCHO
Ha MPEbIIyIUX YPOKax. Y4Yalrecs yKe BBIIOIHIIN MHOTO 33/IaHU{ U 3HAIOT,
YTO B TOYKAX HKCTPEMyMa KacaTesibHast ObIBA€T TOPH30HTAIBHOMN MPSIMOH U YIIIO-
BOH KOA(PUIIMEHT KacaTeIbHON B IAHHOW TOYKE PaBEH HYIIO.

Ilenecoobpa3HO HaYaTh YPOK C TIOBTOPEHUSI CBOWCTB (DYHKIIMH - YETHOCTH
WJIM HEYETHOCTH, aCUMIITOT, OOJTACTH OIIPEICIICHNS] K MHOYKECTBA 3HAYCHUH, TOYCK
MepeceUeHHsl C OCAMHU KOOpAWHAT. Takxke JUIsl KccaenoBaHus (DyHKITUH TIPH T10-
MOIIY TTPOU3BOTHON HAJI0 OPTaHU30BaTh pabOTY, KOTOpast OyJeT pa3BUBaTh yMe-
HUE peliaTh ypaBHEHUS W HepaBeHCTBA. JlJIT 3TOTO MOXHO HCIIOIh30BATh
cleayronme padodne JIMCTHI.
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Pa6ouwnii auct N1
Nmsa Damusnst Jlara
1) Pemnre ypaBHEHUSI.

a) X—Tx+12=0

b) 4x’-9=0

¢) 18 =36v

d) a*+5a=3a+35

e) 49 -19,6¢+2,5=0

f) X*+6x>+3x-10=0

xX*—5x—14

O w1 ¢
2) Pemvre HepaBeHCTBA. 3alMIINTE HEIOMYCTUMBIE 3HAYECHUS ITEPEMEHHBIX
(ecJi OHM CYIIECTBYIOT). 3alUIIUTE OTBET.

a) 2x—10>0
b) x(x+5)<0

¢) }(x-4)>0

d) ¥*+5x-14<0

e) (x 3)(x+2)(x—1)§0

2 1 -
3) Haiinure Touku nepecedeHus rpaduka ¢ OChIO X.
a) f(x)=5x-15

b) g (x)=x*—-3x-28

¢) h(x)=x*+6x>+11x+6
_x*-9
dy= x*+1

4) Haiinure 00macTh onpeneIcHIs 1 MHOKECTBO 3HAYCHUH (DYHKITHH.

a) y=2x+1 e)f(x)=

b) f(x)=x*-9 Bk (0 = 2319
¢) f(X)=x3-5x2+2 !
B o)~ ] 8P () =57
g x+1
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PaGoumnii auct N2

Nmsa Damusust Jlara

1) 3anummure u npeAcTaBbTe rpadUUecKy ONpeaeIeHIE YeTHON N HEUeTHON
(GYHKIHH.

2) OnpenenuTte ABIAETCS U (PYHKUIUS YETHON WM HEYETHOH.

a y Ji AT
) S/ PG
11\ I\
/ | IHA
70l | 2 [x F2\ol J 21 x
/2 %/
[ | d
) b d) R
9) \ o)
paiN \
210 X N 2 | x
9} \ o) \
/ \ \

3) Onpenenute anreOpandecKu ABIIETCs U QYHKINS YSTHOM, HEUSTHOW MJIH HU-
KaKo¥ (HM YeTHOW M HU HEYETHOM).

a) y=2x

b) r(x)=x*+2x+1
Q) ()= +8

d) s()=x*-27

&) h(x)=x+t

161



PaGoumii auct N3

Nmsa Damusnst Jlara

YcraHOBUTE COOTBETCTBHE MEX 1y TabnuIei u rpadpukom. OOOCHYHTE CBOE
MHEHHE.

) 2 e,
a 0 a Hem
0 b Hem
c 5 c -1,7
) ) Yo W
a 0 a Hem
0 b 0
c 5 c -2
a) b)

IN]
S|--
ak--

c) d)

g

<
S~
al----
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JlokazareiapCTBO TEOpEMbI O IPOMEKYTKAX BO3pACTaHUS U YOBIBAaHUS (DyHKITUH
P TTOMOIIIH 3HAKa MPOM3BOTHON HE MPEIyCMOTPEHO B IMIKOIBHOM Kypce. Of-
HaKo, B 3aBUCHMOCTH OT YPOBHS KJIacca HIIM YYaIllerocs, MOYKHO MPEACTaBUTh
JTAaHHOE JI0KA3aTeNbCTBO. J{oKa3arenbcTBO O4eHb IPOCTO U OCHOBBIBAETCS HA TEO-
peme o cpenHeM 3HadeHNH QYHKIUK. JTa TeopeMa Ha3BaHa B yecTh Jlarpanxa -
MareMaTruKa, KOTopbli poauiicsa B Mtanuu, a skt Bo @paHInK, KOTOPBIA BIIEPBBIE
JloKazas 3Ty TeopeMy. OHa Tak U Ha3bIBaeTcs TeopeMoii Jlarpanxxa. Hamoneon
Bonamnapt HasbiBan Jlarpanika “camoii BEICOKOM MUPaMUI0N” CPEId MaTEMaTHKOB.
Teopema (Jlanrpan:ka). Ecnu ¢yHKIus HenpepsiBHaHA OTpe3ke [a, b] u
muddepeHnmpyema Ha uHTEepBatie (a; b), Torna Ha uHTEpBaje (a; b) CymecTBy-

€T TaKoe Yuclo ¢, uto f'(c) = —f(b)b _fa(a)
l'eomeTpuuecKkuii CMBICT TEOPEMBI B TOM, YTO

Ha OoTpe3Ke [a,b] npsiMast TMHUSA, KacaTelIbHas A
K TpaduKy B TOUKE, MapajuleibHa CEKyIIeH,
npoxojsimien yepes Touku (a; fla)) u (b; f(b)) ]
OOBbsicHEeHUE MTOCPEICTBOM MPOU3BOAHOM 3a-
KITIOUAeTCs B CIICYIONIEM: Ha OTKPBITOM HH-
TepBae (a,b) CymecTByeT Takas To4ka ¢, 4To @ @)
3HaueHue f ' (¢), paBHOE MTHOBEHHOH CKOPO-
CTH paBHO CPEIHEH CKOPOCTH M3MEHEHHs Ha
otpeske [a,b].

OOparute BHUMaHUE, TEOpEMa He OTPEeIsieT MTHOBEHHYO CKOPOCTh, a yCTa-
HABJIMBAET €€ cyllecTBoBaHWe. Hampumep, mpu moMomu 3TOH TEOpEeMBbI
MOXXHO HAalTH KacaTeJIbHYIO.

(b, f (b))

» X

a c b

Hanpumep, nns pynkuum f(x) =5 — ;‘C'— Ha unTepBaie (1; 4), HaiineM 3HaUeHUE
¢, YAOBIIETBOPSIIOIIEE YCIOBHIO
A (b) f (a)

fe=

Kak BUIHO, ynoBII€TBOPSIET yCIOBUIO TeopeMbl. DyHKIMS HENTPEpbIBHA HA OT-
peske [1; 4] u muddepenunpyema Ha OTKpITOM npomexyTke (1; 4). 3Hauwr,
Ha 9TOM MHTEpBAaJe CyIIEeCTBYET TaKO€ 3HAYEHHUE ¢, UTO

fr(c): f(4)4__f1(1) =1

[ToncTaBuB 3TO 3HAUEHHE B BpakeHUE f'(X) OmMpeneanM TOYKH C.
4 4
! e — _— . —
S = e cz_l, c==2
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DTO 3HAYCHHE HAXOAUTCS MEXAY 3HAUCHUSMU MHTEp-
Bana (1;4) u paBHO x = 2. 3Ha4YUT, KacaTeJbHAas IPOBE-
JiIeHa B TOYKE ¢ abcuuccoi x = 2 W OHa mapajuiesibHa
cekyeH, nmpoxossmiei uepes Touku (1; 1) u (4; 4). Uto
BUJTHO U TIO TpauKy.

Teneps MOXKHO JJOKa3aTh TEOPEMY O BO3PACTAHUH U YOBIBAHUU (DYHKITHH.

Teopema. Eciu ¢yHKIUS HempepbIBHA HA OTpe3ke [a, b] u auddepeHu-
pyema Ha untepBaie (a, b), To

ecim f' (x) > 0, To Ha oTpe3ke [a,; b] dyHKIMS BO3pacTeT;

eciu ' (x) < 0, To Ha oTpe3ke [a, b] pyHKIUs yObIBAET; €CIu
f'(x)= 0,70 pyHKITNSI TTOCTOSIHHA Ha OTpe3Ke [a, b].

Jloka3aresibCTBO. 3HAYCHNUS X1 M X2 TIPU YCIOBHH X1 < X2 SIBIISIFOTCS] HEKOTOPBIMH
3HAUEHMSIMU B3STHIX U3 oTpe3Ka [a, b]. Ilpumennm teopemy Jlarpamxka K GyHKITUH
fHa [x1; x2]. Toraa MOKHO 3amucath, uto f (x2) — f (x1) = f ' (¢)(x2 — x1)

371eCh YHCII0 ¢ PACTIONOKEHO MEXIY X1 U X2 : X1 <€ < X2

[IpaBast yacTe ypaBHEHHS ONpeieieHa 3HakoM f ' (¢), Tak Kak yxke (x2 — x1) TO-
JIOKUTEIBHO.

Ecmu f'(c)> 0,10 f(x2) —f(x1) > 0; £ (x2) > f (1) momm f (1) < f(x2), @ 3TO O3Ha-
YaeT, YTo (PyHKIIHSI BO3pACTaeT.

Ecmu /' (¢) < 0,10 f'(x2) — f (1) < 05 f (x2) < f (1) mmm f'(x1) > f (x2), a 370 O3Ha-
9aeT, yTo (QPyHKIHs yObIBaeT.

Ecmuf'(c)=0, 10 f(x2) —f(x1)=0; f(x1)=f(x2), 711 IPONU3BOJIBHBIX X1 U X2,
a 9TO O3HAYaeT, YTO (PYyHKIHUS IMOCTOSHHA.

? Penrenue HeKOTOPBIX 3aJaHUI U3 yYeOHHUKA:
| |

¥.9. a) a) Haiinure, npu Kakux 3HaYEHUSX apryMeHTa IPOU3BOIHAS
(GyHKIUY paBHA HYIIO.
b) Haiimute npoMexyTKu Bo3pacTaHUs U yObIBaHUS (QYHKIIUH.

Pemenue: 8) a) Haiinem npousBognyro pynkuu g (x) = x-Inx, x > 0:

2 '(x) = Inx + x- %zlner 1.

g'x)=0<Inx+ 1=0; Inx=—1;
TOYKA X = e ! SIBJISIeTCsI TOUKOM, B KOTOPO# Ipou3BoIHast paBHa 0.
b) 3HaK MPOM3BOTHON MOXKHO HAWTH, BEIOPAB KOHTPOJIbHBIC TOUKH IS KaXK-
JIOTO U3 MPOMEIKYTKOB, Ha KOTOPBIE TOUKA X = - - JIEIHT obnacTh ompezene-
HUST QYHKIIUH: g’ _ T

1

e
3HauuT,pyHKIMs yobiBaeT rnpu x € (0; % ], 1 Bo3pacraet npu xe | 1.+ ).
e
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V.11. b) Haiinure Takue 3HadyeHus b, mpu KOTOPBIX (PYHKIHS

f(x) =x3+bx*>+12 x + 3 Ha Bceil JEUCTBUTEIBHON OCH BO3paCTaeT.

Pemienue: Tak kak mpou3BoiHAS (PYHKIMH TIOJIOKUTENBHA, TO (DYHKIIUS BO3-
pacraromas ( U1 KOHEYHOTO KOJTMYECTBA TOUEK OHA MOXKET OBITh paBHA HYITIO)
Jlst moOBIX X TOMIKHO BBITONTHSITECS [/ (x) >0. Halinem npousBogHy0 QyHK-
wan: [ (x) > 3 x> +2bx+12.

Jlist TOoro, 4TOOBI HEpaBEHCTBO 3 x*+2bx+12> 0 ObLIO CIIPaBEIIMBO Ha BCEi
JEHCTBUTENBHON OCH, NTUCKPUMUHAHT KBAJPATHOIO TPEXWJeHAa CIpaBa He
MOKET OBITh OOJIbILIE HYIIS.

D = 4b>-144 < 0; b>-36<0. T.e ecru be [—6; 6], To 3ananHast QyHKIUS OymeT
BO3pacTaTh Ha BCEH JEHCTBUTENHHOM OCH.

Ypoxk 103-105. Kpurnyeckne TOYKH M IKCTPeMyMbI (PyHKIUH.
3 yaca. Yue0. cTp. 200-207

Conep:xaTeJbHBINH CTAaHIAPT.
2.2.1. Haxogut cTalmoHapHbIe TOUKH, IPU MOMOIIM ITPOU3BOIAHOMN U ompe-
JIEJISIET SIBJISIFOTCSL MJTM HET OHU TOUKAMU KCTpEeMyMa.

HaBbiku yuamierocs.

B OTIpeneNsieT TOYKH SKCTPEeMyMa ITPH IMTOMOIIN TTPOU3BOTHOM;

B OTIpeNieNsieT MO 3HAKy MPOU3BOAHON SBIAIOTCS JIM TOYKH SKCTpeMyMa TOd-
KaM{ MaKCUMyMa WM MUHAMYMa;

B pelIaeT 3aJjaqy, Ha HaXOXKJIEHHUE TOYEK IKCTPEMYMa..

Omnpenenser TOUKM MaKCUMyMa M MUHUMYMa 110 TpaduKy, oToOpakaromemy
HECKOJIBKO TOYEK DKCTpEMyMa.

VYuaiuecst popMHUPYIO MHEHHUE O 3HAYCHUU (QYHKIIMU B TOYKAX YKA3aHHBIX Ha
rpaduke, 3HaYCHUH TIPOU3BOTHOM, MTOJIOKEHUU KaCaTeIbHON B TAHHBIX TOYKAX
Y YIJIOBOM KO3 UITUCHTE.
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B xputnuecknx Toukax mpowusBogHas GyHKIMH paBHA Hymo ' (a) = 0 win
HE CYyILECTBYET.

Ecnu npousBoaHasi B KpUTHUECKOM TOUKE CYIIECTBYET, TO YIIIOBOM KO3 du-
[MEHT KacaTeJbHON paBEH HYIIO U SIBISAETCS TOPU3OHTAJIBHOU MPAMOM, ma-
paJIeIbHOM OCH X; €CJIM TPOM3BOIHON HET, TO B TOUKE C JJAHHOU a0CIMCCOH,
KacaTeJIbHOM HET.

OnpenenuTs SBISETCS JIU KPUTUUECKasd TOUKa TOUKOW MUHUMYMa WJTH TOUKOU
MaKCHMYMa, MOYKHO ITPOBEPUB 3HAK MTPOU3BOJIHOM CTIpaBa U ClieBa OT JaHHOU
toukn. Crenyronui rpauK HArISITHO MTOKA3bIBAET SKCTPEMYMBI B 3aBUCUMO-
CTH OT M3MECHCHUS 3HAKA.

VYyammecs JOJKHBI IOHUMATh, YTO SKCTPEMYMBI MOTYT OBITh U 'y He audde-
peHIpyeMoil (pyHKIIUM U B TOUKaX, TI€ HET MPOU3BOJHONU. ITO PEKOMEH Y-
€TCs BBITOJHATH Ha rpa)UIecKuxX MpruMepax.

MakcumMyMbl 1 MUHUMYMBI ()YHKLIMHU B 3aBUCUMOCTH OT 3HaKa MPOU3BOAHOM.

110 <0

f1)>0

S <0

[)) PSP —

L 0>0
a c

Touka ¢ Touka MUHUMYyMa. Touka ¢ TOYKa MaKCUMyMa.

[ IR —
[ M

[y

Touka ¢ ABIsIETCA KPUTHUECKOH TOUKOM HENPEePhIBHONW (DYHKIUH f U IS TIPO-
M3BOJHOM MEPBOTO MOPSIIKA SIBISETCS TOUKOH MaKCUMyMa WJIM MUHUMYMA.

1. Ecniu ipu mepexojie uepe3 TOYKy ¢ IPOU3BOHAs /' MEHSIET CBOW 3HAK C
rroca Ha MuHyC (> 0 mss x < cu f' < 0 yist x > ¢ ), To 3Ha4eHne QyHKIUU [ B
TOYKE ¢ SBJISIETCS MAKCUMYMOM (DYHKLIMH.

Jloxanbnbil MakcuMyM  JIoKaJIbHBII MakCUMyM

A T R
1

i
¢ C
S'()=0 /' (c) He onpenenena
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2. Ecnii mpu miepexozie uepes TOUKy ¢ IpoU3BoHas /' MEHSET CBOM 3HaK C MU-
Hyca Ha umoc (f'< O gss x < ¢ wm f'> 0 s x > ¢), To 3HaueHue QyHKUUH f B
TOYKE ¢ SBJSIETCSt MUHUMYMOM (DYyHKIIWH.

JIOKQJTbHBIN MUHPAYM
J'<0
/>0

f1<0if'>0 JIOKAJILHBIH
!
!

i MUHUMYM
JR I

C c
f’(C):O f"(C) HE

ompeseneHa

3. Ecnu nipu mepexojie yepe3 TOUKy ¢ MPOou3BoHAs QYHKIUH ' HE MEHSET
CBOM 3HaK ( f'MIMeeT OJTMHAKOBBIH 3HAK C KaX/IOW CTOPOHBI OT TOUKH C), TO
TOYKa ¢ HE SBJSIETCS] TOYKOHM dKCTpemMyMa (HH MaKCUMYMOM, HU MUHHUMYMOM).

npousBoaHasi f ' (c)
HE CyLIECTBYET

S'(©=0

Touxka a eBast KpaifHAs TOYKA: eciu s X > @ umeem,uto /' < 0, (f' > 0), To
TOYKA @ SIBJISETCS JOKATbHBIM MAaKCUMYMOM (MUHHMYMOM).

JIOKaJIbHBI MaKCUMyM
i JIOKaJIbHBLY MUHUMYM
: f'>0

f1<0 !

|
a a

Touka b mpaBast KpalfHss TOUKa: ecnu i x < b umeeM, uro f'< 0, (f' > 0), To
TOYKA @ SIBJISIETCS JIOKATbHBIM MHHUMYMOM.

JIOKQJIbHBI/MaKCUMYM
f&

JIOKAJIbHBIA MUHUMYM | f'>0
b 7
[Tocne obcyxkeHus y4amuMcsi peKOMEHAYETCsl BBITOIHUTE 331aHusl, IPEICTaB-
JICHHBIE B KAUECTBE IPUMEPOB B yueOHHKE, 3aIIMCaB UX B TETPab, MM B KAU€CTBE
JOMaIIHero 3aanus. MccnenoBanus pa3nuuHblX QyHKIUN ydaluMucs opopm-
JICHHBIC B BHUJIE MIPE3CHTALMH PEKOMEHAYETCsl IOMECTUTh B HOPT(HOINO yyalie-
rocsl.
BrinonHsAroTCS 3a1aHNs HAa HAX0KIEHUE JIOKAJIbHBIX KCTpeMyMOB. JlJist 3Toro
HAJI0 BBIIIOJIHUTH CIICAYIOIIEE:

1. CtaunoHapHbIe TOUKH;
2. HaiiTu TOuKH, T71€ IPOU3BO/IHAS HE CYILECTBYET;
3. HaiiTi rpaHuYHbBIE TOUKH.

167



IMpumep. Haitnure HB3 1 HM3 dynkmmn f(x) = x* — 3x? — 9x +5 Ha mpome-
KyTke —2 <x < 6.

Pemenue:

Lf'(x)=(*=3x2-9x +5)' =3x2 - 6x2 -9

f'x)=0;3x2—6x2-9=0; 3(x+1)(x—3)=0

x=-1,x=3

2.Tak kak ¢yHKUusA f sABiseTcs QyHKIUEH-MHOTOWIEH, TO OHa AuddepeH-
LUpyeMa BO BCEX TOUKAaX YHUCIOBOH OCH.

3. I’'pannunbie Touku: —2 u 6.

B toukax x =—1, x =3, x = -2, x = 6, BRIUNCIUM 3HAYCHHEC PYHKIIHH:
f(2)=3,f(1)=10,f(3)=-22, f(6) =59. Cpenu HEX camoe OOJbIII0e
3Ha4eHHE a0COTIOTHBI MAKCHUMYM, CaMO€ MaJIEHbKOE - a0COIFOTHBIA MUHU-
MyM. [{na pynkumu Ha uHTepBane [—2; 6] abCOMOTHBII MUHUMYM

f(3) =-22, abconmoTHbIi MakcuMyM f(6) = 59.

min f(x) = f(3) =22, max fix) =£(6) =59
[-2; 6] [2; 6]

¥.19. B pesynsrare HaOmoaeHuid ObUIO YCTaHOBIEHO, YTO H3MEHEHUE TEM-
niepatrypsl 6ombHOTO T (TI0 DapeHTeiTy) B TEUSHUH { THEHW OMpeensiioch
nipu omonu pyakun T(¢) =-0,12 + 1,2t + 98,6; 0 <t < 12. Haiinurte Hau-
Oosblliee ¥ HAUMEHbIIee 3HAYCHHUE JaHHON (YHKIIMH U OOBSICHUTE COOTBET-
CTBYIOLYIO CUTYaIUIO.

Pemenne: uccnenyeM u3MEHEHHE TEMITEPATYPbI OOJBLHOTO ¢ TOMOUIBIO MTPO-
m3BogHoM: T'(f) =—0,2-¢+ 1,2.

Haiinem kputnueckue Touku u3 ypasaenus T'(f) =0. — 0,2-¢+ 1,2 = 0 u mo-

ay4uum t = 6. T - _/v_
: n ~

0 6
Touka fmax = 6 TOUKA FKCTpEMyMa, 00JIee TOYHO TOYKA MAKCUMYyMa.
T(0)=98,6 F; T(12)=-0,1-144+1,2-12+98,6 =-14,4 + 14,4 + 98,6 =
98,6 F

Trnax=T (6) =-0,1-36 + 1,2:6 + 98,6 =3,6 + 98,6 = 102,2 F
3nauut, HB3 Temneparypbl: Tmax= 102,2 F;

HM3: Twmin= 98,6 F.
T.e. BHauazne y OonbHOTrO OB TeMIeparypa 98,6 F, koTopas nossianach B
TeYeHUHU 6 AHEH, Ha 6-0H IeHb TeMIeparypa JOCTUINIa MaKCUMyMa!
Tmax=102,2 F , mocne yero temrieparypa Hayaia MOHWKAaTbCs U B 12-blIi
JeHb ¢ = 12 Temmeparypa CHOBa cTaja PaBHATHCS HOPMaJIbHOW TeMIlepa-
Type. Tmin= 98,6F
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PaGounii tuct N4
Nmsa Damusust Jlara

1) 3anummuTe TOYKH JOKATHLHOTO MAKCUMyMa 1 MUHHMYMa HEIIPEePHIBHOM Ha
BCel YMCII0BOW OCcH (DYHKITHH.

o'a p

3) U300pa3ute rpaduk kakoi-mud0 QyHKIIMU COOTBETCTBYIOILIUH CICIYOIIEMY
YCJIOBHIO.

a) Touka (1; 1) MOKaIBbHBI MUHUMYM, JIOKQJIbHBIH MakCUMYM (3, 3);
b) Touku (1; 1) u (3, 3) NTOKaTBLHBIC MUHIMYMHI ;
¢) Touku ( 1, 1) u (3, 3) mOKaIbHBIE MAKCUMYMBI

4) N306pasute rpadvKu, COOTBETCTBYIOLIHME CICAYIOIUM YCIOBHUSM.

12)=3,1'2)=0u:

a)f'(x)<0mpu x<2, f'(x)<0mpu x>2.
b) f'(x) <0 mpu x<2, f'(x)>0n0pu x>2
¢)f'(x)< 0 mpu x #2.

d) f(x)>0mnpu x =2
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Pa6oumnii auct N5

Nmsa Damusnst Jlara

HaﬁJlI/ITe KPUTUYCCKHUEC TOYKU U ONPECACIIUTC KaKUC U3 HUX SABJIAIOTCA TOUKAMU
MaKCMMyMa U MUHUMYMaA.

) f(x)=x>+8+7 2) f(x)=2x*—12x—-7
3) f(x)=sin(x) 4) f(x):x3f6x2+5

5) f(x)=(x—1)(x-3) 6) f(x)=In(x*—6x+ 11)

7) f(x)=2x"—96x + 42 8) f(x)=5x-2

9) f(x)=5x+cos(2x+1)

HaﬁZ[I/ITe HaMMEHbIIIee U HAanOOJIbIICEe 3HAUCHHE (I)yHK]_II/II/I Ha 3a/1aHHOM OTPE3KE.

S ) =x—6x+ 5, [-2;5] F(x)=x5—5x*+ 553+ 7,[0;2]

S ) =2-x [-2;1] f(x)= 1 , [1;3]

x2+ 1

f)=x>=3x+5,[-2;1]
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Ypok 106-109. ITocTpoenne rpadpukoB PyHKUMH ¢ MOMOIIBIO NPO-
u3BOJHOI. 4 yaca. Yue0. cTp.208-211

Conep:xareJIbHBINH CTaHIAPT.

2.2.2. llpumensier nuddepeHimanrbHoe HCIUCIIEHUE TTPH UCCIISTOBAaHIH
(YHKIMIA 1 TOCTPOCHUU UX IPa(UKOB.

HasbIku yyaierocs:

W OIpe/IeisieT OCHOBHBIC CBOMCTBA (DYHKLIMH, 00JIaCTh ONPEICIICHUs, MHOXKE-
CTBO 3HAYCHUIA, YSTHOCTh U HEUYCTHOCTD;

W ONpe/essieT TOYKU MIePECEUSHHUs C OChIO X;

W ONpe/essieT KPUTUISCKUE TOUKH (DYHKIIHY;

B ONpe/eIsieT JOKAIBHBI MAKCUMYM H JIOKaJIbHBIH MUHUMYM (DYHKIIHU;

B CTPOUT rpaduK QyHKIHH.

JIBa ypoka oTBOAUTCA Ha MOCTpOeHHE Tpaduka GyHKIIMU MHOTOUJIEHA, JBa
JIPYTHX YpOKa Ha MOCTpOeHUE rpaduka parnnoHaIbHON QyHKmn. Kaxmaprid
MepBBIN YPOK MpeIHA3HAYEH /ISl U3YUEeHHsI, a BTOPOIl - 11e51ecO00pa3HO OTBO-

JMTh JUIS BBITIOJIHEHUS 3aJaHUM.
1-2-plii yacel. BasxHoe 3HaueHHME MPU MTOCTPOCHUU Trpaduka QyHKIUH MHOTO-

4JeHa UMEIOT TOUKH TepecedeHus ¢ ochio x. [ToaToMy ocoboe BHUMaHKE OTBO-
JIATCS YMEHHIO pa3jiarath MHOTOWICH HA MHOYKHTENH. B CBSA3M ¢ 3TUM BCIOMUHAEM
TEOpEMyY O pa3IoKeHNH Ha MHOXKUTENH. Harpumep, 4ToOBI pa3noKUTh MHOTOWIEH
f(x)=x*—5x3+x>+21x — 18 Ha MHOXKUTEJM HAJIO UCIIOIH30BATh JACTUTEIN YHCIIa
18 (Teopema o panmoHambHBIX KOpHAX). [lpu x = 1 momyumum f (1) = 0, 3HaUUT
JBYXYJICH X — | SIBIS€TCS MHOKUTEIEM MHOTOWIEHA.

1. Paznenum MHOTOUIIEH 2. Teneps MBI TOIKHBI PA3JIOKUTh
f)=x*-5x3+x*+21x—-18 MHOrowsieH g (x) =x*—x?—21x+ 18
Ha JIBywWIeH x — 1 Ha MHOXuTenu. [Ipu x = 3 umeem

X =50+ +21x - 18| x— 1 2(3) =0 u x — 3 MHOXUTEH MHOTO-
ek o S 4x>—3x + 18 uneHa g(x
A0 + 2 x> —4x*—3x+ 18 %g_);‘xz__gx s s
T4+ 40P _ A
—3x% +21x x’—3x? X —x—6
T 3x*+3x _—x?—3x
~ 18x—18 —x?+3x
18x— 18] —6x + 18
0 T —6x+18
2. x2—x—6=(x +2) (x-3) nmosTOMy pa3zioKEHUE 0 )
¢GbyHKIMH f(X) Ha MHOXHUTETHU Oyzer 30k
S ()= (x+2) (x = D(x-3)? 20
I'padux nmepecekaer och x B Toukax x = —2, x = —1, 10

TaK KakK x = 3 KpaTHbIN KopeHb, To B Touke (3;0) rpa-
¢uk rpaduk KacaeTcs ocH X U nmoBopaduBaercs. [pa-
¢uk dToi (YyHKIMHM TIPEICTaBIeH Ha PHUCYHKE. 2
VYyamuecs MOTYT HOCTPOUTD TpaduK BBHITIOIHSIS IpY-

T'YIO TIOCJIEJOBAaTEeIbHOCTH 1I1aroB.
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B npumepe HuKe, BKpaTIie, IOKa3aHbl MIard CXeMaTHIeCcKoro MOCTPOSHHS Ipa-
¢uka GyHKIHU. DTH Iaru MOKa3bIBalOT MOMEHTHI, XapaKTepHBIE T (PYHKITUH
B 11es1oM. [1o3ToMy OueHb BayKHO, IPUMEPHI HCCIIEIOBATh IETAIBHO, 00CYKIast
Y 3aITUChIBAsi MUCHMEHHO.

IMpumep 2. Tocrpoiire rpaduk ynkwum [ (x) = x* — 12x3 + 48x* — 64x.
Pemenne: o6nacTh onpeencHus1: MHOKECTBO BCEX JICHCTBUTEIBHBIX YHCEI

Haiinem ToYkM mepecedeHust ¢ 0CIMH KOOPIUHAT.
Touku nepeceuenus ¢ ocbro Ox HaiiaeM u3 ypaBaeHust x* — 12x3 + 48x? — 64x
=0.x (- 12x2+48x-64)=0,x (x—4)*=0,x1=0,x2=0

3HauuT, TOUKK niepecedenus ¢ ocbio x: (0; 0), (4; 0).

Tak kak f(0) = 0, To rpaduk mMpoxomuT Yepe3 Hadao koopauHat. Halinmem
KPUTHUYECKUE TOYKH.

f(x)=4x*—36x*+ 96x —64=4-(x—1)(x—4)*=0

Kpurnueckue Touku: x =1; x =4

Haiinem npomexyTku Bo3pacTaHus M yObIBaHUS (QyHKHH, a TAKXKE IKCTpe-
MYMBI.

Uureppa (oo 1) } G)) ‘.‘ (4; o) -
1 4
ITpoOHBIEe TOUKH x=-1 x=2 x=5
'x)<0 'x)>0 'x)>0
3nak f'(x) f() ') . S
' Ha (—oo;1] yObiBaeT  Ha mHTepBate [1; 4] ma untepsane [4; +00;)

Bo 3pacTaHue- BO3pacTacT BO3pacTacT
yObIBaHUE L L A

Xmin = 1 HE M3MEHSCTCSI

fmin :f(l) =-27
[Ipu cTpemiienuu x K OECKOHEUHOCTH: lim f{x) = +oo, lim flx) =400

X—>t+o0 X— —00

Ha ocHoOBe nomy4eHHBIX JaHHBIX CXEMaTUYHO N300pa3uM rpaduK QyHKIHH.

YR fix) =x(x3 — 12x2+ 48x — 64) = x(x — 4)°

SX) |f'(x) |O rpacpuke

—0<x<l1 — yObIBaeT

x=1 —1 0  |noKanbHBIH MUHUMYM
1<x<?2 + BO3pacTaeT

x=2 -16 | +
2<x<4 + BO3pacTaeT

x=4 0 0
4 <x <40 + BO3pacTaeT 30| 227

JIOKAJIbHBIN MHUHHUMYM
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3-ii-4-ii yac. [Toctpoenue rpaduka paunoHanbHONW (QYHKIHU PAaCCMOTPUM Ha
npumepe. [1jis 3Toro nenecooOpazHo MOCTPOUTH YPOKH, [I€ HAXOAUIH aCUMIITOTY
panroHaIbHON QYHKUMY [IPU HOMOLIM Tpesena.

2x
x2 +1°
1. O6aacts onpeaenenusi. OdnacTb onpeseneHus GyHKIUNT MHOXKECTBO BCEX
JIEMCTBUTEIBHBIX YHCEI.
2. Haxoskaenue acuMnToT. BepTukanbHON acHMITOTH HET, TaK 3HAMEHATEIh
GbyHkIMK Beerna nonoxurenen: x> +1>1>0
J1st HaXOoKIeHUsT TOPU30HTAIFHOW aCUMIITOTHI HalieM mpeaen GyHKITUH TTpu
X—>+00 ¥ x——00. 2 2

0 2x 2 _ 0
1

IIpumep 3. ITocrpoiite rpadux GyHKIHHT f{X) =

. 2x . X im ——= lim ——=
lim 5 y=lim — = =0, MM yTlim o= =0

x——00 X X——0

1+7 1+?

3HAUUT, TOPU3OHTAILHON aCUMITOTON (DYHKIMH SBIsIETCS ipsimMast y = 0.

3. Kputnueckue Touku. f'(x) =0

oy = 2X 2@ D) 2x(2x) 2 o2
f(x)_(x2+1 ) = 2 T 1) = (—x2 1y

2-2¢ _ 2 -2 _ P _
e @ 1y =0 2 -2x*=0 x==%1

Touku (—1;-1) u (1;1) sBHsITOTCS
KPUTHYECKUMHU TOYKAMH.

fi-l)y=-1 fin=1

4. Ilpome:kyTKHU Bo3pacTaHuda U yobiBaHus pynkuuu. Onpenenum Bo3pac-
TaeT Wi yObIBaeT (pyHKITHS Ha MHTEpBaAIax, 00pa30BaHHBIX KPUTHUECKAMHU
TOYKaMH Ha 007aCTH OTpeneIeHus (QYHKITHH.

(—o0; 1) =1:1) (I;0) _

- - - :i+++++++++++1' - - - -
Touku ) 0 2
JUISL TIPO- ,
BEPKH f(x)<0\ f(x)>0 / f'(x)<0+ \
S

MepexoauT OT yOpiBa-  [IPEXOMMT OT BO3PACTAHMS K yObIBa-

Sxerpe- Hmio Kk sospactammio,  HHIO (1, 1) noxanbHbtii Makcumym
MyMBI Touka (—1,—1) nokaib-

HBII MUHUMYM

5. OTMeTHM TOYKH MAKCMMYMa U MUHHMYMA, HA KOOPJAMHATHOH MJI0CKO-

CTH U IOCTPOUM Irpaduk.
y

Kak BuaHO 10 rpaduky M npu yClIoBUU 1
X——00 U TIPU YCJIIOBUU X—>+00 3HAUEHUS |
(YHKIUH CTPEMSTCS K HYIIIO. 3 1 3

=
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Ypok 110-114. 3agaum Ha 3kcTpemymbl. Onrumusanusa. O6odmawnue
3agaHus. S yacoB. Yue0. cTp. 212-220

Conep:xaTeJbHBINH CTAHIAPT.

2.2.1. Haxogut craiioHapHble TOUKH, PX TOMOIIY POU3BOAHON U OTIpe-
JIeJISET SBJISIFOTCS I OHU TOYKAMU SKCTpPEMyMa.

2.2.2. llpumensiet nuddepeHImanrbHoe HCYUCICHUE TTPH HCCIISTOBAaHIH
(YHKIMIA U TOCTPOCHUU UX IPa(UKOB.

Hagbiku yuamerocs:

B OTpeneNsieT aHAINTHYECKUH BU (PYHKIIMU B COOTBETCTBUH C WH(OpManHen o
[IEPEMEHHBIX IIPEICTABICHHBIX B 33Ja4€;

B pellaeT 33/1auyd Ha ONTHUMU3ALUHU ONPEAEIIsisi MAKCUMAJIBHOE U MUHUMAJIbHOE
3Ha4eHre (PYHKIINU.

M#I HAYYWITACH CTPOUTH TpadUKX MPH TTOMOIIH POU3BOAHONW. OHAKO, TO-
SIBUBIITUECS B PE3yJIBTATe PA3BUTHS COBPEMEHHBIX TEXHOJIOTHH 1 paboTaromie Ha
OCHOBE BBIUMCIUTEIHHO - MATEMATHIECKOTO aHAIIN3a BUPTYaIbHBIE HHCTPYMEHTHI
JTAIOT BO3MOXHOCTH MTOCTPOUTDH O0Jiee TOUHBIE TpaUKH U TTOITOMY TaKoe To-
CTpoeHue TpaduKoB TePSET MPAKTHIECKYI0 BAXKHOCTh. OIHAKO, B TOBCETHEBHON
YKU3HU OOJBIIYIO POJIbh UTPAOT 33a]1adl, SKOHOMHYECKOTO, TIPOMBIIIIJICHHOTO, Me-
JUIIMHCKOTO | T.J[. HAIIPABJICHHUH, B KOTOPHIX HA/I0 ONITUMHU3HPOBATH PEIISHHE ITPO-
OmeMmsl. 31ech, TEPBOCTETIEHHYIO BAYKHOCTh MMEET OMpeIeTIeHNe MaTeMaTHIeCKOM
MOJIETTH PeaTbHOM )KN3HEHHOM CUTYaITUH BKITFOYAOIITYTO pa3IMYHbIe IepEMEHHBIE.
[Touck onTIMaTBEHOTO 3HAYCHIS HE3aBUCUMOM TIepeMeHHOMN (TTPH 3aJaHHBIX YCII0-
BHSX), KOTOPOE TapaHTUPyEeT MAKCUMAIbHOE MM MHHUMAJIbHOE 3HAUYCHUE 3aBU-
CHUMO¥ TIepeMEHHOH, OTHa U3 HanOoJee BAXKHON TpooeMoit. [l HaxoK IeHHsI
MaKCHMaJbHOTO U MHHUMAJIHHOTO 3HAYCHHS MCTIOIB3YIOT CIEAYIONIYIO CTpaTe-
THIO.

[IpumepoM 3TOTO MOTYT SIBISTHCS PEIICHIE MHOTUX MaTeMaTHYeCKUX 3a/1ad .
Hampumep, “Pa3nocts nByx uucen paBHa 20. Beroepure Takue uucia, st KOTO-
PBIX BX Mpom3BeaeHue OyneT HanOomsmuM.” Kak BuanTe, 31eCh He3aBUCUMAT TIe-
peMeHHas 3a/1aHa 3aBUCUMOCTBIO JIPYT OT JIpyTa AByX uncern. O003HaunM grcia
4yepes X U y. 3Has, YTO MEXKTy HUMH CYIIECTBYET TaKasi 3aBUCHMOCTbH: OJTHO YUCIIO
Oompiie agpyroro Ha 20, 3a7a1MM aHATUTHYECKN (PYHKITUIO TPOU3BEICHUS B BUJIC
f(x) =x(x+20). Hike mpencTaBiIeH MIaH pelIeHus 3a/1ad Ha ONITUMHU3aIuu. Y4da-
IIIMCST PEKOMEHTYEeTCsI 3aIKcaTh ATOT TUIaH U PelieHNe 3a/1a491 MPEICTABIATh B
COOTBETCTBHU C JIAHHBIM TUTAHOM.

Ilocne BImOIHEHUS BCEX SaHaHI/Iﬁ nu3 y‘i€6HHKa ydanuecs MoryT KJ'IaCCI/I(l)I/I—
OUPOBATh 3aJa4u U CO3JaTh NPC3CHTAINIO I10 HaHHOﬁ TEME. Haan/IMep, pasnac-
JIUTh 3aJa4d Ha THIIbI - MaKCHUMaJIbHBIN 06’LGM, MHWHUMAJIBHBIC 3aTpaThbl Ha
Martepuajl, MakCUMaJibHas HpI/I6BIJ'II>, MaKCHUMaJIbHas 1mjiomaiab U T.O.
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[IpumeHss IPOU3BOAHYIO UL PELIECHUS 3a1a4 OTBETHTE HA CIIELYyIOIINe
BONPOCHL. OHY OMOTYT PELIUThH 3a/1a4H.

Bomnpoc 1: Mo:keT Jin pUCYHOK, COOTBETCTBYIOIIUI YCJIOBUIO 32/1a4 U
1OMOYb NPH pelieHuu?

Bonpoc 2: Kakoii Bonpoc nocrapjeH B yCJ10BHH?

Haiigure TouHOe penieHre Ha ClIeAyIOLIIe BOIIPOCHI.

* Kakue BeTMUMHBI SIBIISIOTCS TOCTOSTHHBIMU ?

» Kakue BenM4MHbI ABISIOTCS NepeMeHHbIMU? EcTh Jn kakas-mubo uH-
(dopmanus 0 3HAYCHUN JTAHHBIX BeJIMYMH? MOTYT 1M OHM OBITH OTpHIIA-
TEJIbHBIMH, OUYEHb OOJIBLIIMMH UM OYE€Hb MaJIEHbKUMU?

* Kakas cBsi3b N3BECTHA MEX Yy NOCTOSIHHBIMU U IIEPEMEHHBIMU BEIMYU-
Hamu? BbIpasute 3Ty CBSA3b CIOBECHO.
Bonipoc 3: Uro HykHO HAIITH 110 YCJIOBHIO 3a1a4u?
Bonpoc 4: Kak aHaIMTHY€CKH MOKHO BbIPA3UTh 3ABHCUMOCTh MEKIY
He3aBHCHMbIMH NepeMeHHBIMHU NPU HAXO0KICHNUH 3HAYEHUI nepeMeH-
HbIX? YTOOBI 3amucarh 3Ty 3aBUCUMOCTb B BUJE (YHKIUH 3aIHILIUTE BCE
NIepEeMEHHbBIE CBS3aHHbIE C TAaHHOM IepeMeHHOil. B 310 Bpems He 3a0biBaiiTe
0 BO3MOJKHBIX 3HAUEHUAX [IEPEMEHHO.
Bomnpoc 5: B kakom untepBaJie auddepenuupyema Gpynkuusi?

* HaiimuTe npou3BoaHyI0 QyHKIHH.

* HaiimuTe kpuTHYEeCKUE TOUKH (DYHKITHH.

* [IpoBepbTe ynOBIETBOPSIOT 1M KPUTUYECKHE TOUKH 00JIACTH OIIpe/elie-
HUST QYHKITHH.

* Onpenenure sBIAIOTCS JIM KPUTUUECKHUE TOYKU TOUKAMU MaKCUMyMa
WJIM TOYKaMU MUHHAMYMA.

? PemieHne HeKOTOPBIX 3aIaHNI U3 YUeOHUKA:

Yl.l(). (ctp.216) MunumasibHoe BpeMs. Pacyn nomken Ha oke U3
TOYKU A Ha OHOM Oepery KaHasa, IUPUHOH 1 KM,

noracTh B TOUKy B Ha npyrom Oepery. st aToro 1 kM
OH MOJKET BBIOPATh CIEAYIONINE BAPHAHTBHI: AR
1) [leperibITh KaHA HA JIOAKE U3 TOYKU A B TOUKY S I
C, a moTOM TEIIKOM J100paThes /10 TOUKHU B. \ D[~
2) IlepennbiTh KaHa! U3 TOUKU A B Touky B cpasy. \
3) IleperibITh HA JOAKE U3 TOYKUA A B HEKOTOPYIO Y
Touky D, pacnionoxeHHyro Mexay Toukamu B u C, B —
a IOoTOM U3 TOukHu D memkomM goUTH 10 Touku B.
Ecnn Pacyi 3a yac nepenisiBaeT Ha JOAKE 3 KM U POXOIUT MEIIKOM

5 KM, TO Kako¥ IMyTh OH JIOJDKEH BhIOpATh, 4TOOBI, KAK MOXKHO OBICTpEE,
no0parkest 10 Touku B?
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Pemenne: mycts Pacyn cHavasma mpoIuibIBET A0 OMpEAENeHHON Touku D Ha
JIOJIKe, a 3aTeM jo0epeTcs memkom J1o Touku B. O6o3naunm CD = x. Torga
DB = 2,4 — x. BaganuMm GyHKIHIO BpeMeHH, Kotopoe Pacym morparui ot A
1o B. CornacHo ycinoBuio moayyum:

AD DB \/ x2+1

T0="3 + 5 3 5
Orciona To—2 1 sx=3Vwtl
N2 +1 5 W2+ 1

Pemmm ypasuenue T'(x) = 0. [Ipu x>0
5x=3\V2+1=0; 25x22=9(x*+1); 16x2=9; 4x=3; x=0,75 kM
T : - +
0,75
3HauuT, 9T00BI IPEOJONETH MyTh ObIcTpee Pacyn nomken u3 Touku C mpo-
BT Ha Joake 0,75 kM 1o Touku D, a 3aTeM MenkoM JOUTH 10 TOUKH B.

VY.11. Y4eHHKH U3 IPOBOJIOKU AJIMHON 32 CM JIOJIKHBI CMOZAEIUPOBATh KBA/l-
par u kpyr. Ha oTpe3ku kakoi JUIMHBI OHU IOJKHBI pa3pe3aTh IPOBOJIOKY,
YTOOBI CyMMa IUIOMIAIeH TOMyYeHHBIX (puryp Obuta: a) HanOOJbIIeH;

b) HauMeHbIIEH. 32 cm

<
<<

oy

Pemenue: mycTh yueHUKH pa3ieiauid IPOBOJOKY Ha YaCTH X U 32 —X.
Torma cymmy 1iomianeit Guryp Mo>KHO CMOJICITHPOBATH (DYHKITHEH:

S() =1+ @ = m (5 )2+(32 Xy 41n 2+ 116 (32— X 0<x<32
Haiinem skcTpeMyMbl JaHHON (byHKuI/H/I.

Sx)=2 —1(32-x)=X +X_4=4+7m x4
) 21 8( ») 2n 8 8n *

S'(x)=0= xo= _327T_
4+m 32n

s TN Ty

Xo
[pu 0 <x <xo momyunm S'(x) <0, mpu x > xo mosryuuM S'(x) > 0 u Touka

Xo = 43+ SIBISIETCSL TOYKOW MUHUMYMA.
IMpu x = 0 moayuum S(0) = 16 322=064,
npu x = 32 monyunm S(32) = ——322= 2526 <26.

3uaunt, npu x = 0 QyHKIUSA S(x) Ha otpe3ke [0;32] npunumaet HB3. A 3to
3HAYMT, YTO YYCHUKH N3TOTOBHUB M3 TAHHOTO KyCKa IMPOBOJIOKH KBaIpaT T0-
JTy4aT MaKCUMAJIbHYIO TUTONab. B aToM ciydae, oTnager HEOOXOMUMOCTh

JieN1aTh KPyT.
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JKOHOMHYECKHE 32/1a41 HA ONITHMHU3ALUI0

Jns perienuit 3a1a4 o ONTUMHU3ALUSAME J1J1s1 OM3HECA U SKOHOMHUKE eIl1e
pa3 BCIOMHUM M3y4YeHHBIE IKOHOMUYECKUE TEPMHUHBI M UX MaTeMaTnye-
CKoe 0003HaYECHHE.

C(x) - GpyHKIMS 3aTpar HAa MPOU3BOJICTBO X SJAMHMII MPOYKIIUU (0OCITYKHU-
BaHUA).

C'(x) - yHKIMSI Map)KUHAIBHBIX 3aTpaT. I3MEHSTCS B 3aBUCHMOCTH OT KO-
JIMYECTBA X.

R(x) - dynxmus mapkuHaabHON npuObLH. Onpeensercs Kak mMpou3Beie-
HUE MPOJAHHBIX X €AMHHULl IPOIYKIUU U YCTAHOBIEHHOMN HA HEe LIEHbI
R(x) = x p(x). MapxxunayibHast mpuoObLTL R(X) U3MEHsETCS OT KOJMYECTBA
XOPOJAHHBIX €IUHUIL TPOAYKIIHH.

P(x) - pyHKIIMS MapKUHATBHOTO JOXO0AA. OMPEAEISIET pa3HOCTh MEXKIY Map-
KUHAJILHOUW MPUOBUTBIO U 3aTpaTamu P(x)= R(x) — C(x). ®yHKIMsS MapKu-
HaJbHOM TpPHUOBUIM SIBISIETCS MPOU3BOAHON (DYHKIHMU MapKUHATbHBIX
3arpar.

IIpumep. Marasun 3a mecan npogaer 200 DVD neepoB no nene 350
MaHar 3a ITyKy. MeHemKep o MapKeTUHTY CYUTAET, 4To ecin neHy DVD
cHU3uTh Ha 10 mMaHart, TO 3a Mecdll UX MOXKHO OyaeT nmponath Ha 20 mTyk
6omnbine. Kakyio MakcumanbsHyto ckuaky Ha DVD mneepst, 4To0bI OTydnTh

MaKCUMAaJIbHYI0 IPUOBLIb?
Pemenue: U1t HAXOXKICHUS MPUOBLIN HAJI0 HAWTH CKOJBKO Oy/IEeT CTOUTH

DVD mnneep, ecnu on noaemeseet Ha 10 manar. Ecniu 3a mecsiy 66110 mpo-

nano x equauil DVD mneepos, To MecsuHbli ipupoct Oyaer (x — 200). B

3TOM CJydae M3MEHHTCS IIeHa Kaxkaoro npoaanHoro DVD mieepa u oHa

Oyzer paBHa -~ = ——,. LleHy onHoi EZMHYLIE! MOXKHO OMPENEIHTE Kak:
2054 21 _

p(x) =350 - 7(x —200)=450 - 5 X

Jis x enuani; DVD meepoB npuObLUIs OT IPOAaXH MOXKHO BBIPa3UTh (DyHK-

R(x) = xp(x) = x (450 — %x) — 450x — ;—xz

[MpomsBomnas dynrkmum R(x): R'(x) = (450x — ;—xz)’ =450 —x
Kputnueckue touku ¢pynkmmu: x = 450

UEH:

Oynkius R(x) sBisieTcs KBaapaTHUIHOW (QYHKIMEH H300pakaromiei mapa-
00J1011 C BeTBSIMH BHHU3. 3HAUUT, €CJIN KAXKABIH TuIeep Mpozarh 3a p(x), To
MaKCUMAaJIbHYIO IPUOBLIH MOXKHO MOTyYUTh OT npofaxku 450 mryk. Haiiner
nieny ogHoro DVD meepa (x = 450):

P(450) = 350 % (450 — 200)= 350 — % 250 = 225

3HauuT, rieHa oaHON equHUIBI DVD mieepoB MOXeT ObITh CHH)KEHA 10
225.
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Kputepun 1151 cyMMaTMBHOTO OLlCHHMBAHHS O pasjeny 6

3ameuanus o0 yua-

Ne Kpurtepun
p p IUXcs
1 OmnpenensieT HHTEpBaJIbl BO3PACTAHUS U YObI-
' BaHUsI (DYHKLUH IIPH TIOMOIIN POU3BOIHOM.
) Omnpenenser TOYKH FIKCTPEeMyMa P ITOMOILU
’ TIPOU3BOIHOM.
OrnpejensieT TOYKOi MaKCUMyMa WJIM MUHH-
3. MyMa SIBJISIETCS TOUKA, [IPU IOMOIIN U3MEHe-
HUSl 3HaKa IPOU3BOIHON IIEPBOTO MOPSAKA.
4 Crpourt rpaduk QyHKINH, TPU TTOMOIIHU IPO-
’ HU3BOJHOM.
5 OmnpenensieT aHanUTHYECKUH BUJ QyHKINU
’ JUIsl TIEPEMEHHBIX 10 TaHHBIM IS 331a4H.
Pemaer 3agaun Ha ONTUMH3ALNIO, ONPEACIISS
6. MaKCHMaJIbHOE WJIM MUHUMAaJIbHOE 3HaYCHHUE

(GyHKIHIH.

178




Ypoxk 115. 3aganusa AJsi CcyMMAaTUBHOTO OLIEHUBAHMS 10 pa3aeiy 7.

1) Haitnure npou3BoAHy 0 (YHKIIHU.
a) g () ="\x+(x—3) b) £ (x) = — 5x(2x - 3)*
2) OnpenenuTe HHTEPBAJIBI BO3pACTaHUSI U YOBIBAHUS (PYHKIIHH.
a) flx) =x*—4x* + 10 b) flx) = x* — 3x% — 144x — 140
3) HaiimuTe TOUKHM dKCTpeMyMa (QYHKITHH.
a) flx)=x3—9x2 b) fix)=x*—6x>+9x + 1

4) Hatinure Takoe 3HaueHue b, mpu kotopoM GyHKImsS flx) =x3+ bx>+ 12x +3
JUTS BCEX 3HAYCHUH X OyJIeT BO3pacTaroleil Ha Bcel YHCI0BOM OCH.

5) Haiinure sxcTpemMmymbl (DyHKIHH.
fix) =2x3—=3x2—12x +2

6) Haiinure xputnyeckue Touku GyHKIuu fx) = x> — 2x? + 3x + 2.
7) Haligure 1 xnaccupuuupyire (TOYKM MaKCUMyMa U TOYKH MUHUMYMa) KpH-

THYECKUe TOUKH QyHKIuU flx) = 2x3 — 24x + 5.

8) Ilo rpaduky HalUTE JTOKATHHBIC SKCTPEMYMBI M HaU-
OombIlice U HAUMEHBIIEe 3HaYeHNEe (DYyHKITHN.

9) Haitngute nanOonpiee 3HaueHne QyHKIHH f (x) = 4x — x> + 6 Ha OTpe3Ke
[0; 4].
a)0 b)2 c)4 d)6 e)10

10) HempepoiBHast ¢pyHKIHsE yObIBaeT Ha nHTEpBate [2; 10], Touka x = 4 sBisieTcst
KpUTHYECKOW Toukol u f (4) = 2. Onpenennute HCTHUHHOE BbICKa3bIBaHUE.

a) 3nauenne f(10) sBIgETCS HANMEHBIITNM 3HAYCHUEM.
b) Touxka (4; 2) sABIAETCS JTOKATHHBIM MAaKCHMYMOM.

c¢) f"(4) He cymiecTByeT.

d)f'(4)=0.

2

X
11) Haiigure acumntotsl GyHKIMH f{X) = ErEan HOCTpOiiTE ee rpaduKH.
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12) Kakas u3 cnenyrommx GyHKIUNA Ha 00JacTH ONpeesIeHHsI UMEET TOJIBKO JBE
TOYKH 3KCTpemyma?

a) f(x)=Ix—-2]
b)f(x)=x*—-6x+5
o) f(x)=x*+6x-5
d) f(x) =tan x
e)f(x)=x+ Inx

13) @ynknusa V(x) =x(10 — 2x)(16 — 2x) mogenupyet o0beM (0 <x < 5). Haiigute
TOYKH IKCTpemyMa (GyHKIUH. [IpencraBpre MOJyYEHHbIC 3HAYCHUS COOTBET-
CTBYIOILIEH CUTyalue.

14) ®ynknus fHenpepbiBHA HA nHTepBaie [0; 3] u muddepeHupyema Ha HHTEP-
Bane (0; 3). ITo Tabnuie HaliguTe:

a) KPUTHYECKHUE TOYKH; Y [0<x<1|1<x<2[2<x<3
b) HanbonpIree 3HAYCHUE; / i t + —

C) CXeMaTH4YeCKUH rpaduK. f + _ _

15) ITnomanp mpsMoyronbHUKa paBHa 16 M2 . Omnpenenure: a) HaMMEHBIIHI TTe-
puMetp; b) pazmepsr.

16) dynknms C(x) = x3 — 10x? — 30x siBisieTcst pyHKIMEH 3aTpar Ha IPOU3BOJICTBO
MPOAYKIINHU. 3AeCh X TTOKa3bIBaeT KOMUEeCTBO mpoaykiuu ( B 100 eguHumax).
MOo’KHO T HAWTH Takoe 3HAYCHUE KOJTUYECCTBA X, YTOOBI 3aTPaThl OBLIN MUHU-
MaJabHBIMHU. ECIIM BO3MOXKHO, TO HAWJIUTE 3TO KOJIUYECTBO.

17) Utobsl caenath KOpOOKY OT KyCKa KapTOHA ¢

pasmepamu 10 x 15 cMm, U300paKeHHOrO Ha pHU- T o 1
CYHKe, C IByX CTOPOH OTPE3aJIH JBa KOHTPYIHTHBIX Io"l :
KBaJpara, a ¢ Apyrux ABYX CTOPOH - ABA KOHIPY- l . : I
SHTHBIX IpsMOyroibHuKa. Haliaure takoe 3Haue- .. .

HHE X, YT00BI 00beM KOPOOKH ObUT MAKCHMAIILHBIM. : 15°

18) Uccnenyiite pynkumio flx) = x*— 2x? — 3 funksiyasimi arasdirin vo qrafikini
qurun.
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Ta6auna nuiaHupoBaHuUsl Mo paszeny 8

OcHOBHBIE CTAHAAPTHI U | Ypok Tema lfl‘;toi" Yueb.
TMOACTAHAAPTHI Ne CcTp.
2.2.3. 3Haer nMoHATHE TICpBO- HepB006pagHa;[ (I)YHK_
00pa3HoH (QYHKITNH 1 HAXOAUT nus. Heonpenenennsiit
MIEPBOOOPA3HYI0 HEKOTOPBIX
e~ 116-118 | unrerpan. Uurerpan nmo-| 3 | 222-226
2.2.4. 3Haer noOHATHE HEOIIpe- CTOSHHOU U CTEIECHHOU
JIeJICHHOTO MHTErpasia, BEIYUC- (bymHiumit. CroficTsa -
JsleT uHTerpan GyHKIUU npu Y '
TIOMOIIIY TaOIUIIBI HHTETPATIOB TerpaljioB.
OMEMEHTAHBIX  QyHKUMH 1 VHTErpas nokasaresibHO}]
NPaBUJI HHTET PUPOBAHHSI.
2.2.5. 3uaer onpenenenue (119-122 dynkunm. Mnrerpan pyuky 4 | 227-231
OIIPENIeNICHHOTO MHTErpajia | unu - . Marerpain tpuro-
nmpuMerser  gopmyry Hbto- HOMETPUYECKUX (DYHKIHIA.
ToHa-JleitOHMIA.
2.2.6. Ilpu nmomomu ompene- [lnomwans orpaHuYeHHAas
JICHHOTO MHTCTpaja HaXOMT \193_ 125 | xpupoii. OmpenecHHbI 3 232-238
IUIOLIA/1b KPUBOJIMHEHHON Tpa-
TIeIHH. WHTErpajl U IJI0MIA/b.
2.2.7. T1pu nomoIiy onpeneseH- Onpenenennblid UHTErpal.
HOIro HUHTETpaia HaxoauT q)OpMyJ'Ia HbroToua-J1eiio-
00BEMBI TEJT BpAIIICHUSL. . 4 |239-249
2.2.8. Hcnonb3yer CBOMCTBO 126-129|mmua. Croticta Onpeste-
YETHOCTH- HEYETHOCTH H TIe- JICHHOTO MHTErpaja.
PHOOMYHOCTH (GYHKLIUH IS o
maae GUrypsl, orpa-
BbIuMciIeHus onpeneiennsix |130-132 5 3 | 250-254
MHTETPAJIOB. HUYCHHOU KPUBBIMU.
4.1.1. Ucnonb3ys onpeneneH-
HBIIl HHTETpaj HaXOIUT ILJIO-
.. [133-135 i
mah KPHBOTHHEHHO Onpenenennslii unrerpan| 3 [255.260)
Tpaneuun u Ipyrux QGuryp 1 00beM (GUTyp BpaIieHHs
BPAIICHHA. 136-137 O6o6maromue 2 |261-262
4.1.2. HaxoauT MOTPEIIHOCTb,
CpaBHHUBAs Pe3yJIbTAThI OIY- Jatanit
HCHHBIC TIpH H3MCPCHHSAX H 138 | 3amanus 118 CyMMaTHBHOTO 1
BBIYHCIICHHSX.
OLICHUBAHKS 110 paszieny
Bceero 23
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Ypok 116-118. IlepBoodpa3nas ¢pynxuus. Heonpenesnennsiii naTerpa. Mu-
TerpaJji ocTOSIHHOM U cTreneHHol GpyHkuuii.CBoiicTBa MHTErpaJjioB
3 yaca. Yue0.cTp. 222-226

CoaepxarebHbIH CTAHAAPT.

2.2.3. 3HaeT MOHATHE NepBOOOPa3HOIl (PYHKIIMH M HAXOIUT IIEPBOOOPa3HYIO HEKOTOPBIX
(byHKIHI.

2.2.4. 3HaeT MOHATHE HEONPECICHHOTO HHTErPpajla, BBIYUCIIET HHTETpal QYHKINN
TIPY TIOMOIIH TaOJIUIIBEI HHTETIPAJIOB 3IEMEHTAPHBIX (DYHKINUH U TIPaBHUI HHTETPHPOBa-

HUs.
HasbIku yuyamerocs:

B [IOHMMAET, YTO MHTEIPUPOBAHUE SBIISICTCSI OOPATHBIM JICHCTBUEM Ui Audde-
peHIUPOBAaHYS,

B HAXOJMT NEPBOOOPa3HYIO (DYHKIIMHM OCHOBBIBASICh HA TIPOU3BOIHOM;

B HaXOTUT NepBOOOpa3HyI0 QYHKIMH, HCIIONB3YsI [TPaBUiIa HHTETPUPOBAHMUS;

B pCHIacT 3aja4u P MOMOIIY UHTCTPUPOBAHUSA U OG’I)SICHHGT HX Ha pCaJIbHBIX
puMepax.

ITpu momo1y TPOU3BOAHON MBI MOXKEM OTIPEETUTD
MTHOBEHHYIO CKOPOCTh I MTHOBEHHOE n3MeHenue. Hampu-
Mep, CKOPOCTh B 3aBUCHMOCTH OT TIPOMIEHHOTO Iy TH, W3-
MEHEeHHeE MMPUOBIIN B KOHKPETHBI MOMEHT, 3Hask (PYHKITHIO
MPUOBLTH, MAaPKUHAIBHYIO MPHOBLTH, MTHOBEHHOE H3Me-
HEHHE TeMIIepaTypbl U T.A. A CMOXXeM JI MbI HAUTH Ty Th,
3Has KaK M3MEHSETCS CKOPOCTh B 3aJJaHHOM HHTEpBAJe,
HaWTH OOITyI0 MPUOBLIb, 3HAS MaPKHHAIBHYIO TTPUOBLIL, HAUTH OONTHI TOXOT
(hupmBl, 3HAST MapKUHATBHEIH q0X01? Hampumep, mycTh, mpuoObLTh hupmel ¢ 2005
roga o 2009 rox B ThIC. MaHAT OBIJIa 3a7jaHa HEKOTOPOH (YHKITHEH Ha pUCYHKE.
Ecu D(0)=41,3 TBIC. MaHaT, TO KaKyto puObLTH (hrpma nmena B 2009 romy? Ot-
BETHUTH Ha 3TOT BOIIPOC MOXKHO HCIIONB3YS AeHCTBUE oOpaTHOoe s muddepeH-

IIUPOBAHMUS - UHTETPUPOBAHUSL. .
1-w1ii yac. [laercs onpezencHue MepBoOOPa3HON PYyHKIIUHU, OOBICHICTCS 3a-

nuch HeomnpeenenHoro uurerpana [ fx) dx = F(x) + C. D1a 3anmch nokassIBaer,
9TO MHOKeCTBO GyHKImiA F(x) + ¢ sBasieTcs mepBooOpasHBIMU ISl PYHKIIUN
fix. Unu st x pyHkouu  f{x) HeonpeaelIeHHbIM UHTErPajoM sBISETCS MHO-
xecTtBo ¢yHkumii F(x) + C. JleBas 4acTh paBeHCTBa BBIpa)kKaeT HEOIIPEIEIICH-
HBI UHTETpall.

Jnst opMupOBaHUS MHEHUSI O IEPBOOOPa3HON MOXKHO BBITIOITHUTH 33/1aHHS C

HIPOCTHIMH (DYHKIMSAMHU - HOCTOSIHHON 1 (pyHKIIMEH CTENeHH C HaTypajIbHBIM I10-
KasaTeTeM W.T.A. poOBepKa NpH¥ NOMOLH IPOU3BOAHOI:

T a8
J3xtdx = x3+ C Lov0)=3e
[etdx=ev+ C %(ewC):ex
Fedv=lnx+ C Linr+ o)=L 1o

182



2-o¥ vyac. Vccnenyrorcs npaBuia HHTETPUPOBAHMSL.

[IpocaenuTs TO, YTO UHTETPUPOBAHUE ABISETCS OOpPATHBIM JIEHCTBHEM IS
nuddepeHIupoBaHUs MOXKHO elle pa3 Ha npuMmepe AuddepeHIpOBaHU U UH-
TErpUpPOBaHUS CTEIICHHON (QYHKLINU.

Hanpumep, MOXXHO IIPOCIIEANUTH CIAEAYIOLIYI0 3aKOHOMEPHOCTb.

h(x) x | 2 2| X 3 X"

h'(x) | 2x | 3% | 4 | 5x* [... [;mx!

X

Ecnm MBI TOBOpHM, Y4TO HHTETPUPOBAHHE SBISETCS OOPATHBIM JEHCTBHEM JUIS
HaXO)KAECHUS IPOU3BOTHOM, TO TOIyYUB NPOU3BOIHYIO CTETIEHHON (YHKIMU 1
MIOICTaBUB BCE IIArd B 0OpPaTHOM IMOPSZKE, MOIYYHM JIH MBI IEpBOOOPa3HYIO
dynakmuo? [TocMoTpum.

[ponecc muddepernrpoBanus

DyHKIUA l-plii mar - yMHo-  2-0if mwar - u3 cre- Pe3ynb-
JKaeM Ha CTEIICHb [ICHU BBIYMTAEM 1 TaT

X"
nx’" nxn-l nxn-l

[Iponiecc MHTErPUPOBAHUS

Pesynmbrar  2-oif miar - genuM Ha  1-pIif mar - mpubas- DynKuyA

7t CTEIeHb JseM K crenenu | X"
_— n+1
n+1 x xn+1
n+1

MBI MOKeM 3aIucaTh 0011yI0 (hopMyITy B BHIE
n+l Xt
n = —( 1 = _— +
[xrdx= — 77 wm [x"dx . C
Enne 6omnee o6mmii Bu GopMyITbl MOXKHO 3aIIECaTh PU TTOMOIIH areOpandecKux
NPaBUJI MHTET PHPOBAHUS.
d Xt d Xl

ax"dx = —— + WM [ x" dx = ——

J vl T C J n+1
Jlo cBeneHMs ydaluxcsi JOBOJMUTCS, YTO PABUIO HHTETPUPOBAHHS CTEIICHHOI
(yHKIMHM cHIpaBeTMBO 115 BCEX 71, OTINYHBIX oT -1. Ha cienyromem ypoxe, Bep-
HeMcs K ciydaro n=—1. OObsACHAIOTCS IIpaBHila HHTETPUPOBAHNS 1 BBITOTHSAIOTCS
NPUKJIA/IHBIC 3a1aHHS.

+ C,nz-1

IIpaBuno HHTErpUPOBAHUS IOCTOSHHOM: [ kdx = kx + C}ﬁ X
X

TIpaBHIIO HHTErPUPOBAHNS cTeneHHOM pyrkumn: [ X"dx = +1+C, n# -1

Pacmmmpennoe mpaBuIIO WHTETPHUPOBAHUS

axn+1
CTETIEHHOH QYHKIINU: [axtdx = P C, nz-1
O060011eHHOE TPaBIIIO UHTETPHPO- ndy = —L il
il p pup [(ax + b)"dx a(nt 1) (ax + by + C

BaHUS CTEIICHHON (DYHKIIMU:

n#+-1
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3-mii yac. V3yyarorcs CBONCTBA U anrebpanyecKye MpaBuia MHTErpaa.
L/ () + g(o)ld = [ £ (x)dx + [g(x)dx
I (6) — )l = [ £ (x)dx — [g(x)dx
[k~ f(x)dx =k-[f (x)dx
[ToHMMaHHUE CBOMCTB HHTErPajia yJalrecs JeMOHCTPUPYIOT CIIOBECHO, 3aIlH-
ChIBasi MATEMATHYECKH U Ha MPHUMEPAx, KOTOPbIe MOKHO O(QOPMHUTH U MpPe.-

CTaBUTH B BUJC Ta6J'II/II_ILI.

Caoiictsa: Tprnvepsr:
[W()dx = hx) + C ] dii (dx = [(2x)dx = 2+ C
%(Ih(x)dx) = h(x) d%(j(ﬁ)dx) :d%(%xu )=
[khe)dx = KIhGo)dx, & # 0 J126dx = 12[dx = 12(x+ €)= 35+ C
[h()dx + fo)dx = [h(x)dx + [fx)d 2 — 3x)dx = [2xdx — [3xdx = -+ C

Padora B rpynnax

['pymmam garotcst pa3nuanbie GyHKIHH f{x) U g(x). YIeHbI TpyIIT JOIHKHBI 10-
Ka3aTh CIPABEIUTMBOCTD CIICAYIOIINX TPEITOKESHHH.

Hampumep, fix) =ax";n#-1 gx)=bx"; m=-1

a) [/ (6) + (0)dx = [flw)dx + [g(x)dx
b) JI () — ()] = [fix)dx — [g(x)dx
¢) [kf(x)dx = k| f(x)dx, k# 0

d) [f(ge)dx # [ f(x)dx — [ g (x)dx
e)jf(x) M n—m%-1
Ig (x)dx’

HpOBOI[S[TCS[ O6Cy>K,Z[eHI/I$[ pe3yIBTaToOB. 3HAYUT, €CIIH MTPaBUia HHTETPUPOBa-
HUS CYMMBI U Pa3HOCTH CYIIECTBYIOT, TO MIPaBUIIa HHTETPUPOBAHNS TIPOU3BEIE-
HUS ¥ YaCTHOTO HE CyIIecTBYyeT. J[J11 HHTerpupOBaHus MIPOU3BEIEHUS U
YaCTHOTO HAJ0 MCTIONB3Ys alNredpandecKue MmpaBuiia IPUBECTH UX K CYMME H
pasHocTH (MHOTOUJIEHY) U yKe 3aTeM IMPUMEHHUTD MTPaBHiia HHTETPUPOBAHUS.
BrimonastoTes mpuMeps! 1 3a1aHus U3 yueOHnKa. PekoMeHyercs mpu n3y4eHnn
MpaBWJI WHTETPUPOBAHUS PE3yNbTAThl KaXKIOTO JTara 3alluChiBaTh B COOTBET-
CTBYIOTIIYIO TaOJIHITY.
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Ypok 119-122. UnTerpaJ noka3arejbHoil GyHKUNU U (l)ymcmm% . Uu-
TerpaJibl TPUrOHOMeTpUYecKUuX pyHkuuid. 4 yaca. Yueo.ctp. 227-231

Conep:xareJbHBINH CTAaHIAPT.

2.2.3. 3HaeT noHsATHE MepBOOOPa3HON (PyHKINK U HAXOAUT [IEPBOOOPaA3HYIO He-
KOTOPBIX (DYHKIHH.

2.2.4. 3HaeT NOHATHE HEONPEIEIIEHHOT0 NHTErpala, BBIYUCIISET HHTErpall
(YHKIMH TTPY TIOMOIIW TaOIUIbI HHTETPAIoB 3J€MEHTAPHBIX (YHKIHHA U Ipa-

BUJI UHTETPUPOBAHUS.
HagbIku yuyamerocs:

B [IpUMEHSET MPaBWIO MHTETPUPOBAHUS MTOKa3aTeIbHON (QYHKIINNT;

B IIPUMEHSIET MTPABUIIO HHTETPUPOBaHUs QYHKIMH 1/x;

B IIPUMEHSET NMPaBWIO MHTETPUPOBAHHS TPUTOHOMETPHYECKON (DyHKITHH;

B OTIpEIeIIsisl TOCTOSIHHBIC MHTETPUPOBAHUSI HAXOUT TOYHOE ypaBHEHUE (DYHKIINH;
B pellaeT 33J1a4d peajbHON CUTYalUU ITPU MIOMOIIN HHTETPUPOBAHMSL.

1-b1it yac. /{15 npuMeHeHus NpaBuil UHTETPUPO- =5 hx)=e +5
BaHMS BHUMAHUIO YYaIIUXCsl IPEJICTaBIIETCs Ta0-

una GbyHKUUH, KOTOpbIE HaJl0

npouHTerpupoBarthk. Eue pa3 yuammmcs Haomu- T =€ e d [h(x)]
HAETCS, UTO AeHCTBUA HHTErpupoBanns u qubpe- € o dx
PEeHIMPOBaHMS SBISFOTCS 0OpaTHBIMU. Hanpumep, ff()t)dx l
Ha CIEeNYIOUIeM pUMepe CXEMaTUYHO MpPEeCcTaB- ) = & = )

JIeHa CBsI3b MeXy nuddepeHIIMPOBAHUEM U WH-
TErpupoBaHueM. JJaHHYIO cXeMy ydalluecst MOryT
MPUMEHUTB JIJIS eIle Psijia IIPHIMEPOB.

Wurterpupoanne GpyHKIMH

[IpaBuiio unrerpupoBanust GyHKUUU 1/x MOKHO OOBSICHUTD CIEIYIOIIUM 00-
paszom.

a !
2 (Inx) -

1
[Tpounrerpupyem ode 4actu jz_(lnx)dx = ¥dx
x
V4UTBIBAS, YTO jz— (Inx)dx = Inx + C, mo npaBuily HHTEIPUPOBAHHUS
X

1
MOy YUM I? dx =Inx+ C (x> 0).

O06o001mas moxy4nm f% dx =In|x|+ C,x#0

Haxoxenue anpTrepHaTUBHBIX PEIIEHUN OJJHOW U TOM ke MpOoOJIeMbl UTPAET
B)XHYIO POJIb /Ui (JOPMUPOBAHMS YMEHUSI YCTaHABINBATD CBSI3b MEXK/1y pas-
JUYHBIMHA COOBITHSIMU U Pa3BUBACT MAaTEMATUUYECKOE MBIIIJICHUE.
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Hano ObITh BHUMATEIIBHBIMY ITPH PEIICHUH CISAYIONIHNX 3aaanuii. Yucna Ina
7
U e SIBIISIOTCS TOCTOsTHHBIMK. Hanpumep, HHTerpupyst pyHKIHIO — 1.5~ MHO-
KUTEh 7/In2 SBASIETCS MOCTOSIHHOW W BBIHOCUTCS 32 3HAK MHTErpasa.
7 7
——=dx=+—5Inx+C, x>0

J xIn2 In2 ’

VI TIpe/IioxMM YUaIMMCs HPOMHTErpupoBath dyrkimo | (< — X ) dx.
e

VYuarnuecst HaXoAAT IEPBOOOPA3HYIO JIsl WICHA e/X Kak elnx, a ¢hynxyuio x/e

paccMaTpuBarOT Kak CTEIEHHYIO (DYHKIIMIO M ONPEIEIISIFOT, YTO IMepBO0Opas-

HOMW AaHHOW (QYHKUUU SBIsSETCS X%/ 2e.

UToOB! SICHO TPEJICTaBUTh MPUMEHEHUE MTPaBUII HHTETPUPOBAHUS PEKOMEH-
JTyeTCs 3alUChIBATh KaXK/IbIH, TaXKe CaMbIi MaJICHbKUMN, IIIar UHTETPUPOBAHUSL.

Huxe 310 mokazaHo JJIs1 HCCKOJIBKHUX ITPUMCPOB.

(1)yHKI_[I/I51 9KBHBAJICHTHAsI 3aIICh  MepBooOpa3Has QyHKIUS YHPOIIECHUE
1 2 e
a. IF dx [x3dx >+ C —2—xz+ C
x3? 2 i
b. [\xdx [x'2dx 35T C 3 X0 C
¢. [2sinxdx 2sinxdx 2(—cosx) + C —2cosx + C

OOm1ee npaBuIIO IS AJ1s1 TPUTOHOMETPUYECKUX (PYHKITUI MOXKHO HaUTH MIPU
TTOMOIIIY TPOU3BOTHOM ¥ paboTast B Tpymnmax. Pe3ynbrarsl paboTel MOTYT OBITh
0TOOpaXeHbI HA COOTBETCTBYIOIIUX PUMEPaX.

OyHKINA: [TepBooOpa3Has [Ipumep:

fAx) dynxims:| fx)dx

—

sin(ax + b) f% cos(ax +b) + C | [sin(5x + 2)dx =3 cos(5x+2)+C

1
2%
=4sin(%f H+C

cos(ax + b) 51 sin(ax +5) + C | [eosE— dx =[eos(zx — 1)dx =

seci(ax+b) | +tan(ax+b)+C | fsec 2x+ 3)dr - 2 tan (2x+3)+C
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2-0ii yac. BeinonHsAoTCA 3a0aHUs AJIs OTYYEHHUsS] KOHKPETHOTO YpaBHEHMS

yTouHss 3HadeHus C.

VYcnoBus 3aanus MOTYT OBITh 331aHBI B CIIEAYIOIIEM BUJIE.

Haiigure ¢ynkumro, ecnmu f'(x) = 2x + 3 u f(1) = —2 wiu 3anummTe nepBo-
o6pasnyio gynkuun f(X) = 2x + 1 npoxonsuieit yepes touky M(1;-2) niu
pu ycnosuu, uro F(1) =-2.

VYyamuecs 10KHBI TOHUMATh, YTO 001IIee pellieHre HHTerpaia aBjsieTcss MHO-
KECTBOM COOTBETCTBYIOIIUX (PYHKIMHA, OTIIMYAIOIIUXCS APYT OT JIpyTa Ha I10-
crosuHyto C. OnHako B 3TOM ciyyae, TpeOyeTcsl ClielHalibHOe pelieHue.
Pemenrie MOXHO MPEICTABUTH KaK aHATTUTUYECKH, TaK M IPpaUIeCKH.

Jltst J(2x + 3)dx = x2 + 3x + C MOXKHO YTOYHHTS T10-
crostHHyt0 C UCTIONB3YS TOTIOITHUTEIbHY HHPOP-
Mmaruio f(1) =-2.

-2=12+3-1+C, C=-6.3nauuTt, uCKOMOI (PyHK-
nuei ssisiercst pyHknms f(x) = x2 + 3x — 6. Cpenu
BCEX MepBO0OOpa3HBIX QYHKIWH qaHHAS (PyHKIHS HA
rpaduke KpacHOTO I1BETA.

3-mii yac. 37ech penaroTes 3a7a4u peaabHON JKU3HEHHOW CUTYalluu C HC-
[10JIb30BaHMEM MHTETpUpOBaHMsl. BHMMaHMe ydaiuxcs HaJj0 oOpaTuTh Ha To,
YTO €CJIM MPOU3BOJHAS BBIPAKAET MTHOBEHHYIO CKOPOCTh Ha 3aJJaHHOM HH-
TepBaje, TO MepPBOOOpa3Has Ha TOM )K€ MHTEpBaje BhIpakaeT olIiee n3MeHe-
Hue. 3HayeHHe HMHTerpaja Mbl Oojee MOAPOOHO M3YYMM IpPU H3YUCHHUH
OIIPEJEIIEHHOTO HHTErpaja U ONpeeIMM 3Ha4eHUe IPUPOCTa JUIsl 3aJaHHOTO
HHTEpBaNA. {719 peanbHON KU3HEHHON CUTyallu MPU MOMOIIY WHTETpasIa
MOYKHO HaWTH KaK BBIPOCIIAa CKOPOCTh, IPUPOCT HACETIEHUSI, CKOPOCTh Pa3MHO-
KEHUS U T.J1. 3aJaHus U3 y4eOHMKA BBITIOJIHAIOTCS BBIIOJIHSAIOTCS JJIs1 HEOIpe-
JIEJIEHHOTO MHTErpaja M YTOUYHSIOTCS JJi1 KOOPAMHATBHI OJHON TOYKH.
Hanpumep, Terneps y>xe aHAIMTHYECKH YTOYHSIETCS B 3a/IaHHOM 3HAYSHUU T1e-
PEMEHHOM.

? Pemenne HeKoTOPBIX 3a1aHUIT U3 yUeOHHKA:
| |

V. 34. YacTuiia coBepiiaeT npsiMOJIMHEHHOE IBUKEHHUE CO CKOPOCTHIO V(7).

Xo —KOOpAMHATA TOYKHU B HAUaJIbHBIM MOMEHT fo. Haiiiute koopauHary x(z),
KakK (DYHKIHUIO OT BpEMEHHU:

aA)v()=4,16=0,x0=0 b)w)=6,6=0,x0=2 c) W) =2t to=2,x0=3
Pemenue: a) U3BectHO, uto v () = x'(¢), T.e. Anst pyHKmu x(¢) GyHKIHs v (£)
SIBISIeTCSE IepBOo06pasHoii byrkuueit. Torma x(7) = [v (Hdt = v [4 dt = 4t + C
3Has, uato tp= 0, u u3 ycnosus, 9to xo= 0 Haiimem 4 - 0 + C =0 wm C = 0.
3uauut, x(t) = 4t.
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v ()=2t tv=2,x=3

x()=[v(dt= 2 tdt= £+ C

ITpu to=2 u3 ycnosus xo= 3 nonyunm x (2) =4 + C=3=C=-1
3Haunr, x(f)= -1

VY. 36. Pazmuoxkenue 0aktepuii. HabmroneHns mokas3sIBarOT, 9TO CKO-
pocTh pasMHOkeHUsA Oaxrepuii P'(7) paBna Zi =200e%!" +150e 003
t

3neck ¢ mokasbIBaeT Bpems (dac). Eciu B Hadane HaOIroneHus KOJTHYECTBO
6aktepuit paBHo 200000, To ckoIbKO MX OyaeT yepes 12 gacoB?

Pemenne: Tak kak % =200 &% +]150e-0-03

200e0 150
0,1 0,03

P(¢) = [(200e%1 + 150e-09%) dt = 00 1 =

= 2000.eo,n _ 5000 . e—0,03l +C

ITo ycmosuto mipu =0 momyqaum P(0)=200000.

Torzga, P(0) =2000 — 5000 + C = 200000

Ortcrona C = 203000 va P(f) = 2000-¢%!* — 50007+ 203000.
[Ipu ¢ =12 xomugecTBO OakTepuit OyaeT

P(12) =2000-¢'2 — 5000736+ 203000 ~ 206152.

VY. 37. Ixonorusi. CKOpoCTh U3MEHEHUS I1OT0JIOBbSI OJIEHEW, YCTaHOBJICH-
Has TPYIITON HaOIIoIaTeNiel, OMMChIBACTCS YPaBHEHUEM:

N —3p 12t 0<t<5,
dt
N mokasbIBaeT KOJIMUECTBO OJICHEH, / TIOKa3bIBACT BpeMs (TON).

Ecnu B nauaire HaOmronenust moroinoBsbe cocrosio u3 200 oneHeit, To
CKOJIBKO OJICHEH OyJIeT B KOHIIE TIepHo/ia HaOTFOCHMS?

Pemrenue: CKOPOCTh H3MEHEHHS TIOTOJIOBbS OJICHEH OT BpEMEHH HaieM mpu
oMoy uHTerpana: N(¢) = J(3£ + 2¢) dt = 0,75¢*+ 1>+ C. B navase HaGmoze-
wust ipu ¢ = 0 umeem N(0) = 0,75-0*+ 0>+ C =200, T.e. C = 200. Torna 3a-
BHCHMOCTb KOJIMYECTBA OJICHEH OT BPEMEHH OYKHO CMOJIEIMPOBATh ()Y HKIHEH
N() = 0,75t*+¢>+ 200. B KoHIle HAOIIOAECHUS, TIPU ¢ = 5 MPHOTU3UTETBHOE

KoJM4ecTBO oneHelt Oymer N(5) = 0,75-54+ 52+ 200 = 693.
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Pa6oumii et N 1

Nwms damuiaus Jlara

Brlunciiure HeonpeaeaeHHbIA UHTErpal.

[(3x2+ 2¢%)dx [etdx Ig e dx

J‘wdx .[x3+x2+x+1 x3+1d
¢ x+1 dx x+1
(x+ 1y 4
[ 557 dx f—xhﬁ dx [(1=x)(1+ x+ 22)dx
41
W dx
[(cos2x + sin?x) dx [sinSx sinx dx [(sin®x — cos?x) dx
[sinx cosx dx [cos3x cosx dx [sin3x cos2x dx
J sin2 2x dx _[COS2 2x dx j sin? x dx
[ cost x dx J(1 + cot’30) db J(1 + tan?30) do
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Ypok 123-125. I1nomanb, orpannyenHasi KpuBoii. OnpeneneHHbIA HH-
TerpaJj U mIomaab. 3 yaca. Y4eo.cTp. 232-238

Conep:xaTeJbHBbIH CTAHIAPT.

2.2.5. 3HaeT onpe/eieHUe ONPEAEICHHOTO HHTErpaja 1 mpumeHseT popmyny Herotona-Jlelibnumna.
2.2.6. [1pu oMoy onpeieneHHOro HHTerpaia HaXoAMT IJIONIA b KPUBOJIMHEHHON TpareuH.
4.1.1. Ucrnonb3yst onpeielIeHHbIi HHTErpall HAaXOAUT IJIOMAAh KPUBOJIMHEHHOH Tpare-
WU U APYTHX (QUTYP BPAIICHUS.

4.1.2. HaxomuT MOrpentHoCTh, CPABHUBAS PE3YAbTATHI MOJTYYSHHBIE PU U3MEPESHUIX 1
BBIYUCJICHUAX.

Hagbiku yuyamerocs:

B [IPECTAaBISCT TUIONIAAbh OTPAHUYCHHYIO KPUBOH HA 3aIaHHOM HMHTEpBAle;

B HaXOIUT IUIOIIA (b, OTPAHUYCHHYIO KPUBOW HA 33 JAHHOM WHTEPBAJIC TEOMETPUUECKH,
pa3buBas ee Ha MaJeHbKIE MPSIMOYTOJIbHUKA METOJIOM aIlPOKCHMAIIHH;

B 00BSICHSET 3HAUCHHE ILJIONIAI1, OTPAHUYECHHOW KPUBOW Ha 3aJlaHHOM UHTEP-
BaJie

Knaccuueckum mpaBuiioM JUisl BBIYMCICHUS TUIOLIAAU SBIISIETCS METOZ pas-
OueHus Ha KBaJ[paTHBIE SIMHUIIBI, KOTOPBI MBI HAYaJld N3y4arh e1le B HadalbHOU
mrkosie. [oBops 0 TuTomany Kakoi-nmmoo QUrypsl UMEeTCs BBUAY KOIUYECTBO
KBaJPaTHBIX €IUHUL, KOTOPbIC MOKPHIBAIOT 3Ty Iuiowaab. [lo3aHee Mbl Hayuu-
JIUCh HAXOMIUTh TUIOMIAN PA3INIHBIX TUIOCKUX (GUTYP TIO TEOMETPUIECKIM (hop-
MyJiaM. DTH reoMeTpuieckrne GuUrypsl o0pa3yroTcsi 3aMKHYTHIMH JIOMaHHBIMHU
JIMHUSIMU.

A Kak HallTH IJIOILAb, OTPAHUYCHHYIO HE OTPE3KaMU MPSIMBIX, & KPUBBIMU?
Kakoii cMbIcT nMeeT 3HaYeHne TaHHOH TUTOTaan s (PU3NYeCKUX COOBITHI U pe-
anbpHBIX cuTyauui? Kakoe npakruyeckoe NpUMEHEHUE UMEET JaHHas Iouaab?
Ha Bce 5Ti BOmpockl MOYKHO OTBETUTH IPH ITOMOIIH JeHCTBHs, 00paTHOTO Ha-
XOXKJICHHIO MTHOBEHHOW CKOPOCTH TpH TToMotu auddepeHnmupoBanusl.

Bwmecre ¢ yyammmmcs Hajio pacCMOTPETh BCE Pa3IUYHbIE TTOJIXO/S JIsl HAX0XK-
JeHus romany. [hiomans Iockoi GUTYPEI MOKHO HAUTH SMITMPUICCKH, Pa3-
TIEJIAB €€ Ha MaJICHbKHE KBAAPAThl. DTOT MOXO0 MOKHO MTPUMEHHUTD M K TUTOIIA TN
OTpaHWYECHHOU KpUBOHU. Ilnomans, orpaHndeHHYI0 KPUBOW MOYKHO TIPHOIN3H-
TEJTHHO HANTH KaK CYMMY KBaJpaTOB, HA KOTOPYIO Pa30MBACTCS IUTOIA T HITH KaK
CyMMY IPSIMOYTOJILHUKOB, PACIIOJIOKEHHBIX 110/ KPUBOH.

Ju1 HaxoXKAeHNS TIIOMIAIU 1T KpUBOW (PyHKINH y = f{x)Ha oTpeske [a;b] aTy
IJIOMIAlhb MOYXKHO Pa30OUTh Ha MPSIMOYTOIBHUKH MHpHHON Ax. CyMMa Tutomiaeit
JAaHHBIX TIPSIMOYTOJLHUKOB 110 3HAYCHHUIO paBHA IUTOMIAIH ITOT KPUBOH (DYHKITHH

f(x) Ha nanHOM MHTepBaje. Ecim MBI pa3nennmM npsMOYTONBHUKH Ha erle Ooee
MaJICHbKHE TTOJIOCKH, TO CyMMa IUI0- )

majel JaHHBIX IPIMOYTOJNbLHUKOB y =)

Oymer 6oiee TOYHO BBIpAXKaTh ILIO-

maab GUTypsI o KpuBoi. LnpuHa

KaKJ10T0 MPSIMOYTOJIbHUKA | 1RIRIRARs _
Ax = Xx;+1 — Xi,a BBICOTa f(X;). Of axixaxsxaxsbX O] gxixaxsxsxshx
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Taxyxe 0JHOM U3 IIaBHOM LIEJBIO JAHHOI'O YPOKa SIBJISETCS HAyYUTHCS HAXO-
JUTh TOYHOE 3HAYECHUE IIJIOIIA 1, OTPAaHUUEHHOW KPUBOM KaK MPee CyMMbI IIpsi-
MOYTOJIBHUKOB IIPU CTPEMIICHHH UX KOJIUYECTBA 1 K OeckoneyHocmu. T.e. MbI
CHayaJjia 3aMEHMM IUIOLIA/lb Ha IIPEAEII, IOTOM IMPEIEN HA ONPEACIICHHBIN UHTET -
pai ¥ MaJICHbKUMU Inaramu npudimsumMcs K popmynne Herotona-JlelioHuma.

PaccmoTpum ciienytoinyto 3a1auy. BeICOTy IpsIMOYTOJIbHHKA MBI MOYKEM TIPH-
HSITh 3@ BBICOTY B JIEBOU TOUKE, B IPABOM TOUKE MJIU MO cepeuHe MUpUHBIL. [110-
1aJb K€ KaK CyMMy IUIOIIaJeld MaJeHbKUX Tpaneuuid. B kaxaom ciyuae
(haKTHYECKU HAJI0 OIICHUTH TIOTPEITHOCTb.

Io kpaiineti nesoil mouxe Pasoenenue na mpaneyuu
y y=x/
Ilo kpaitineii npasoii mouxe
y y=x

o 13233 ¥

san=L A+ AL AR HAD) A=Y 3L 5 5 [ )] +
—ta+2+4+% 13243« s 3L A 33T + )]

=1 [f(l) +2/3) +2/2) +213) +/3)]
=14 =6,75 Saho %f(2)+2f(2)+2/(2)+2/(3) _2 2 2
i 1 La+3+8+%+9) -1 =875
=2 +4+—+9)7 &9 =107s

Ilo cpeoneii mouke
Yyammecs menaroT BeIBOAbL. CpeaHee 3HAUCHHC all-

MpOKCUMAIlMM B JIEBOM U  MpPaBOd  TOYKE
(6,75+10,75)/2 = 8,75 O6IU3KO K TIOTyICHHOMY TIPH
TTOMOTITY ANMPOKCUMAIINHN 3HAYEHHIO ISl METO/Ia Tpa-
s b et i JICIHH. K »Tomy 3HaueHwIo GMM3KO W 3HAYCHHE, I10-

JydeHHOE JUIsl CpelHed TOYKH MPSIMOYTOJhHHUKA.
=GP 3Ha4YNT, 3HAYCHNE TIJIOMIAIN 110 CPETHEH TOUKEe U TIPH

_1 _ 276
T35 12D MOMOIIM METO/Ia TPAIIELIUH ABIACTCSA GOJIEE TOUHBIM.

= 8,625

3Hasg TOYHOE 3HAYCHWE TUIOMIATH TIOJ TpaduKoM
(dynakmy y = x Ha otpeske [0;1], HalimeM Tpu TOMOTITH
aIpOKCUMAIINH JIAHHYIO TUIOIIA b Pa3/IeuB e¢ Ha Ipsi-
MOYTOJFHUKHU. A 3aTeM MpH MOMOIIH Mpeena, pH 7

CTPEMAIINMCS K O€CKOHEYHOCTH, TOYHOE 3HAUCHHE.
OcHoBaHKE MPAMOYTOIHHOTO TpeYIiOJIBHI/IKa pasHoO 1,

BBICOTA TaKke paBHa 1, Torma S = > 1=0,5.

Pazobvem ykazannyto niouads Ha 6 00UHAKOBLIX NPIMOY2ONbHUKOS.
= o l
o Y~ */ OcHoBaHue TpeOyeMOi IIOMIAIN > BeicoTa f( F) Bbrunc-
UM nno%uami, KaK CYMIMy IOLIaIEH IPSMOYTOMLHMKOE.

SR g D )+ D)+ fi) + A =

i1 & i 4.5 6, _
261(6+6+6+?+?+6)_%(1+2+3+4+5+6)_
> =—-=0,583

x 36
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PazoOnem YKa3aHHYIO IJI0MIaJib Ha 12 MMPpAMOYTOJIbHUKOB C paBHBIMH OCHOBAHUSIMU.

He BoimonHss Bcex OpeAbIAYIIUX HeﬁCTBHﬁ MOXHO HaruMcaTb
I 1

S=1, 1, 1 +2+3+4+5+6+7+8+9+10+11+12) =
1 1213
-1 = 0,542
144

Kak BUJHO ITPU YBCIMYCHUUN KOJIMYCCTBA IPSAMOYT'OJIbHU-
KOB Pa3sHOCTb MCKIAY HOHy‘leHHOﬁ Ijiomanabo U peajib-
‘x HBIM 3HAQUYCHHUECM YMCHBIIIACTCH.

Ecim pasnenute Ha n IPSIMOYTOIBHUKOB, C IIMPHHON ~ - TO MX KOIIMYECTBO OyzeT
paBHO 7. AHAJOTMYHO BBIPA3UM IUIOIMIAH /1 IPSIMOYTOIEHIUKOB YEPE3 CYMMY.

1 1 1 2 1 3 1 n 1 1
Sn:7ﬂ7)+7ﬂ7)+7ﬂ7)+ +7f(7) 277(1+2+3++1’I}:
I nn+l) n+tl

n? 2 2n

[Ipu cTpemiieHny KonuvecTsa (72) IPSIMOYTOJILHUKOB K OECKOHEYHOCTH }11— cTpe-
MUTCS K Hymto. [Ipenen naHHOW cyMMBbl BbIpa)KaeT MIOAb.
.on+1 . 1 1 1
S =lim —&—=lm(5 +5,)=%
n—0o0 2n Nn—00 ( 2 2n ) 2
O06001muUB Bce cKazaHHOE, MOMYYUM (GOPMYIY U HAXOXKACHUS TUIOIIA[IH,
OorpaHHuYEHHOM JTr000# QyHKIMel f{x) Ha oTpe3ke [a;b].
Paznenum Ha 7 IpsSMOYTOJNILHUKOB OJMHAKOBON HNIMPHHBI IUIONIA/b, OTPAHHU-
YEHHYIO MOJIOKUTEIbHOM, HenpepbIBHOW (GyHKIMH ) = f{x) Ha oTpe3ke [a;b].

_b—a
Ax 7
Kaxk BuHO 110 rpaduKy 3Ha4eHUE B KXKIOM IpaBoi jA  ,, _b-a 7
TOUYKE MIPSIMOYTOJIbHUKA: "
Xi=a+ Ax HJIOHI&ILL Ka}oro 1-ro mpsamo- i-BIif IPSAMOYTOJIBH
x=a+2Ax YTrOJIbHUKA
3=a+ 3Ax ebicoma > wupuna = flxi)Ax.
. Haiins npenen cymMbl JTaHHBIX
xi=a+iAx IIPSIMOYTOJIBHUKOB, MbI HalJeM
Xa=a+ (l’l _ 1) Ax peaHLHyIO Iiomanb. 0] a xix2x3 Xi Xn1Xn=b ;

OcHOBaHHUE KaKJI0T0 MPSMOYTOJIbHUKA BEIPA3UM yepe3 Ax = b_;a . Ino-
11a/1b OFPaHUYEHHAsl KPUBOM, COCTOSIAs U3 IIJIOMIa (e MPSIMOYTOIBHUKOB JUTH-
HOW Ax U IUPHUHOM f{x;) IPU CTpEMIIEHHH Ax- K HYJIIO MOYKHO HalTH KaK Mpeel
CYMMBI.

S=1imY fix)Ax, Ax:b—;“x,:aﬂm
"=
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BrinonsstoTes 3aJaHusd, TAC IIomaAb HaXOAAT IPH IMOMOIIX alllIPOKCUMAIIN
YBCIWYHMBAA KOJUYCCTBO NPAMOYTOJIBHUKOB U NIEPEXOAA K IMIPEACITY. 3aZ[aHI/I$I B
y‘-I€6HI/IKC npeayCMOTPCHBI JIs1 HAXO0XKACHUS IJIOIIAaaAn 110 (bOpMyJ'Ie B OCHOBHOM
Ha OCHOBC IT€OMETPHUYCCKUX Hpe)ICTaBJ'IeHI/II\/'I. B METOAUYCCKOM mocoouu I y4u-
TCJI AJ1d BBIYMCIICHUS TJIOMIAAU IPpU NOMOILIHX Mpeaeja UMECTCS MHOIO  10IOJI-
HUTCJIBHOI'0 MaTepuala. OtHn 3alaHusd MOTYT BBIIIOJIHATBCA B MIKOJIAX C
yFHY6J'ICHHBIM HU3YyUCHUEM MATEMATUKU U C JOCTATOYHLIM KOJMYECTBOM 4acCOB.
HpI/I PCHICHUHN JaHHBIX BaﬂaHI/Iﬁ HCIIOJIB3YIOT CICAYIOIINE TOKACCTBA.

=+ D2 1)

i=1

CyMMa TIOJTHBIX KBaJpaToB (KBaApAaTHIHbBIC (DYHKITHH )

i= w CyMMa HaTypaJIbHBIX 4rcen (JTMHEeHHbIe ()YHKIIHN)
=1

n 2, 2

Y= n(n_;l) CyMMa TIOJIHBIX KyOOB (KyOnueckue (pyHKINH)

i=1

Ypok 126-127. Onpenesiennsblii naTerpaJa. ®opmyaa Herorona-Jleiio-
HHULIA. 2 yaca. Y4yed.cTp. 239-244

Coaep:kaTeJIbHbIN CTAHIAPT.

2.2.5. 3HaeT onpezeneHne ONpe/IeICHHOro HHTerpaiia u npumensieT Gopmyny HeioToHa-
JleitOHuIa.

2.2.6. TIpu momoIm ompeeNieHHOro HHTerpaia HaXoAuT TUIONIaIb KPUBOIMHEHHON Tpa-
TICIIUH.

4.1.1. Ucnonp3ys ompeaeeHHbIN HHTETpa HaXOIUT IIJIO0IIAb KPUBOJIHHEHHON Tpare-
LUK U JPYTUX QUTYp BpalleHuUsI.

4.1.2. HaxoauT MOTPeIIHOCTh, CPAaBHUBAS PE3YIIbTAThI OIYYSHHBIE TIPH U3MEPEHUSIX 1
BBIYHCIICHUSIX.

HasbIku yuyaierocs:

m 00BsacHseT hopmyny HeioToHa - JIeWOHUIIA AT OTIPESIICHHOTO HHTeTpaia
TIPU TIOMOIIM OCHOBHOM TeopeMbl MaTeMaTrnueckoro ananmsa (kalkulusun);
m [Ipumenser ocHOBHYIO Teopemy kalkulusun.

[Tnomanp, orpanrnyeHHy0 QyHKIKEH f{x) HAa OTpe3Ke MOXKHO HAUTH MPH TO-
MOIM (DYHKIIMK OTPEICIISIFOIICH mwromas. VA
Jnst 3amaHHOTO @, TIOIAh, OTPAaHUYCHHAS y=fx)
(hyHKIIEH, 3aBUCSIIEH OT X Ha OTpPe3Ke [a; X]
oynet: S(x) 3mech HEOOXOMMMBIM YCIIOBUEM SIB-
nsieres S(a) = 0. PaccmoTpuM Ha mpuMepax Kak S(x)
HaWTH (QYyHKIUIO TUTOIAH.
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Ipumep. Haveprute rpaduk QyHKIHU y = 2x + 1

Y 3aKpachTe OIPaHUYCHHYIO IUIONIA/Ib HA MHTEPBAJIC

oT | JI0 HEKOTOPOTO 3HAYCHHUS X. ) ¥

a) Onpenenure GyHKIUIO, BBIPAKAIONIYIO TaHHYIO r

IJI0MIATb.

b) CpaBHUTE ypaBHEHUS POU3BOHON JAHHOM

(GyHKIMH U 3a1aHHOHN QyHKUIKEH. S(x)

Pemenue: a) [ToHsATHO, 9TO 3aKpalleHHAs ILIONMIA/b ¥ §

SIBJISIETCS TUIomIaabio Tpamneuun PQRS. Hapanneﬂb—" L | :

HbIe cTOpoHBI Tparenun RQ = f(1) = 3, RS = f{x) =

2x + 1, a Beicota RS = x —1. Torna riomans Tpanenuu PQRS Oyrer:

S@) =4 (= DG +2rH) =2 +x+2. .

b) S'(X) =@ +x+2)=2x+1=£fx) 5

IIpumep. HaliUTE TUIOINAAb OTPAHHYSHHYO KPUBOU (DyHK-

uuu y = x* + 2 Ha orpeske [2;4].

Pemenue: naHHas miomaabr M300pakeHa Ha PUCYHKE H - L B

obo3HaueHa yepe3 S(4). M3BectHa npousBogHas GpyHKIUU

wioniany, t.e. S'(x) =x>+ 2 . Haliast uHTerpan naHHod (GyHKIIMA MOXKHO HAaUTH

camy ¢yHKIuro S(x): S(x) = ?x3 + 2x + C. YuutsiBas yciosue S(2) = 0, Haligem

HOCTIOHHHyI-O C. 20 1
=522+22+C=0,C=—="-,S(x)=7 ¥+ 2x — =~

3 1 3 320 68

Torna mmomans:  S(4) = 3 A 24 S =
Pemenue nanHOW 33124l NPUBOAMT K CIIGAYIOIIMM BBIBOJIaM: TIPOU3BOIHAS

(byHKIMY 11011 U GYHKIUS JAHHON KPUBOW PAaBHBI M CIIPABEIIMBO CIIEIYFO-

ee paBeHCTBO S'(x) = f{x). DTOT BBIBOA 1a€T BO3MOXKHOCTbH PEIIaTh IPUKIIAIHbIC

3ajaun. Tak, HHTErpupys 3a1aHHY (DYHKIIUIO, MBI MOXXEM HalTH (DYyHKITHFO TLI0-

aiu.
To, yTo hyHKIIMS TPOU3BOAHOM, OrPAHUICHHOW KPUBOW M 3a1aHHAast DYHKITHSI

paBHBL,T.C. S'(x) = f(x), MOXXHO TOKa3aTh MPU TIOMOIIH CIASAYIONNX YMO3aKITIOTe-
uui. [lycTth, QpyHKINS TUTOMAAN S(x) HEMpephIBHAS U TOJIOKNTENbHAS (DyHKITHS

f(x), oxBarpIBaroMas IUIOMIAAb OT d JO X.
IImomans, orpaHUYEHHAsT KPUBOU YA

OIIPENICIISICTCS. TOYKAMU Ha KPUBOU
P(x;fix)). Breibepem Ha kpuBOH

ar + |

peseay o JS@

Touky Q(x+Ax, fix+Ax)) oueHb _‘/ ] PG, fix))

OJIM3KO PACIIOJIOKEHHYIO B TOUKe P. Y=/ Q(x +Ax, f(x + Ax))

B 3T0 BpeMst U3MEHEHHIO KOOP/IH- S(x) AS

HaTBI X 10 AX COOTBETCTBYET H3Me-

menne  miromamu  AS.  Ilo S R >
0f a x x+Ax X

OIpPEACICHUIO HpOI/ISBOI[HOI;'II

S'(x) = 1imix—s; S'(x) = lim S (x + Ax) =S(x)
Ax—0 Ax—0 Ax
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pasHocTh S (x + Ax) —S(x) mpuOIM3UTETHLHO paBHA IUIOIMIATN TPANEIIUN
PQRS. Ecnu B3Th OUeHb MaJIeHbKOE 3HAUCHUE AX, mo 3HaueHue pa3Hocmu
erre OobIIe MpUOMKaeTCs K 3HAYCHUIO TTomaan Tpamenuu PQRS.

S (x+ Ax) ~S(x) = 5 Ax [fix) + fix + AY)]

S'(x) = lim S (x + Ax) —S(x) lim %Ax [flx) + flx + Ax)] )

Ax—0 Ax Ax—0 A_x
o U0+ A )+ A
- Ax—0 2 - 2 - ﬂx)

Takum o6pazom, momyaum S'(x) = f(x).

S'(x) = fix)

[Tocne gero B yuebHmKe maercs rpadudeckoe oObsicHernne Gpopmyibl Hero-
TOHa -JleliOHuIIA.

}fwydx = F(b) - F(a)

Vyaruecs T0JKHBI YMETh MPECTaBIATH ILIOIIa/b, OTPAHUUYEHHYIO KPUBOH
KaK YBEJINYEHHE COOTBETCTBYIOIIEH BEJIMYHNHBI.

Hanpumep, paccMotpum cienyromuit npumep. CKOpoCTh H3MEHEHHS 00beMa
BOJIbI B Oake ompenenena kak 7(t) = 200 — 107 2/MuH. 31€Ch MOTOKHUTEIBHBIC
3HAYCHUS ONPEIEIISIFOT KOJMUECTBO BOJIbI BiIMBarolielics B 0ak. Haitnure oObem
JKUIKOCTH, BIUBAIOMIEHCS 3a TiepBble 10 MUHYT. YdUamuMmcs 3aaeTcsl BOTIPOC.
[Ipu momMoIy Kakoro MHTEpBaIa MOKHO HalWTH M3MeHeHHe oObeMa Boabl? Ko-
JIMYECTBO BOJBI, BIUBAIOIICHCS B 6ak 32 10 MUHYT MOXKHO BBIYUCIIHUTD TaK:

10

[(200 — 10¢)dt

0

Wurerpan BeruuciseTcs Npu NOMOIIM CBOMCTB HHTErpasa.

3HaveHUE JAHHOTO MHTETpalia ONpeIesiieT KOJTUIECTBO BOJIbI B 0aKe MIIH TI0JI-
HbII 00beM? 3HaUCHUE MHTErPaJia MOKa3bIBaeT YBEIUUCHUE KOJINYESCTBA BOJIbI,01-
HaKO OH IOKa3bIBaeT aKTyalbHBIH 00BEM BOJBI B Oake, BiuBaromieiics 3a 30
MUHYT, €cii 0aK OBUI ITyCTBIM.

OuennBanue. Hajo nmpoBecty (hopMaTHBHOE OIICHUBAHUE YMEHUS MIPE/ICTABIST
TUTOINA/Ib KaK ONPEJIeICHHBIN HHTETpal, OObSICHAITH IPUMEPHI, TPEACTABICHHbIC
BO BpeMs 1e0aToB.
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? PenieHue HeKOTOPBIX 32 IaHUI U3 YUeOHUKA:
| |

V.9. Ucnonn3oBanue 3IeKTPUYECKoil dHepruu. 3aBUCUMOCTH MOTpeo-
JICHUSI SHEPruu (KWJIOBATT) HEOOJBIIOT0 MPEANPHUATHS 3a IeHb OT Bpe-
MEHU  MO)KHO cMoziepoBarth ¢yrkimei K(¢1) = 10 te. 3nech ¢ - Bpewms,
B yacax, MPUHAAIEKUT TPOMEexXyTKY [0;24].

a) CKOJIBKO KMJIOBATT-4aCOB 3JIEKTPUUYECKON SHEPTHH
WCIIOJNIb3YET Ipeanpusitue B epsbie 7 yacoB (o1 =0
not=T)?

b) CKOJIBKO KHJIOBATT-9aCOB JICKTPUUECKONW YHEPTHH Ko =10
OBLIO UCTIOIB30BAHO B MepBble 4 yaca? 2

VYkazanume: Oynkuus y =—10 (¢ + 1)e” sBisiercst © L1 L 5
OJTHOM U3 nepBooOpa3HbIX A pynkuuu K(7) = 10 te. | 24687

Pemenue: a) 3aBUCUMOCTB IMOTPEOICHUS SHEPTUU (KUIIOBATT) HEOOIBIIIOTO
MPEINPHUATHS 32 JICHb OT BpEMEHH ¢ cMojiennpoBana GyHkmuei K(f) = 10 te.
Bpemennoii npomesxyTok [ 0; T].

T

T T
E(T) = OI K(t)dt = { 10te"dt = —10(¢+ 1)e”| = 10-[1 — (T+1)e”™] kumoarT-uac

no yxkasaxuro 0

HCIOJIB3YIOT AIEKTPUUECKON SHEPTUN.

b) [lpu T =4 nomyuum
E(4) = 10(1-5¢*) = 9 kunoBarT-4ac.

¥Y.14 U3menenue koanuyecrsa. CKOpOCTb U3MEHEHUS KOJIMUYECTBA MOJIb30-
BaTellel TUIATeKHBIX TEPMUHAIIOB B 3aBUCUMOCTH OT BPEMEHH MOXKHO CMO-
nenupoBath pyHknuedn F(f) =12 + 6-cos (% ). 31ech ¢ ToKa3bIBAET
KoJinuecTBo MUHYT. Haiiinre kom4yecTBO JitoJiel, BOCIIOJIb30BaBILINXCS T1J1a-
TEXHBIMU TEPMHUHAJIAMU 32 60 MUHYT, OKPYIVIMB ITOJIyYE€HHBIH pe3ynbTaT 10
LIEJIOTO.

Pemenue: 0003HaYMM KOTUYECTBO JIFO/IEH, TTOJIB3YIOIIMXCS YCIIyTaMy aBTOMaTa
B TEUEHUH NMPOMEXKYTKA BpeMeHH ¢ depe3 N(t), ToTna JOIDKHO BBITIONHATHCS OT-
nomenune N'(¢) = E(2).

Orcrona: N (1) =] E(¢) dt.

Tax xax N(0) =0, %0 3a t =60 Mum. KOJINYECEBO MOJTb30BAaTeNel aBToMara Oyier:

N(60) =], [12+cos(L)]de = (12¢ + n~sin<%>) [, =12:60 + n-sin(69)~ 721.
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Ypok 128-129. CBoiicTBO onpe/ieieHHOr0 HHTerpaJia. 2 yaca.

Yueb.cTp. 245-249
Conep:xaTeJbHBINH CTAHIAPT.
2.2.5. 3Haer onpezeneHne ONpeIeICHHOro HHTerpaiia u npumensieT Gopmyny HeioToHa-

JleitOHuIa.
2.2.6. Ilpu moMoIIH ONpeeTICHHOTO0 HHTErpaia HaXOAUT IUIONIAb KPUBOIMHEHHON Tpa-

TICIIUH.
2.2.8. Mcnonb3yer CBOWCTBO YETHOCTH- HEUYETHOCTH U MEPUOANYHOCTH (DYHKIIUH JUTS

BBIUMCIICHUS ONPEICTICHHBIX HHTETPAJIOB.
4.1.1. Ucronp3ys ompeaeneHHbIN HHTETPa HAXOAUT IIIOIMIAh KPUBOJIMHEHHON Tpare-

LUK U JPYTUX QUTYp BpalleHuUsI.
4.1.2. HaxoauT morpenrHoCcTb, CPaBHUBAS PE3YyNIbTAThl MOTYUYCHHBIC TIPU H3MEPEHUAX U

BbIYHCJICHUAX.
HasbIku yuyaierocs:

B [IPpCACTABJIACT CBOICTBa OIIPEACICHHOI'O NHTErpajia CJIOBECHO U rpa(bnquKI/I;
B [IPUMCHACT CBOMCTBa OIIPEACICHHOIO HHTETpaa.

1-p1ii yac. CBOMCTBA OMPEICTICHHOTO UHTETpaIa OOBSCHSIOTCS Ha IPUMEpPaXx.
PexomenayeTcst mpeacTaBIsATh CBOMCTBA IIOMIAIU AJISl KaXXIO0r0 OMPEACICHHOTO
uHTerpasia rpaguuecku. B 310 Bpems Hajo yneinsiTh BHUMaHHE YMEHUIO 3aIHChI-
BaTh IPAHUIIBI MHTETPUPOBAHUS U 331aBaTh AHATTUTHUSCKUN BU (DYyHKITUH.

CBoiicTBa ONpPE/IeNICHHOTO HHTETpaa;

| f(x)dx=—bf () [ Fyax=0

b c b

[ reodax= [ feode+ [ £exax
b “h “b

[ (Fre)ae =] reax+ [ g xyax

a a
[c reoax=c | feax
b b
CBOﬁCTBa OHpCHeHeHHOFO I/IHTerpaﬂa 06’B$[CH$HOTCH
CIOBECHO M TpapuuecK,

c b
Hanpumep, ceoiicto | fx)dx = [ fix)dx + [ fix)dx
a a c
YHALLHECs MOFYT MPEACTABHTL KAK HOKA3AHO Ha

pucyHKe. S :‘Jl.f(x)dx; Si+S:= If(X)dx + jj(x)dx

v b 0
Wnu, cBoiicTBO [ fx)dx =— [! fx)dx Ixzdx + fxzdx

1 OTpeIEIEHHbIH I/IHTeraJI MOYKHO TTOKa3aTh HpI/I HOMOHII/I JPYTHX CBOWCTB.
2 0
[ x2dx + f x2dx = J x2dx = 0 3Haywr, I x2dx = —Ixzdx

no npedbl()yu;eMy ceoticmay
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2-0ii yac. Ha sTom ypoke OyneT n3ydeHo Kak MOYKHO HailTu
MJIOMIA (b OTPAHUYCHHYIO IBYMS TpadUKaMu MPU MTOMOIIN
Pa3HOCTH MHTETPAJIOB M MIOKa3aTh 3TO CBOWCTBO rpadUuecKu.
[Tyctp Tpebyercs HalTH IUIOIIA[L OTPAHUYCHHYIO (DYHK-
M Y = f(x) uy = g(x). B atom ciyuae, TpeOyemast 1io-
IaJIb paBHA Pa3HOCTH UIOLIAIH S1, OTpaHUYEHHON QyHKIUEH
V= f(x) Ha 3agaHHON OTpe3Ke [a; b] u miomanu Sz, OrpaHu-
qeHHOW (PyHKIHMEH y = g(X) Ha TOM Ke OTpe3Ke.

b b
S=[fdr - Jewax g0 47 o)
E i S2
' i Si
a b a b a b
Si

Taxoxe WHTETpaT MOKHO BBEIYHCIUTD TIPH ITOMOIINA CBOHCTBA CUMMETPUIHOCTH
JUTSI Y€THOM WTH HEYEeTHOHN (QYHKITHH.

Hanpuwmep, 1/1306pa3151Te rpaUuecKy MIomab, COOTBET-

CTBYIOLLYIO UHTETPAILY I Y2dx WY 7 2
-2
2 8 .
3Has1, 9To of x2dx =? HaWJKUTE TUIONIAh U300paKEHHYIO Ha \
PUCYHKE. AN [ [
[Tmomans GpyHKINN, COTITACHO CBOWCTBY CUMMETPHIHOCTH: 219 |

2
[y = ‘o, 8 _16
[nomanes = ) X2dx =2 [ x2dx =2 - —= —.
-2 0 3 3
VUeHHUKH OnpeessioT 1 rpahuuecKi H300paskaroT COOTBETCTBUE CBOMCTB YeT-
HOCTH ¥ HEYETHOCTH (DYHKIIUH U CIIEAYIONMM CBOMCTBaM MHTErpaa.

UerHast pyHKUIMS CHUMMETPHYHA OTHOCHUTENIHO OCH )y U BBIpaXka-
€TCsl CIIeIyOLIUM CBOMCTBOM MHTErpasa.

f{(x)dx = Z(fj(x)dx

Heuernas ¢pyHKUMsS cUMMeTpUYHA OTHOCHTEIHHO Ha-
Yajia KOOPAUHAT U CIIPaBEeUINBO CIIEAYIOIIee CBOHCTRO.
OTO MOXKHO YyBUJIETh Ha rpaduKax QyHKUMH y = sinx u
y=x.

1

a

[ fx)dx =0 g

—a
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Ypok 130-132. I[Inomaas purypei, orpaHnYeHHONH KPUBBIMU. 3 yaca.
Yueb.cTp.250-254

Coaep:kare/IbHbIN CTAHAAPT.
4.1.1. Ucnonp3ys onpeaesieHHbI HHTErpal HaXOAUT IUIOLAb KPUBOJIMHEWHOM Tparie-

LUK U IPYTHX (UTyp BpaleHusI.
4.1.2. Tlpu momomy W3MEpPEeHUH 1 BBIYUCICHAN BBIITONHICT TOYHBIC W MPHOIMKCHHBIC
BBIYHCIICHUSL.

Haspiku yuyamerocs:

B BBIYUCIIAET TUIOIIA/b, OTPAHHYEHHYIO ABYMS MPSMBIMU, TIPH TIOMOIIH OTIpe-
JISIICHHOTO MHTETpala;

B CBA3BIBACT ILJIONIAb, OTPAHUUYCHHYIO ABYMS KPUBBIMU U BBIUYUCISIEMYIO TIPU
TOMOIIY OMPEJIETIEHHOI0 UHTETpaia, C peaibHOM cUuTyaluei.

J10 HacTOSAIEr0 BPEMEHH Mbl BBIYMCIISIIH IUIOIIA/Ib, 3AKIIOYEHHYIO MEKITY
OCBIO X Ha 33JJaHHOM MHTEpBaJe, IPU MOMOIIHU ONPEACIICHHOIO HHTErpaa.
[Ipu momouy onpeneneHHoro HHTErpaga MOXKHO BBIYMCIIUTD IUIOLIA/lb, 3a-
KIIIOUCHHYIO MKy ABYMS rpadukamu. 3Ha4YeHUE JAHHOM IJI0MIaAd 3aBUCUT
OT yBeJIMUEHUS (PU3MUECKON BEIMUYUHBI peaibHOW cuTyaluu (cuia, padora,
SHEPrusi, Macca, IIOTHOCTh, PACCTOSIHUE U.T.JI.), @ TAK)KE YKOHOMUYECKUE 3a-
Ja4u - ce0ecTOUMOCTb, MPUOBLTL U Ap. MPUpOCT. [ npumepa, paccMOTpUM
3a/lauy Ha JABM)KEHUE.

X’B

JIBe dWacTHIBl HayalW JBIIKEHHUE W3 Y @4&

OIHOM TOYKU B OJTHO M TOXE BpEMH. £V
CkopocTh dacTuilpl A  va(f) = ¢ + 3,
CKOpOCTh yacTulibl B ve(f) = -4 ¢+ 3. 3
Kakoe paccrosinue Oyaet Mexay 4yacTu-

1aMu yepe3 3 CeKyHIbI?

Pemenne: cHadasna vcciaeayeM 3aaHHble BEJTMYUHBI ITPU ITIOMOIIH ITPOU3BO/I-
HOW m uHTerpana. Ham nana ¢ynkmus ckopoctu. CKOpOCTh, MPOU3BOAHAS
(GYHKIIMK TPOHIEHHOTO MyTH. 3HAYUT, MHTETPUPYS (PYHKIIHMIO CKOPOCTH
MOYKHO HaWTH n3MeHeHue pacctosiHus. Unterpan GyHkuuii va(f) =1+ 3 u va(f)
=£—4t+ 3 naunrepsaie [0; 3] 1aeT BO3MOKHOCTh HANTH PAaCCTOSIHUE, TPOM-
JICHHOE 3a 3 CeKyHJbl. 37ech IUIOWAAb MEXIY rpapukamMu npu ve(t) < va(?)
paBHa pa3HOCTH MHTETPAJIOB JaHHBIX (GyHKIMN. Uepes 3 ceKyHIbl pacCTOsHUE
MEXIY YacTHLAMU OyAeT PaBHO IUIOIIAAN MEKIY AByMs rparKaMu. DTy 110~
I11a]Tb MOXKHO BBIYHMCIIMTH TP ITOMOIIY OTPEIEIIEHHOT0 HHTETpajia Ha HHTep-
Baie [0;3].

3,3

j{((z 3= (P-4t )t =Zj (5t — P)dt = % tLt? — 13,5 ()
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Haxonum mutomaas Mex 1y 1ByMs KPUBBIMHU HAXOASIIHU-
MUCS B PA3JIMIHBIX COCTOSHUSX. o

1. KpuBble HE MEPECEKAIOTCSL. / \i:

2. KpuBble IMEIOT ABE TOUKU NIEPECECUECHHUS. b

I'papuxu 1ByX QyHKIMI MOTYT UMETh HECKOIBKO TOUEK
nepecedeHus, Kak IoKa3aHo Ha pucyHke. Hampumep, rpa-
¢ukn QyHKIMH sinx U cosx uiu rpaduKu QyHKIHI MHOTO-
YIEHOB BBICIIMX crenmeHeidl. OpHako Hamu  OyayT
paccMOTPEHBI IPOCTHIE CIYYaH.

3anaHus B yueOHHMKE pacCMaTpUBAIOTCS COBMECTHO € ydamumucs. Pexo-
MEH/IYEeTCS BBIITOJIHATH M3 TTMCHMEHHO.

61
(2:0) -8+

1ot
A)=3x—x—10x

glx)y=—x+2x

Pemenne HeKOTOPBIX 32 JaHUIT U3 y4eOHNKA:
n

Y.3. Beuncnute 3akpaiieHHy0 TI0MaIb.
f(x)=x+3x2—9x— 12 fix)y=cosxvay=0,5 0<x<m

gx)=4x+3 i YA fix) = cos x

/I ew=05

Pemenmne:

AOcHHcCchI TOUEK NepeceueHust oka3anbl Ha rpaduke. X MOXKHO HalTH U3
ypaBHenust x° + 3x? — 9x —12 = 4x + 3.

3amnuireM ypaBHeHue B Buje x° + 3x? — 13x —15 = 0. Eciu nanHoe ypaBHe-
HUE UMEET PAlMOHAIBHBIN KOPEHB, TO OH SBJISIETCS [EJIBIM YHCIIOM H HaXo-
JIUTCSI Cpein JenuTenell cBooogHoro wiena (15).

Jemurenn uncma 15: £ 1, £3, 5, £15

Y6enumcst, 9To 9uciIo x = 3 ABIAETCS KOPHEM ypaBHEHUS TIPU ITOMOIIN
cxemsl [opHepa.

1 3 —-13 (-15
1 6 5 0

3HAYUT MOXKHO 3alKcarh CIEIYIOIIee Pa3IoOKEeHNEe Ha MHOKUTEIH.

X +3x2 - 13x-15=(x—-3)*+6x+5)=(x—3)(x+ 1) (x+5).
AOlcmuccel Touek nepeceuenus x = —5, x = —1, x = 3. U3 rpaduxa
BUJIHO, YTO IIJIOIIA/1b, KOTOPYIO MBI HIIIEM, PaBHA CyMMe IIJIOLIa/Iel Ha
npomexyTkax [ —=5; —1] u [-1; 3]. Ha npomexytke [ —5; —1] cnipasen-
JMBO cienyromiee f{x) > g(x), Ha mpomexyTtke [—1; 3] - g(x) > f(x).

3
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Torna nuckomasi TIoNIa/lb paBHa:

-1 3 -1
S=] (/(x)—g(x))dx - I(g(x)—f(x))dx =] (x3 +3x2 — 13x —15)dx+

+I(—x = 3x+ 13x +15)dx = (Z—kx - 123x—15 x) +(— ——x3+12 x+15>«1
_ 1 13 625 325 81 117 i
—4—1—2+15 4+125+ 5 =75 + (- 4—27 > 45+4

13

1= 5 +15) =64 + 64 =128 (8. en).

b) fix)=cosx g(x)=0,5 0<x<m

Pemenne:
Haiinem Touku nepecedenus rpaduxoB. Kopens ypaBHeHus cosx = 0,5 Ha
otpeske [0; m] paBeH x = % W3 rpaduka BUAHO, UTO rmomam, KOTOPYIO
MBI HIIEM PaBHA CyMMe TUIONIA/IeH Ha MPOMEKyTKaxX [ 0; — 3 lu[ 73[ ;.

Ha mpomesxyTtke [0; %] umeeM f(x) > g(x), Ha MPOMEKYTKE [%; 7| uMeeM

g0) > flx).
S = [ (cosr —Dydx +(~ — cosd =( simx — 40+ (L x = siny)] =
0(co&x 3) %(2 cosx)dx =( sinx — )| (2 X — sinx)| =

B n 1 = ) 3 3 .
—(Sln—3 23 sm0+—2 0)+ (= m—sinn > 3+sm—)—
Vi n.on n 3 &

=2 "6t2" 6127 3+ 6 (xB. ex)

¥.6. [Toctpoiite rpaduku GyHKINI HA 3aJaHHOM OTPE3Ke U HAWIUTE OrpaHH-

YEHHYIO HMU IUIOIIA/Ib.
d) y=sinxuy= cosx Hanpomexytke x = [0; ]

Pemenne:

Touku nepecedeHus rpa)MKOB HAXOMATCS U3 YpaBHEHHS Sinx = cosx. Pa3-
nenu o0e CTOpoHBI Ha cosx. (cosx # 0) y A
VYpaBhenwue tgx = 1 Ha 0Tpe311<te [0; 7] umeeT y = sinx
€IMHCTBEHHBIN KOPEHb: X = T

/4 -
S= I(cosx — sinx)dx + f(smx — cosx)dx = O % %n X

= COSX
/4 T - . _y

= (sinx + cosx1 + (—cosx—sinx] =vV2-1+ 1+ V2 =22 ks.ex

0 n/4

201



V.8. Haitnure momaas TpeyroibHUKA, BEPIIUHBI KOTOPOTO HAXOSTCS B TOU-
Kax (2;-3), (4; 6), (6;1) Ha KOOPAUHATOM TIOCKOCTU,IIPU TIOMOILU OMpEe-
JICHHOTO MHTErpaa.

Peumenue:
ITocTponm TpeyrosbHUK ¢ BEPIIMHAMU B 33/IaHHBIX TOYKAaX Ha KOOPAWHAT-
HOM mockocT. B Touke B(4; 6) BepTukanpHas npsmMas AeIUT IUIOMAIb
TPEYToNbHMKA Ha 2 9acTu: S1 ¥ Sz, CHavasa 3auiiieM yPaBHEHUsI PSIMBIX,
COJIEpIKAILIMX BEPIIUHBI TPEYTOJIbHUKA.

st npsimoii AB : % 2_’_; y=45x-12
Y3 643 - x—

Jlta npsimoit AC : 2 1 y=x-5

Jst mpsimoii BC xL?l g; y=-2,5x+16

[Tnomanpe, KOTOPYIO MBI MIIEM paBHA CyMMeE ILIOLIAAeH Si Ha IPOMEKYTKE
[2; 4] u S na mpomexyTke [4; 6]. Ha mpomexyTke [2; 4] npsimass AB Bbiiie
npsiMoit A, Ha mpoMexyTke [2; 4] npsamas BC naxonurcs Boime npsamoit AC.

4 6 4
S = [(4,5x =12 —x +5)dx + I(—2,5x +16—x+5)dx= I(3,5x ~T)dx +
2

7

44+

6
+I(—3,5x+21)dx=( X —7x)|+(— X +21x)\—— 16-7 4—
4

+ 72— %-36+21-6+ %~16—21-4=28—28 —7 +14 -63 +126 + 28 —

-84 =7+7 =14 (en. miomann)
B(4; 6)

0 T x
2
-1 y=sin2x
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Pemenne: cHauana HaiijeM abCIUCCHI TOUEK NepeceueHus QyHKIUH
y =sinx 1 y = sin 2x Ha nmpomexyTke [0; 1]:
sin x = sin 2x <> sinx (1-2 cos x) =0
1)sinx=0
x1=0;x=mn
2) cos x = % x= % , xe[0; «]
3akpalueHHas IIoma b COCTOUT U3 AByX yacteil. [lo ¢popmyne HrroTona -

JletiOuua Ta JUIOIIA/b PaBHa:
3 T

3
S =Si+ Sy=] (sin 2x — sin x)dx + ] (sinx - sin 2x)dx =

_(_%COS2X+COSX)| +(_ COS)C+LCOSZX)| _(— COSz—TC+COS )
0 2 : ’
i 1
_(—%COSO‘FCOS 0)+(—cosn+%0082ﬁ)—(—cos%+7‘:0523_7[):
1,11 .1, 1,1
:T+7+7_1+1+ >t a3t 3 _22

D.11. 3arpaTsl Ha MPOU3BOJACTBO TeNEe()OHOB B KOJMUYECTBE X €AUHUI] BHIpa-
xaercs ¢Qynknmern C(x) = 0,0lx* — 3x + 229, noxom - QyHKIHEH
R(x) =429 — 2x. Haiinure momaab, 00pa3oBaHHYIO TpadukaMu 3TUX (PYHK-
i u npssMoit x = 0. OObsSICHUTE 3HAYCHUE JJAHHOM IIJIOIAIH Ha IPUMEPE pe-
aJbHOW CHUTYaIlHUH.

Pemienue: HaiiieM mioniajb, OrpaHUYECHHYIO
rpadukamu pyakaun C(x) = 0,01 x? — 3x + 229
R(x) = 429 — 2x u npsamoit x=0. [{lannas mio-
11a/1b 3aKpanieHa Ha pucyHke. CHauaa HalizieM
aOCIIUCCHI TOYEK TIePECEUCHHS.
0,01 x2 =3x + 229 =429 —2x
0,01x* —x —200=0

x*—100x =20 000 =0 -
x =50 £V4500 Otcrona 3 yciosus x > 0 mo- O‘ 504305 x
ayunM x = 50 +67 = 117 R(x) =429 -
VYuuTeiBas, 4TO Ha 33JaHHOM IIPOMEXKYTKE

R(x) = C(x), 3anumiem:
117 117

S~ I(429 2x — 0,01x% + 3x — 229)dx _I(200+x 0,01x%)dx

% 7z up B
200x+2 3OO|_200117 5 5oy = 23400 +6844.5

—5338,71=24905,79
JlanHast maomaab BeIpaskaeT YUCICHHOE 3HaUeHHEe TPUOBLTH (PUPMBIL, IPU
BBITTyCKe puOau3uTensHo 117 tenedoHoB.

Y AC(x)=0,01 x2 - 3x + 229
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Ypok 133-135. OnpenesieHHblil HHTErpaJa u 00beM (pUryp BpalieHusl.
3 yaca. Yue0. cTp 255-260.

Conep:karejbHBIN CTAaHAAPT.
2.2.7. I1pu momMoIy onpeesIeHHOT0 HHTErpajia HaX0AUT 00beMBbI TEll Bparle-
HUSL.

HasbIku yuyaierocs:

B CXEMaTU4HO H300paXkaeT TpeXMEpHYIO QUTYPY, MOTYYEHHYIO BpalleHHEM
MJIOCKOCTH, OTPAHNYEHHOHN KpUBOIi;

B HaXOIUT 00bEM TPeXMEPHOU (pUTYpBI, TOTYyUYEHHOH BpaleHHEM.

JleMoHCTpHpYS CIEAYIONINE PUCYHKH, MOJKHO IT0Ka3aTh, KaK MPH BPAIIEHUH
KaKOH-JTMO00 IIIOCKOH (pUTypbl BOKPYT OZHOM U3 0CEH MOYKHO TOJIyYUTh ICKU3bI
Pa3NUYHBIX QUTYDP, KOTOPbIE Mbl BCTpEYaeM B IIOBCETHEBHOM KHU3HH.

7

OnHako MbI OyieM U3y4aTh IPOCTPAHCTBEHHBIE (DUTYPBI, IOITyUYEHHBIE Bpalle-
HHUEM BOKPYT OCH X U HAYUUMCS HAXOAUTH UX OG’LCMI)I (B HEKOTOPLIX ClIydadaXx
TJTOTIA N TIOBEPXHOCTEH).
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1. lns storo cHavama wu3oOpazuMm 2. UToObI mpeacTaBuTh cede Tero, mo-
9CKH3, TIOBEPXHOCTH, KOTOPas IPUHKU- JIy4EHHOE MPH BPALICHUU HA OTPE3Ke
MaeT y4acTHe BO BpAIlEHHH M OTMe- [a; b] pa3ienuMm IJIOCKOCTh Ha MPSIMO-
THUM OCh BpAI[CHUSL. YTOJIbHUKHU, OCHOBaHUs (IIMPUHA) KO-
TOPBIX PaBHBI AX, a BBICOTHI f(X)).

BpalleHue Bo-
KPYT OCH X
i

: b
a

a b

Eciu Bpamarh BOKPYT OCH X OJTUH U3 TPSMOYTOJIBHUKOB IITH-
puHON Ax ¥ BBICOTOH f{ci) , TO MBI IOJTYYNM OJUH TOHKHA
MATHHAPUICCKUA TUCK. KaXaplif IpstMOyTOITEHUK 00pasyeT
UUJTUHAPUYECKUI TUCK, COOTBETCTBYIOIINI CBOEMY pa3Mepy.
O6wem gaHHOTO JMCKa paguyca f(ci) OyneT paBeH V = nr?h
= n(f{c)))*Ax . IIpu momMomM anmmpOKCUMAaNAN TAaHHBIX TPs-
MOYTOJIBHIKOB, MOKHO HAaTH 00BEM, TTOTyUICHHBIN Bpalie-
HHUEM YacCTH TNIOCKOCTH. beckoHeYHO ymMeHbIast IupuHy Ax
NPSIMOYTOJILHUKOB, YBEITMUUBASI UX KOJIMYECTBO MOXKHO JI0-
CTUTHYTbh XOPOILIUX PE3yJbTaToB annpokcuMannu. Hakoner
pu yciaouu Ax—0 1 n—oo mpeaen

n
lim ) 11t(f(c,-))2Ax
n—ow =

MOKa3bIBaeT 00beM. BbIpa3uM JaHHBIH Ipeien Yepes HHTerpan -

V(x)= .bf T(f(x))*dx

a

[Ipu BpameHun Bcex NpsSMOYTOJILHUKOB BOKPYT OCH X 32 HOJIHBIA 000POT MOy-
yaeTcst PUrypa, Kaxk Moka3aHo Ha PUCYHKE.

Takum 006pazom, 00beM QUTYPBI, TOTYUYSHHOW BpAIICHUEM IJI0IIA/I1, OTpaHUYCH-
HOU HeKoTOpoH (yHKIHMeEH f(x) Ha oTpe3ke [¢;h] MOKHO HAlTH IO opMmye:

b
v=n](f (x))2dx

205



V.1.Ha pucyHke npeJicTaBiIeHbI IPOCTPAHCTBEHHBIE
TeJa, OJTyYCHHBIE BPAIICHHEM BOKPYT OCH X TIOC-
KoM (purypsl, orpaHu4eHHON TpaduKoM YHKIIUU Ha
3aJlaHHOM OTpe3ke. Haiinure 00beMbl 3TUX Tel.

d) flx) =e*, [-1;2]

Pemenue: npy BpameHUN YacTH IIOCKOCTH, OTPaHUYCHHON (pyHKITHEH
flx) HA oTpe3ke [a; b], BOKPYT OCH X MMOIy4YaeM TeJI0, 00bEM KOTOPOTO
MOYKHO HaWTH 10 GopMyIie:

\Y :nfb (fx))*dx
2

V =n[ e¥dx = 11 e*|
-1 2 .|

=7 (et — e?) =~ 85,55 (en.06pema)
V.3. Haligure 00beMBI TeJI, MOJIyYSHHOU BpaIlleHHEeM BOKPYT OcH a0c-
ucc GUTyphl, OTpaHUYECHHON 3aJaHHBIMU JINHUSIMHU.

5)y=x,y=0,x=1,x=4

Pemenue: nckombiii 00eM paBeH:

4 4 2 4 1
V =) (Vx)%dx = 7| xdx = 7 - ;| =n(8 = 5) = 7,51 (en.00bema)
1 1 1

V¥.6. a)Haiinute oObeM Telna, MoTydeHHON
BpalieHueM GUrypbl, orpaHuueHHON rpadu-
Kamu QyHKIHA y = x>+ 2 uy = (x — 2)%, Bo-
KpYT OocH x. YKka3zaHue. Beruucnure o0bem
KaK CyMMY JBYX HHTETPaJIOB Ha IIPOMEXKYT-
kax [0;0,5] u [0,5;2].

Pemelme CHaJaja HaiizieM abCIMCChI TOUEK MepeceueHus rpaduKoB.
X2+ 2= (x-2)*

X +2=x-4x+4

x=0,5
HckoMerii 00beM paBeH cymme 00beMoB Ha ipomexkyTkax [0; 0,51 u[0,5; 2]:

V=Vi+V, = th ( x>+ 2)2dx + ch (x—2)dx=m f (x* + 4x2+4)dx +7tf (x—2)*dx

= (X 44 (x=2)° Ll_il NI 243 =
n( > 4x +4x‘+n SJ (5 32+3 8+4 )+5 <

_ ,. 83

3120
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Ypok 136-137. O6o61maroniue 3aganus. 2 yaca. Yued.ctp. 261-262

[Ipu u3ydeHnn onpeneneHHoro HHTerpata Kaxpli pa3 Hajo o0pamaTh BHU-
MaHHE Ha CJICAYIOIINE MOMEHTEI.

1. ®ynkuwms f{x) BeIpaxkaeT U3MEHIEMOE Ha MPOMEKYTKe MHOKeCTBO. [Ipu-
MepaMH TaKOro MHOXKECTBA MOTYT CITYKHTh!

a) TeJO C MepPEeMEHHOM MIIOTHOCTHIO (HE TOMOTEHHOE METaJUINYeCKasl ajouKa,
J0CKa ¥ T.J1.) (M3MEHEHHE MacChl IPU M3MEHEHHUH JINHEWHBIX Pa3MepoB)

b) myTe npoliAeHHBIN ¢ IEPEMEHHON CKOPOCTHIO

c) 00beM Tena ¢ MepeMEeHHBIMU TPaHULaMU

d) mobas ¢pyHkus fx)

Korna Mb1 1aBanu onpeneneHue HHTErpata Mbl BBITOJHSIIN 3a/1aHUSI, B KOTO-
PBIX IPH TIOMOIIH alIPOKCUMALMN peaabHbIX 3HAYCHUH 1 PHOIIKSHUH arlpoK-
CUMallM{ K TpeAeIbHOMY 3HAYCHHMIO, HAXOIWIM TPENei, COOTBETCTBYIOLIHMA
YCIOBHIO. DTO OYEHBb BaXHO YMETh NPHU MOMOIIU aNIPOKCUMALNN HAXOIUThH
3HauUEHHME MHTETpasia, TaK KaK ydalluecs Mpu 3TOM Pa3BUBAIOT HABBIKU HCCIIEI0-
BaHMsI, YMCHHE CONOCTABIISATH MAaTEMaTHYECKHUE TIOHITHS 1 PacCyKIaTh.

Ee pa3 nanomunaercst, uto auddepeHnman u HHTerpai BEpakaroT THHAMU-
yeckue JanHble. Kak BUIHO B 110001 CUTYallMy MBI HCHIOJIB3YEM CIIOBO U3MCEHE-
HUe. 3HAUUT, MHTErpajbHasl BEIMYMHA HE UMeeT 00IIe aKTyallbHOE 3HAUCHHUS, a
MOKa3bIBAET NPUPOCT Ha 3aJJaHHOM MHTEPBaJIC (B YACTHOM CIIydae 3TH 3HAYCHUS
MOTYT OBITH PaBHBI).

B yueOHuke 11 pa3nuyuHBIX CUTYalWi 3aiCcaHbl Mard peieHus U JaHo Mo-
sicHenne. [lokaxkeM Ha NMPUKIAAHBIX 3aa4ax MpU MOMOILHU ONPEACICHHOTO HH-
Terpaja Maccy IIpy NepeMeHHO! INIOTHOCTH Ha IpUMepe “NPONHAEHHOTO MyTH .

Bce T psiMOyTOTBEHUKH, COBEPIIIasi TIOTHBIA ITOBOPOT BOKPYT OCH X 00pasyroT
(burypy, Kak ToKa3zaHO Ha PUCYHKE.

CHaqana, JIUCT METajljla TIOMCCTHUM Ha OCH X U OTMCTHM IIJIOTHOCTH ](x) B

TOYKE X.
1 -

a b x

Paznenum nucT Ha 1 paBHBIX YacTeH, TIPY TIOMOIIU Pa3pe30B.

Xo=a X1Xx2X3 s v Xn-2 xn-lxn:bx

Ha xaxxqom otpeske [xi; xi1], i= 1,2,..., 7 INIOTHOCTBh NPUOIM3UTENLHO OTMHAKOBA
U ee MOXXHO NPUHATH KaK MOCTOSIHHYI0. Torma, Macca Kakoi-1100 gacTH i Oyzer
paBHa f(ci) (xi— xi1), 31€Ch TOYKA ¢i B3sATa U3 MHTEpBaJa (x; — xi-1). Torma mMacca
JUCTa IPUONMKACTCS K CyMMe i fe) i-xi) = Zn: flci)) Ax

i=1

i=1
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n

ITpu ycaoBum 1 —o00 TIpeieN 3aaantoi cymmbl  lim Y flci))Ax mokassiBaeT pe-
— =1

aNbHYIO Maccy JHCTA. JTOT Tpe/es Ha OTpe3Ke [; h|MOKHO 3aMEHHUTH OIpe/ie-

JICHHBIM MHTETPAJIOM. 3Ha‘-II/IT,

macca :Tf(x)dx 3mech f(X) INIOTHOCTH B TOYKE X
a

3HauuT, A7 10001 GyHKUIUM f{X) onpeeaeHHbINH I/IHTeraﬂjf(x)dx B pa3iuy-
HBIX CHTYaIlMsX IMOKa3bIBaeT MPUPOCT Ha 3a/JaHHOM WHTepBaie. Hampumep,
MHTETPa [y2(, MOKa3bIBACT ILIOIA/Ib, OTPAHHYICHHYO KPUBOM ) = x> Ha OTPE3Ke
[0; 3]. D14 oM IF MOXKET OBITH paBHA!
- Macce Teja 3Ha4eHHUe IIOTHOCTH KOTOPOTO PaBHO X (TUIOTHOCTh H3MEPSETCS B
TPaMM,CM);
- paccTOsHHIO, TPOHACHHOMY TeIly CO CKOPOCThIO #2 (KM/4ac) U T.1.

3Ha‘II/IT, HUHTCIrpaJl IJIOTHOCTU BbIPAXKACT MACCY, HHTErpaJl IJIomaiu - 00BeM 5
HUHTErpajl CUJbI - pa60Ty n.T.1. Taxxe B 3aBUCHUMOCTH OT CUTyallun B 3aJiadax
AAHHBIC BEJIMYUHBI MOT'YT U3MCHATBHCA.

Ocoboe 3HaueHNE IMEECT YMEHHE COTIOCTABIIATD IPU HAXOXKICHUH TJIOMIATH T'€0-
MeTpudeckn. Hanpumep, u3y4unm perieHue 3a1a4u, MpeaACcTaBIeHHOH B yIeOHHKeE.

IIpumep. Ha rpaduke mokazaHo ABMKEHUE Hace-
komoro. B 13:00 HacekoMoe HayaJI0 ABM)KEHUE U3 10T —

ToukH x = 12. Ha rpa¢uke nokazaHo Kak JBUTajioCh
1500

Hacekomoe ¢ 13:00 go 15:00. Csixute npoiiaeH- 1’-300 T
HBIH HACCKOMBIM Iy Th_ M IIEPEMELICHUE C ONpe/ie-

JIEHHBIM MUHTErPaIoM fv(t)dt -10T
1

Pemenue: u3 rpaduka BUIHO, 9TO 10 14:30 3HAK CKOPOCTH TOJIOKUTENIEH, T.€.
NBIDKEHHUE B TeueHUH (1,5 9ac) MpOUCXOIUT B B IMOJIOKUTECIHHOM HAIIPABJICHUH,
¢ 14:30 mo 15:00 nHanpaBneHre MEHIETCS, IBUKCHIE TPOUCXOIUT B OTPULIATENb-
HOM HanpasiieHuu. [lyTh, MPOIEHHBIN HACEKOMBIM (yIaJeHHe OT HadaIbHON

toukn) 10 14:30 paBen:
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[IpsimoyronsHUK TpeyronbHuk

10 + 10& 10+2,5=125

1 0,5

[lyTs, npoiinennsiii ¢ 14:30 no 15:00 (HanpaBneHue u3MeHH-
JIOCh M JIBI)KCHHE B CTOPOHY Hauana), paBeH ILUIOWAK Tpe- | =25

YTOJIBHUKA.

Ilyte, mpoiinen- 0,5

HBII HACEKOMBIM:

2,5 3
S= fv(t)dt + I|v(t)|dt =12,5+25=15¢cm
1 2,5

[lepemenienne, KOTOPOE COBEPIIMIO HACEKOMOE OT HAYAILHOIN TOYKH BHIPAYKAET
3 3

wnrerpan Jv(£)dt . Ero snauenne [V(H)df = 12,5~ 2,5 = 10 cM nokassisaet nepe-
1 1

MelILEHHE.
? Pemienue HeKOTOPBIX 3a1aHii U3 yUeOHUKA:
u

V¥.7. Beruucnure, ucnonb3ys rpapuk GyHKIUH f .

2 [fodx  b) [fwde o [ fi) dx

Perenne: coriacHO reOMETPHYECKOMY
CMBICITY OTIPE/IEIIEHHOTO MHTETpalla U UCTIOJb-
3ysl CBOMCTBA MHTETPAJIa, IOy IHM:

a) ({ (fx))dx=S1=5

b) (J;S(/(x))dx = i(/(x))dx + 1 (flx))dx = Si—Sz2= f (fix)dx=5-3=2;

c)jf(x)dx f(f(x))dx+f(f(x))dx S+ S5=-3+2=-1.

V. 8 OCHOBLIBasICL Ha FeOMETPUYECKOM CMBICIIE, BBIUUCIUTE 3aJaHHBIA UHTET-
pai.

Pemenme: 3HaueHne MHTErpajia YUCICHHO PABHO
TJIONIAIM 3aKpAIIeHHON (PUTyphI Ha pUCyHKe.3a-
MHIIEM PaBeHCTBO y = 5 — V9 — (x — 4)? B Buze b) ¢
(x—4)*+ (y—5)*= 32 Orcrona sICHO BUJIHO, YTO 2
rpaduk QyHKIUU f(x) Ha PUCYHKE SIBIIAETCSA
nyroit AB ¢ nentpom B Touke (4;5)

f)=5-N9—(x—4)y
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u paguycom r = 3. TpeOyemas 1uiomniaibp paBHa pas- A

HoctH iomanen kBajapara ACDE co ctoponoit 5 u 6r M

CyMMBbI TuTOIazaei cexropa AMB u TpeyroiapHuka i_ )

MCB: S = Sacpe— (SamB+ Smcs) %: 5

13 AMCB cos 20 = M_(B:_ % oTcrona /0 =~ 48°. Torma ![g b
Ol 123456 >x

3Has1, yTo ZAMB = 132° HOJ‘Iy‘{I/IM Sam= Tt - 3% :1;2(2) ~ 3,3 n. Tak KaK

SMCB—% MC-MB-sin0=7%-23sin48°~223,10
S=25-3,3n+ 2,23)=22,77-3,3 n = 12,4. Takum o6pa30M,jf(x) dx =124.
1

B naHHoIi 3a71a4€ MOKHO pacCMOTPETh Pa3IUUHBIC CITydyar U3MEHECHUs Tpa-
HUIl HHTEeTpUpoBaHus. Hampumep, JaHHYIO TUIONIAAb MOXKHO BBIYHUCIIUTH KaK
ionaab (GUrypbl OrpaHHYeHHYIO0 KpUBOM Ha oTpe3ke [1;4] (BeruuTas u3
IO IPSIMOYTOJIbHUKA 1/4 mumomaay kpyra) wiu Ha otpeske [ 1;7] (BbI-
9yuTas U3 IIOLIAIU MPSIMOYTOJbHHUKA TUIONIA/Ib IOITYKPYTa).

VY.12.Teno maccoit m nBuxercs Bojb ocu Ox 10/ 1eiCTBUEM CHUJIbI Ha-
MIPaBJICHHON B/IOJIb IaHHOW OCH. 3Hast, YTO B MOMEHT / = f) CKOPOCTb paBHa
Vo, @ KOOpIMHATA paBHa Xo, 3anumuTe Gopmymny x(¢). 3neck F(f) uzmepsiercs
B HproTOHAX, # - B CeKyHIax, v - B Gex, M - B K.
a)F()=6-9,to=1,vo=4,x0=-5,m=3

b) F(f)=14sint, to=m,vo=2,x0=3,m=7

Pemenne: a) uz popmynsl ma = F nonyuum: m = 3, a = x"'(t), yuuTsIBas, 4to
F(t) = 6 — 9t , MmoxxHO 3amucarh oTHOIICHHE: 3 - X''(f) = 6 — 9f wim

x"(t) = 2 — 3t. Unterpupys mocieHee paBeHCTBO MoayuuMm: x'(f) = 2t — 3¢/2
+C, T.e. v(f)=2t- 32+ C.Ilo ycnoswuro, Tak kax v(1) =4, To
4=2-3/2+C,C=3,5. Teneps x'(f) =2t — 3*/2 + 3,5. Orcrona moay4um
x(f) = - 0,5¢ + 3,5¢ + Ci. o ycnouio, Tak kak x(1) =— 5, To
S5=1"-0,51+351+C,,Ci=-9.

Takum o6pasom, x(7) = # — 0,58 + 3,5¢— 9

Hike npezicTaBieHbl 3a1aHus1, KOTOPbIE MOJKHO BBIIIOIHUTD MEPE/T OLICHUBAHUEM.
Ipumep. [To nanueiM Tpaduka, HaliIeM TIIOMIAL 3aKPAIIEHHON YacTH, 3a-
KITIOUEHHOHN MEX/Ty KPUBBIMHU. 28 v 28)
Pemenne: Kaxnas uz pyHkuumit y = x> uy = x*— 2x? 8
SIBJISIETCSl YeTHOM W Ha PUCYHKE BHJIHO, UTO 3aKpa-
nIeHHas pUrypa CMMMETpPHYHA OTHOCHTEIIBHO OCH Y.
[ToaToMy, MO)KHO HAWTH TUTOMIAT GUTYPHI CTIpaBa OT
OCH ) U MOJTYYEHHBIH pe3yanaT YMHOXUTH Ha 2.

S= 2](2x x+2x2)dx—2j(4x—x
B 2 128
—2.32. 5=
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Tabdnauua kpuTepueB OLleHMBAHMS 1O pa3aeny 8.

3ameTkH 00 yua-

Ne Kpurepun
p p M XCS
1 Haxomut nepBooOpa3Hyio NpUMeHss MpaBuia
’ HWHTErPUPOBAHUS.
) Y TOUHsAET aHATTUTUYECKYIO 3aIHCh, ONPENEISL
’ MTOCTOSTHHBIE UHTEIPUPOBAHUS
3 Pemaet 3agaun peanbHOM )KM3HEHHOM cUTya-
’ LUH [IPU TIOMOIIY UHTETPUPOBAHUS
4 [IpencrasnseT maomaIb, OXBaTHIBAIOILYTO
) KPHUBOH Ha 331aHHOM OTpE3Ke.
Haxoaut reomerpuyeck miomaas orpaHun4eH-
5 HYIO KpHUBOH Ha 3a/laHHOM OTpe3Ke, pa30ouBast
’ ee Ha MaJIeHbKHE MPSIMOYTOJILHUKN (METOAOM
anmpOKCUMALIH).
Haxomut 3Ha4eHne onpeneneHHoro nHTerpana
6. KaK 3HaYCHHE TUIOIIA N, OTPAHUYEHHYIO KPH-
BOIl Ha 33JJaHHOM OTPE3KE.
7 [Tpumensier popmyiny Hetotona-Jleliouuma
) IIPU BBIYUCICHUSX.
2 [IpuMeHsieT cBOMCTBa ONPENEICHHOTO HHTET-
' pana
9 HaxomuTt niomans Mexty I1ByMsi KPUBBIMU
' [IPH ITOMOIIIX OTIPENIETICHHOTO HHTETpaIa.
10 C noMOMIBIO OTIPEeICHHOTO HHTErpasia Haxo-

JTUT 00BEM TeJ BpaIleHUs

11.

Pemaer 3a1aun peaibHOM )KM3HEHHOM cUTya-
U 1 IPOCTBIC (1)I/I3I/I‘-ICCKI/IG 3aaa4u I1pu 1o-
MOIIY OIIPEICJICHHOIO HHTErpaJla.
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Ypox 138. 3aganus 1Jisi CYMMATHBHOTIO OLIEHUBAHUSI 1O pa3jaeny 8.

1) 3ammmmre epBooOpa3Hyro sl GYHKIHH f(x) = 5x> — 2x 2 — 1.

2) 3Hast, uto f'(x) = 4x° — 2x* + x — 2 u f(0) = 3 3anummte ypaBHEHUE A5t PyHK-
uuu f{x).

2
3)  BslunciuTe HHTETpA [(3x% = 2x71 + x)dx
1

4) Kakas n3 QyHKIMI NOKA3bIBAET MIIOIIA/b, OTPAHMYEHHYIO QyHKIMEH
flx) = 3x3 + 2x? Ha oTpeskee [-5; 5]?

5 5 5 5
D)[3xt+20)dx =30 b)[Errad)d =y ©)JGr2d)dr = 3 d)f(3r+2d)d = 500
- -5 -5 -5

5) Hoctpoiite rpaduk pyaknum y = —x + 1 Ha 0T-
pe3ke [0; 1] u orpannyeHHyo ocwro x. Haiinure
IUIOIA/b, OTPAaHUYCHHYIO JaHHBIMU JIMHUSMU:
a) 'eomeTpuuecku, UCTIONB3ys TpaduK PyHK-
LUH.

b) Anrebpanuecku, Ipy MOMOIIH TIPABUIT HHTET -
pPHUPOBaHUSL.

6) Haitnure tutomanb 3akparieHHON 9acTH, OTpaHIIeH-
Hyto rpadurom y =x3 — 3x? —x + 3

7) Omnpenenure GyHKITHIO f{X) TIO CHACTYIONTAM YCIOBHUSIM.

f=ax2+bx f'(H=5 [f(DH=11 fzf(x)dx:H

212



8) Hatiure ka)aplil U3 CISIYIONIUX ONPEICIICHHBIX UH-
TerpanoB QyHKIUH f{x) M0 rpaduky.

4 0 4 0
a) 7{ fx)dx  b) 4{ fx)dx  ¢) £ fx)dx  d) L [70x)|dx

2, x<3
9) ®yHknus fonpeneneHa KaK fx) Z{ 1, x >3 Haiinure 3Hauenue

byHKITHH lff(x)dx?
a)2 b) 6 c)8 d) 10 e) 12

10 3 3
10)  3mas, uto [fix)dx u [fx)dx =7 , naiinure 3HauCHHE I/IHTerpanalff(x)dx
1 10

a)-3 b0 )3 10 el

11) Haiinure wHTErpabl.

1
fxz\/;dx | (5cosx + 4sin x)dx ) 2 dx

a

12) 3nas, 4T0 [(2gx— x?)dx = 18 HaluTe 3HAYEHHE a.
0

13) Haiiaute mioniaas GUrypsl, OrpaHHICHHON JTHHUAMHE ) = X* U Y = 4x.

flo) =2+ 1

14) Haiinute 3akpalieHHyO TUIOMAIb.

DWW R LT

ol T

15) Boruucnure.

[ (sin3x + cosx) dx

-7

16) Hatigute oObeM Tena, MOJyYeHHOH BpallleHueM (pUrypbl, OTPAaHUYCHHOM JTH-
HUSIMU ) = \/;, y =0, x =4, OTHOCUTEIILHO OCcH abcIucc.
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Tabauua nuIaHMpoBaHu 10 pasjeay 9

Cranaaprthl ¥ nNoA- Koa- Yueo.
Ypox Ne Tema BO
CTAHAAPTHI wacos| TP
>-1. Cobupaer, cu- CrarucTiuecKkue nokasa-
cTeMaTu3upyer, o00-|139-140 2 1264-268
pabaTwiBaeT u e
MIPEJCTABISET CTaTH- dopmbl  pacmpeneneHus
CTUYCCKHUE JaHHBbIC. [ 141-142 [ nannbix.  Hopmanbnoe| 2 |269-273
5.1.1.Beraucnser nuc- pacnpeneneHue.
MEePCHIO0 M3MEPEHHU 1 .
cpeHeKBapaTHIHOE | 14344 [WATPAMMA  TAIIK  C1 ooy oy
OTKJIOHCHHE. ycamu
5.2. Tlonnmaer u mpu- CrnydaiiHble COOBITHUS W
s reopun| 145-148 | PEPOTIROCTE:  BOPNIE 574 93
po
BEPOSITHOCTH. SATHOCTIL
5.2.1. [Ipumenser
3aKOH HOPMAJBHOTO 149 | O6obmaromnme 3a1aHus 1 |284-285
pactpeieIeHIs  TIpH 3aganus Ul CyMMaTHB-
BRIMHUCIICHUM — BCPO-1 150  |noro ouenusanms mo pas-| 1
STHOCTHU COOBITHH. neny
Bcero 12
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Ypok 139-140. CrarucTuyeckue nokasaresm. 2 yaca.

Yueb.cTp. 264-268

Coaep:kaTeJbHbIN CTAHIAPT

5.1.1.Bbluucisier JUCrepcrio M3MEPEHU U CPeJIHEKBAIPaTUIHOE OTKIIOHEHHE
Hagbiku yuamerocs:

m [Ipencrapnsier XapakTepUCTUKH PACTIPEIEIICHUs CTATUCTUYESCKHX IOKa3are-
JIel Mep TEHTPaIbHBIX TEHACHIIHUI - CPEAHEr0 apu(METHYECKOTO, MEHaHBI,
MO/JIBI M HAMOOJIBIITYIO Pa3HOCTH;

m Buruucisier OTKIOHEHUE, AUCIIEPCHIO U CTaHAapTHOE OTKIOHEHHUE [Tt Habopa
JIAHHBIX, IPE/ICTABICHHBIX B PA3IMYHBIX (OpMax;

m OObsICHSIET HAa TPUMEPaX OHUMAHHUE CBS3U MEXKJy 3HaUCHHEM CTaHIapTHOTO
OTKJIOHEHUSI ¥ PacIipe/ie]ICHUEM 3HaueHHI JTaHHbBIX;

[IpoBoauTcs Gecena o TOM, MOYEMY BaXKHO M3ydaTh CTATHCTHUKY.

Tak KaKk cTaTUCTHKA SIBISICTCSI OTHUM U3 Pa3/IeIOB MaTEMaTHKH, TO OHA TaKKe
nzyyaercs B mkosie. CTaTHCTHKA SBISIETCS] 001aCThIO HAYKH, TPH MOMOLIH KOTO-
POl MOKHO M3YYUTh COOBITHS, MPOUCXOSIINE B MUPE, U J]aBaTh MPOTHO3BI, KaK
MIPOUCXOSIINE COOBITHSI MOTYT TIOBIUATH Ha Oynyiiee. MiHOTIA, MBI Kakoe-Tuoo
HampaBiCHHE MOXKEM BBIPA3UT OJHUM CIIOBOM.

Hanpumep, 5KoHOMHKa - JCHBIU; ICUXOJIOTHS - TIOYEMY MBI TaK JyMaeM U 4To
MBI lyMaeM?; OHOJIOTHS - KH3HB; aHTPOTIOJIOTHSI - KTO; UCTOPHSI - UTO, TAE, KOT/a;
¢dunocodust - ans yero; GUHAHCH - CKOIBbKO MaHaT? KakuMm cioBOM MOXKHO OXa-
paxkTepu30oBarh CTaTUCTUKY? CTAaTUCTHKA U3ydYaeT U3MEHEHUS, TPOUCXOJISIINE B
Kax10i obmactu. EsxeTHEBHO JIIOAM COBEPILAIOT MOKYIIKK B pa3iWYHbIX on-line
MarasuHax W OepyT ACHBI'M B pa3HbIX OaHkax. OTKyla OHU 3HAIOT Bac M TE BbI
xuBeTe? OHM 3aHOCAT JIAHHBIC O Bac B CBOO 0a3y. Jluist ka0l Gupmbl 3TOT mpo-
Lecc oueHb BaxkeH. [lepeMeHHble, cocTaBisonye 0asy JaHHbIX MO3BOJISIOT MPH
MTOMOIITH 3aIIPOCOB MOTYT OTBETUTH HA MHOT'HE BOIIPOCHI.

Ha Bompochl, koTopble paccMaTpuBaIOTCs B Pa3iIMYHBIX 00NAaCTSAX HAyKH,
MOXET J1aTh OTBET cTatucTuka. CTaTUCTHKA BBIMOIHACT QyHKIHMIO cOopa, cucTte-
MaTu3auy, 00paboTKK U MPECTABICHUS PEe3yJIbTaTOB IaHHbIX.

Jlo HacTosIIero BpeMeH! Mbl CUCTEMaTHU3UPOBaIM U TpyNIupoBain HHbOp-
MaIMIO MPH MOMOIIX Tabnul nir rpadukoB. Tenepb Mbl HAyYUMCsl CUCTEMaTH-
3MPOBATH JAaHHBIC PH IIOMOIIM KBAPTUIICH U IPEICTABIATh U3 B BUJE IHArPAMMBbI
“AMMK ¢ ycamu™.

O0paboTKy HH(POPMAIIUK MOXKHO TIPOBOJUTH C MIOMOIIbIO PA3JINYHBIX CTATH-
CTHYECKHX TOKa3aresnel. Jlo HacTosAmero BpeMeHn Mbl UCTIONIB30BAIN B 9TUX
LHeisix cpenHee apudMeTHUecKoe, MEIuaHy, MOJY, HAaHOOJBLIYI0O Pa3HOCTb
psina. Tenepb MBI H3yYUM MOKA3aTeNd, XapakTepU3YIOUIHe pacipeelicHie HH-
dhopmaruu.

OTO OTKIIOHEHHE, JUCIIEPCUs] U CTaHAapTHOE OTKIOHEeHHe. [loyemy ans pac-
npezaeneHus MHGOpMaIUK BO3HUKIA HEOOXOAMMOCTh JAPYTHX MOKa3aresel, oT-
JMYHBIX OT MEPEYUCIICHHBIX BbIme. [loHATHO, YTO I pacrpeeneHnst JaHHbBIX
Cpe/r Bcex MEepeurclieHHbIX MoKaszaTeseil HaM Ooliee BCero MOAXO0IUT Haubob-
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mast pasHocTh. OIHAKO, 3Ta Pa3HOCTh JIAET BO3MOKHOCTh U3YyUUTh U3 BCEX dJle-
MEHTOB TOJIBKO JBa, HE JAAaET HaM MPEJCTaBICHUs 00 MHTEpBaje MJIOTHOCTH HH-
dbopmanMK WM HACKOJIBKO JaHHBIC YIAJCHBI JIPYr OT JApyra WU JaHHbIC
BBIXOJSIIIIUE 3a IIPEJIEIIbl HHTEPBAJIA.

Bce 9T0 MOKHO BO3MOXKHO IIPH ITIOMOILY OTKJIIOHEHUS, JUCIIEPCUU U CTaH1apT-
HOTO OTKJIOHEeHUs. Tak Juist TOro, 4ToObl CO3aTh MPEICTABICHUE O TOM KaK JaH-
HBIE PACIOJIOKEHBI C COBOKYITHOCTH Ba)KHO 3HATh, HA CKOJIBKO OHU YJAJIEHbI OT
Cpe/IHET0 apu(PMETHUECKOT0, a TAK)KE Ha CKOJIBKO IIOTHO PACTIOIOKEHBI Pa3iIny-
HBIC JIaHHBIE BOKPYT CPEIHEr0o aprudmMeTHueckoro. J{ist 3Toro Mbl OyieM UCTIOIb-
30BaTh TaKWe CTAaTHCTUYECKHE IMMOKa3aTelld Kak cpefHee apu(MeTndeckoe H
CTaHJApTHOE OTKJIOHEHHUE.

n

cpemHee apuMeTUIecKoe: X= P

(xw )_6)2

n

M

I

Jucnepcus: g2 =

CTAaHAAPTHOC OTKIIOHCHUEC: G = G2

DTanbl BBIYUCICHUS CTaHIAPTHOTO OTKJIOHESHUSI IIPOBOIUTCS M 0000IIAOTCS KOJI-
JIGKTHBHO, HA IPUMEPaX, MPEACTABICHHBIX B yueOHuKe. M3yuarorcs np nomomu
KaKUX KHOIIOK Ha KaJbKYJIATOPE MOYKHO IMPOBECTH JaHHbIC BHIYUCIICHUS. Bbrunc-
JIGHHE CTAHJaPTHOTO OTKJIOHEHHMS U TUCTICPCHU SIBIISIOTCS IOCTATOYHO TPYAOSM-
KHM IPOIIECCOM, MTOITOMY PEKOMEH/IYETCsl UCIIOJIb30BaTh KAJIBKYIATOpP. A JUIst
9TOrO Ba)KHO YMETh BBOJHTH JTAaHHBIC ITPU IIOMOIIM COOTBETCTBYIOIINX KHOTIOK.

PexoMeHanuu 17151 BBINOJHEHHSI HEKOTOPBIX 3a1aHUI.

XKenaresnbHO 0TPabOTATh MEXaHU3M BBIYHCIICHHS TUCIICPCHU U CTAHAAPTHOTO
OTKJIOHEHHs JJ1sl Habopa u3 3-4 anemenToB. Hanpumep, mycTh UIMEIOTCS CIISIYIO-
mue ganneie 1, 3 u 8.

Cpennee apudpmernueckoe: (1 +3 +8)/3 =4,

1 L, (1-4P+(3-4P+8-47 9+1+16
HCTIepCUsl: G 3 3

~ 8,67

CrangapTHOE OTKIIOHEHHe: 6 = 2,94
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VY.1. Cuavana onpenenuM, NpuOIM3UTENbHO, CTAHIAPTHOE OTKIIOHEHHE CO-
BOKYITHOCTH TIPH ITOMOIIU Irpadrka, He MPOBO/IS MUCbMEHHBIX BBIYMCICHUH,

LA 2. A 3. A
74 n=8 —f 744 n=8 744 n=8
@ 64— ¥=4 — —— = 64— X=4 < 64 Xx=4
[ = =
= = g 3
23 23 — 2 3
-~ 2 - 2 — 52
1 1 — 1
T 11> ——t Tt T 1>
012345¢67 01234567 01234567
3HayeHHe JaHHBIX 3HaueHHe JaHHBIX 3HayeHHe JJaHHBIX

a) 3HaueHue Bcex AaHHBIX paBHO 4. CpenHee apudmeTrueckoe paBHO 4. 3HAUUT
Ka)KJ10€ OTKJIOHEHUE PaBHO HYII0. 3HAYHT JUCIIEPCHS U CTAHJAPTHOE OTKJIOHEHHUE
TaKXe paBHbI HyIt0 G = 0.

b) Jlns yka3zaHHBIX JaHHBIX BEIOOpKA paBHA WK 3 vtk 5. Tak Kak 3HaueHHe Cpeji-
HETo apu(pMETHUYECKOro paBHO 4, TO 3HAUCHHS OTKJIOHEHWH paBHBI £1. 3HAYHT,
SCTaHIapTHOE OTKIIOHEHUE paBHO 1. Ecim npoBecTr BEIYUCICHUS, TO MOKHO yOe-
JUTHCS, YTO CTAHJIAPTHOE OTKIIOHEHHE PAaBHO 1.
4(3-4)>+4(5-4P=4+4=8;88=1,0~2,24

¢) OTKIIOHEHHE KaKIIOTO U3 8§ MaHHBIX OT COBOKYMHOCTH win 1 wumu £3. Cran-
JApTHOE OTKJIOHEHWE paBHO 2. [IpH BEIYMCICHUSX TONYYUM G <~ 2,24,

Oco0oe BHUMaHUE YICISIFOTCSI yMEHHUIO 110 JIAHHBIM, TIPE/ICTABICHHBIX B BUJIE I'pa-
(buka WM TabJIMIBI HAXOAUTh CTAHIAPTHOE OTKIIOHEHHUE, OOBSICHATh Ha IPUMEpax
YBEIMUCHHS MM YMEHBIIICHUE CTAHAaPTHOTO OTKIJIOHEHNS1, KAaK N3MEHEHHUE TUIOT-
HOCTH JIaHHBIX.

¥ CO moka3bIBaeT OTKIOHEHHE OT CPEIHETO 3HAYCHUSI.

¥ CO yBeIUYMBACTCS MPU YBEIUUCHUH POMEXKYTKA MEXK/TY TaHHBIMH.

¥ Ha ckoinbKo Oike Oy/IyT pacroiokKeHbl JaHHbIE, Ha CTOJIBKO e MEHBIIE OyieT
CO. Ipyrumu cinoBaMu, €CIM JJaHHBIE COCPEAOTOYECHBI BOKPYT CPEIHETo apud-
MeTtnyeckoro, To CO OyneT ManeHbKuM. BHUMaHKe aKIEHTUPYETCSI Ha TOM, YTO
TIPH BBIYHCICHHH G = VG2 pacCMaTPHBAIOTCS TOMBKO MTOJOKUTETHEIC 3HAUCHHSL.
Tak kaKk Ha CKOJILKO CTaHJAPTHOE OTKJIOHEHHE YAJICHO OT CPEAHEr0 apuQMeTH-
YECKOTO JIPyTUMH CIIOBAMU MOYKHO 0XapaKTEepHU30BaTh KaK PacCTOSIHUE. A OHO He
MOXeET OBbITb OTpHLAaTeIbHbIM. CTaHIApPTHOE OTKIOHEHUE U CpefHee apupMeTu-
YEeCKOE U3MEPSIIOTCS B OIMHAKOBBIX BeTMUMHAX. B cTaTucTHKe €CTh MHOTO MOHSI-
THH KOTOpBIE BBEACHBI MM. Tak e HCIOJB3YIOTCS clenyromue (HopMyIbl,
CBSI3BIBAIOIINE TUCTIEPCHIO U CTAHIAPTHOE OTKIIOHEHHE CO CPEAHUM 3HAYCHUEM.

,_ nE X=X

Y- x)P=x-2xyx+tnx?= o= an—1)
T X0 ame s _ [nEar-a
=y &) "‘J )

Hano 06bsicHnTh yuamumcst, 9to BeipaxkeHus y X2 u(Q X)? UMEIOT pa3HbIA CMBICIT.
3ameuanme: ) x* - CHa4aja x BO3BOJAT B KBaJpaT, a TOTOM CKJIJIBIBAIOT, (D X)? -
CKJIAJIBIBAIOT, @ 3aTE€M BO3BO/IIT B KBaJpar.

217



V.6. (cTp. 268)

Ha kpyroBoii nuarpamMmMe npescTaBiIeHO paclpeieleHue yYeHUKOB, TOIy4daro-
X oopazoanue B ropoje baky mo paitonam B 2016 roxy.

Cabynumnnckuii15% bunaragunckuii 13%

Xazapckuit 10 % Hapumanosckuii 6%

—— Hacumuuckuii 6%

Xaranuackuit 12 % Hwuzamuncknit 8%

IMupamnaxckuii 1%
I'apaparckuit7%
Cabaunckuii 4% Scamansckuii 7%

Cypaxanunckuii 11%

Hcemounuk. Munucmepcemeo Obpazosanusi Azepbaiiodxcanckoil
Pecnyonuxu. I'ooosoti omuem 3a 2016 200.
a) 1. Haiinem cpennee apupMeTH4ecKoe TaHHBIX:

DX _ 7410+ 12+11+4+13+6+6+8+1+7+15_ 100 25
12 2 37

xX=
n

2. Haiinem HanOoIbIITy 0 pa3HOCTH:
15-1=14.

3. Haiinem qucrniepcuro:
O 8707/ i e B
12 B

_£2 _§2 _éz . _éz _éz _éz
FAL=ZP A E P13 -7+ 2 (6- 3P @ -+ (1 -5+

0.2

_ 25y _ 25y
+(7-Bp+(15-5)

£+52+ 112+ 8+ 1324112+ 2 T2+ 124222 + 424 202
= 129 =

16 +25+121 +64+169+ 121 +98 + 1484 +16+400 _ 1515 ~14.03
129 108 TH

4. CraHnaapTHOE OTKJIIOHEHHE PaBHO 0 = Vo2 = 14,03 = 3,75.
b) Haubonbmum otknonennem odnanaet [lupanimaxckuit paiioH.

d) O6mee kommyecTBO oOydarommxcs B baky
59088
15

- 100 = 393 920
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Pa6ouwnii mucr N1
Nmsa damMuust Jlara
[Tpy MOMOIIIN BEIMHUCIICHHH CKKHUTE JJIsl KAKHUX JaHHBIX CTaH/IaPTHOE OTKIIOHCHHUE

SIBIISIETCS OOJBIINM, a I KaKuX MaleHbkuM. O0ocHy#Te cBoe MHeHHE. Kakue
CXOJIHBIC ¥ OTIIMYHUTENILHBIC YEPThl HMEIOT JJAaHHbIC?

D Th o9 [an o |9 am ol
1|58 s 1] 5]
23377 2[333777] 2033337777
3] 25| 3 (5] 3] 5]
4] 1] 4|1 4 |

Kmow: 4 |1=41  Kmoa:4[1=41  Kmou: 4|1 =41

b) L[] L] :

c) (1) ° e ) 3)
o o e o
e o o o o o e o
e o o o o o e o o o o o e o o o o o o o
e o o o o o e e o o o o o o e o o o o o o o
> S >
1 23 45 6 78 1 23 45 6 78 12 3 45 6 7 8
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Ypok 141-142. ®opmbl pacnipeejieHUust JaHHbIX.

HopmanbHoe pacnipenesnenune 2 yaca Y4yed.cTp. 269-273
ConepxarebHblil CTaAHAAPT

5.1.1.Bpruucniser AUCIEPCHIO U CPEAHEKBAIPATUYHOE OTKIIOHEHHE.

5.2.1. IlpumensieT 3aKOH HOPMAJIBHOTO PACIIPEIeIeHNs IPY BEIYUCICHUHN BEpPO-
ATHOCTH COOBITHH.

Hagbiku yuyamerocs:

m CTpouT KpUBYIO HOPMAIILHOTO PACIPECICHHUS 1 MIPEACTABIISET COOTBET-
CTBYIOIIYIO CUTYAIIHIO B COOTBETCTBUH C BEIOOPKOIA ();

m [Ipencrapisier naHHbIe B BUjIE TpaduKka HOPMAIBLHOTO paclpe/elieHHs B CO-
OTBCTCTBHU CO CPCAHUM apI/I(l)MeTI/IT-IeCKI/IM 1 CTaHJAAPTHBIM OTKJIOHCHUCM,

| OHpeZIeJ'DIeT IIpyu MOMOIIH BBIYHCIIEHUH U MMpeACTaBIACT JaHHBIC B COOTBCT-
CTBHH C YCIIOBUEM HOPMAIILHOTO PACIpPE/ICICHUS;

m Permraer 3aja4u Ha BEPOSTHOCTD NP TIOMOIIM KPUBOW HOPMAJIBHOTO pactpe-

JIeJICHUS,
Pacnipenenenve naHHBIX MOYKET UMETh pa3uuHbie Gopmbl. OfHaKO HauboIee

IIUPOKO TSI 000OIIEHHSI CTATHCTUYECKUX TI0Ka3aTeIed UCTIONb3YIOTCS 00b-
€IMHCHHBIC B 3 TPYIIIBI (POPMBL.

1. HopmanipHOE pacmpeseneHne, OHO elle Ha3bIBaeTCsl CAHMMETPHYHBIM pac-
NpeeICHUEM.

2. ®dopma ¢ OTKIOHEHUEM BIIPABO, OHA HAa3bIBACTCSI ITOJIOKUTEIBHBIM pacipe-
JeTICHUEM.

3. ®opma ¢ OTKIIOHEHHEM BIICBO, OHA HAa3bIBACTCS OTPHIIATEIEHBIM pactperie-
JICHUEM.

[Tpu HOpMaTBHOM pacHpeeICHHH CPe/i-
Hee apudmMeTrnyeckoe, MeAMaHa U MOJIa
coBmaaroT. O1Ha MOJIOBHHA JaHHBIX 3€p-
KaJbHOE OTOOpa)keHWe JPyrod Iojo-
> BHHBI. Pacrpenenenne CHMMETPHYHO.

Cp.apudo.
5l Mennana
Mopna
— B dopme oTkiioHeHHs BIIpaBo (TIOI0XKH-
— TETbHOE OTKJIOHEHWE) Moja camasl Mma-
JICHbKas, MeJuaHa OoJbIlle MOJbI, a
cpenHee apudMeTHIECKOe OOJIbIIEC Me-
X
Mona c > JIMaHbI (CAMBIM OOJIBIIIHM).
] Menuad - apupm.

B ¢opme oTkioHeHus BIEBO cpelnHee
apudmMeTnyeckoe MEHbIIE MEAHMAHBI, a
Me/MaHa MeHbIe MOJbI (cpeaHee apud-
METHYECKOE - CAMBIM MAJICHBKHM).

=i

Cp. apudm. Mopna
Menunana

\[4
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ITomumo faHHBIX (HOpM HIMPOKO UCHOIb3YETCs Ou-
HOMHAJILHOE PACIpeIeIeHHe CTATUCTUIECKHUX JTaH-
HbIX. OgHako B yuyeOHUKe JaHHas (opma He
npezacrasieHa. [ oObsicHeHUs BUIOB pactmpesie-
JIEHUS] MOYKHO IIPUBECTU MPUMEPHI PEANIbHBIX KH3-
HEHHBIX CHUTyauuid. Psan cpemHux mokasarenen
COBOKYITHOCTHU NPHUOJIN3UTENIBHO COOTBETCTBYET HOPMAJILHOMY pacIpezese-
HUIO, HAIIPUMEP, POCT KEHIIUH U MYKUHH OIIPEEICHHOTO BO3PAacTa, pe3yilb-
Tathl 1Q TecToB u T. A.IIpUMEPOM OTKJIOHEHHS BIPABO (IIOJOKUTEIBLHOTO
OTKJIOHEHHMS) SIBJISIFOTCS JTAaHHBIE O TOM, CKOJIBKO BPEMEHHU €XKEHEBHO MOJIO-
JI€Kb TPATUT HA TeIe(POHHBIE PA3rOBOPHL, IPUMEPOM OTPULIATEIBHOTO OTKIIO-
HEHHS MOTYT CIY)KUTh JAaHHBIE O TOM, CKOJIbKO BPEMEHHU TPATAT €XKEIHEBHO

Ha TeJ'Ie(bOHHLIC Pas3sroBOpPLI JJIOAW NPCKIIOHHOI'O BO3pacTa.
HpI/I HOpPMaJIbHOM pacCrpeacJICHUU, UCTIOIB3YA SMITUPUICCKOE IPaBUJIO, MOXKHO

ONpeACIUTb UHTEPBAJIBI, TAC PACIIOIOKEH OOJIBIIIE UJIA MEHBIIIE JaHHBbIX.
HopmanbHoe pacnipenesienne

qDopMa HOPMAJIBHOT'O pacCipeaCICHNA Ha3bIBACTC CHMMETPHUYIHBIM paciipe-
ACJICHUEM HIIN pacnpeﬂeneHHe% BO/BI/II[C KO0JIOKO0JIAa (KOJIOKOJIL‘H/IKZI).
- 7%

|

3 CTaHﬂapTHbIX OTKJIOHCHHA
~~— 95 % —
2 CTaHHapTHbIX OTKJIOHCHUSA

%

1 cranpaprHoe oT-

KJIIOHCHHUEC

2,35%!

0.15% ! 10,15%

| 13,5%
¥-3s X-25 X-s X X+s X+25 ¥+3s

BrImonustoTes 3a1anusi, TIe 1Mo 331aHHBIM CPEeIHEMY apU(PMETHIECKOMY U CTaH-
JapTHOMY OTKJIOHEHHIO HaJ0 TOCTPOUTH TpauK HOPMAIBLHOTO pacIipeaeIeHusI.
st nocTrkeHus nellell KaK(blil ydaluuics JOJKEH U3TOTOBUTh KAPTY Kak I10-
Ka3aHO BBIIIE, TIOKA3BIBAIOIYIO KAK CIPYIIIMPOBAHBI JAHHBIE, KOTOPYHO OHH 3aTEM
OyIyT IPUMEHSTH MPHU PEIICHUH 3aJaHUN. Y Yaluiicsi JOIDKEH MPEJCTaBUTh T1I0-
1I1a]b, OXBATHIBAIOIILYIO IPaMKOM KPHBOH, paCKpacuB UX pa3HBIMU [IBETAMH.

Pacnpenenenue Takoro Buja Ha3bIBAETCS MTPABUIIOM SMIIMPUYECKOTO pacipe-

nenenus 68-95-99.
x = 1CO cootBercTByeT uHTEpBaa 68%

x £ 2s CO cootBeTcTBYET MHTEPBAT 95%

x £ 35 CO cootBercTBYeT HHTEPBAT 99%
Pacnipenenenue aHHBIX ONPEAEIACTCS IPH IIOMOIIM TEOPEMBI PaCTIpEACTCHUS

naHHbIX YeOblmieBa. JTa TeopeMa He MPeayCMOTpeHa AJIsl U3yYeHHs, HO MOXKET
OBITH PACCMOTPEHA B 3aBHCHMOCTH OT YPOBHSI KJlacca.
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Teopema Yeodnimena. s TF0OBIX TaHHBIX YaCTh HAXOIAMIASICS OT CPETHETO

apudMeTndecKoro Ha k CTaHAAapPTHBIX OTKJIOHeHM (k >1) paBHa 1 — ——

BriBons! n3 Teopembl YeOnblmena: w
npuk=2,1 — 1—22 i, T.€. TPU YETBEPTH WU 75% HaHHBIX yHaJeHbl OT
CpEIHEro apnq)MzeTquCKoro Ha 2 CTaHJapPTHBIX OTKJIIOHEHMUS;

mpuk=3,1 — ;—2 = g, T.e. 88,9% MaHHBIX yAaleHbl OT CpeAaHero apupme-

THYECKOTO Ha 3 CTaHAAPTHBIX OTKJIOHCHUSA

Hampumep, nmocine posepku 10 SIIIUKOB ¢ IepeTIeIMHBIMY STHIIAMEU, CPETHSISI Mac-
ca KOoToporo paBHa 43 rp, ObUIO YCBIHOBIIEHO, UTO CPENIHSSA Macca siia

43,86 p mipu cTanaapTHOM oTKIoHEHHUH 0, 77. YUamuecs: TOMKHBI OMPENICTUTh
Kakasi 4acTbh rpaduka COOTBETCTBYET N3MEHEHHIO MAacChl M COOTBETCTBEHHO pac-

KpacuTh UX.
1. Ha ropu3oHTaibHOM TIPsIMO# oTMeuaeTcs cpeHee apudmerudeckoe. OT cpe-

Hell TOYKHM CUMMETPHYHO OTMEYAIOTCs 3HAYEHUS BIIPABO (X + S) M BJIEBO (X - S).
AHAJIOTMYHO OTMEYAOTCs 3HaueHus (x +2s), (x +3s)u (x —2s), (x —3s).

41,55 42,32 43,09 43,86 44,63 4540 46,17 macca, rp

0,15% 12,35%} 13,5% 34% | 34% } 13,5%| 2,35%5 0,15%

2. CKOJIBKO MPOLIEHTOB COCTABJISIOT siilia Maccoil MeHble 42,32 rp.

W3 pacpenenenust BUIHO, 9TO OHU cocTaBisaoT 2,35% + 0,15% = 2,5%. Pac-
KpAaIIMBaETCsl COOTBETCTBYIOIIAS YaCTh rpaduKa.
13,5%; 2,35%1 0,15%

0,15% 12,35%1 13,5%} 34% 1| 34%

41,55 42,32 43,09 43,86 44,63 45,40 46,17 Macca, Ip

3.CKOTBKO MPOIIEHTOB COCTABJISIOT STiIIa, Macca KOTOPBIX Ooubie 44,63 Tp?
0,15% 12,35%1 13,5%! 34% E 34% 1 13,5%; 2,35%5 0,15%

41,55 42,32 43,09 43,86 44,63 4540 46,17 vacca, p
13,5% +2,35% + 0,15% =16 %
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4.CKOJIbKO MPOLEHTOB COCTABIISIIOT siiilia ¢ Mmaccou Mexnay 45,40 rp u 43,09 rp?
0,15% 12,35%% 13,5% 34% | 34% { 13,5%; 2,35%50,15%

41,55 42,32 43,09 4386 4463 4540 46.17yacca, rp
13,5% + 34% + 34% =81,5% _
[To HOpManbHOMY pacipeeeHUI0 MOXKHO HATH M HanOONbLIyI0 pa3HoCTh. B

JAHHOM cITy4dae MBI 3HaeM, 4uTo 99,7% naHHBIX PACIIONOKEHBI BHYTPH 3 CTaH-
JAapTHBIX OTKJIIOHEHUH. 3HAYUT, Hanbosee JerkuM OyIeT SIUK Maccon
43,86 — 3-0,77 = 41,55 tp, Haubonee TsokenbM — 43,86 + 3-0,77 = 46,17;

46,17—- 41,55 =4,62 rp.
Eme pa3 noapITOXMBaeTCs, UTO pacrpenese-

HUE JJAHHBIX ITOKA3bIBACT KaK CTaHIAApTHOE OT-
KJIOHEHHE  PAcIOJIOKEHO  OTHOCHUTENIBHO A B
cpenHero apudmernyeckoro. T.e., HOpMaIbHOE =
pacnpejielieHue CTPOUTCS Ha OCHOBE CPEJIHETO 2
apUMETHYECKOTO U CTAHIAPTHOTO OTKJIOHEHHS. &
Cpennemy apudmMeTH4ecKoMy MOTYT COOTBGT-:T . . L

CTBOBATh Pa3JINYHbIE PACTAHYTHIE U CIKATHIE KPH- L ——

Bble. Ha cKobKO KpHBas OyJeT cxKaTa, Ha CTOJIBKO JAHHBIE OYIYT PACIIOI0KEHEI
BONMM3U cpepHero apupmerndeckoro. Yem Goble pacTaHyTa KpHBas, TEM
JaJIbIIE OT CPEIHErO apu(hMETHIECKOTO PACIIONAraIOTCS IaHHBIE.

PekoMeH yeTcs JaHHbIE CYMMATHBHOTO OLIEHUBAHMS YYALIMXCS M300pakaTh
[PH TOMOIH KPHBOA HOPMAIILHOTO pacnpeneneuus. OLeHnBaHuE MOYKHO IPO-
Bectu 110 80-tu OayibHOM win 100 6anpHON cUCTeME.

Jlis Toro, 4toObl OLEHUTH KakK yda-
IKECS TIOHSIM 3aBUCUMOCTH (DOPMBI Ipa-
(dHKa HOPMAJIBHOIO PACIPENEIEHUS OT
3HAYEHHS CTAHIAPTHOIO  OTKJIOHEHHS
MOYKHO BBITIOJHHUTE CIIEAYOIIUE 3a/1aHuS.

0 2:5 50 7
Ha mocke nzo0paxkaeTcst KpuBas KaKoro-HHOYIh HOPMAJIBHOTO pactpeseiie-

HUS1, COOTBETCTBYIONIAS CPEAHEMY apu(METHIECKOMY B CTaHAAPTHOMY OTKJIO-
nenuto. Hanmpuwmep, cpennee apupmernaeckoe 50, crangapTHOE OTKIOHEHHE 4.

Br3BaHHBIN K TOCKE YUAIIUNCS BBITIONHSAT CIICIyIOIIee 3adaHue: n300pa3urte
B HOBOW CHCTEMe KOOPAWHAT KPUBYIO, €CITN CpefHee apuPpMEeTHIECKOe He U3Me-
HWJIOCH, a CTAaHAAPTHOE OTKJIOHEHHe cTajio 18.

Jpyroii yqamuiicss 4epTUT KPUBYIO, TIPH YCIIOBHH, YTO CpeliHee aprudmeTnde-
CKOE CTaJlo paBHO 75, a CTaHJIapTHOE OTKJIOHEHUE HE U3MEHUIIOCH.

[Ipu TOM y4amuecss MOHMMAIOT, YTO B CIlydae HEM3MEHHOTO CTaHIapTHOTO
OTKJIOHCHU:, IPHU U3MEHCHUU CPEIHETO apI/I(i)MeTI/I‘-IeCKOFO, KpuBas JABUXKCTCSA
TOJIBKO BJIEBO WJIK BIIPABO BIOJIb OCH X. Ecanm xe n3smensercs CTaHJAApPTHOEC OT-
KJIOHEHHWE, TO MOJKHO HaOJIOIaTh PACTHKEHHUE WIIH C)KaTHe KPUBOH.
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BrimonHsroTCsI 3a1aHus HA HOpMaJIbHOE pactpeneieHue. [Ipeaycmarpusa-
€TCsl pelICHHUE 33124 HA BEPOSITHOCTh B COOTBETCTBUE C HOPMAJILHBIM PacIipe/ie-
JICHHEM. 371eCh BBITIOIHSIOTCS 3a/1aHusl, IJIe TPEOYeTCsl BEIUMCICHUE BEPOSIT-
HOCTH JUIsI JAHHBIX, B3ATHIX U3 OINPEEICHHON IIJIO0IIa/I, OXBaThIBAIOIICH Ipa-
(KoM KpPUBOW HOPMAJILHOTO pachpesesieHus. TakKe BBIOIHSIOTCS 33 aHHs,
[JIe CTPOUTCSI HOPMAJILHOE PACIIPE/ICIICHUE TIPU BEPOSITHOM PaCIPEICICHUN.
V.2. (ctp. 271.) U3BecTHO, YTO CpeqHUil Gasll Ha HCIIBITATEILHOM SK3aMCHE
COOTBETCTBYOIIMI HOPMAJILHOMY paclpe/ieieHut0, paBeH 72 (0amia), a craH-
JApTHOE OTKIJIOHEeHHUe 6 (0auioB). 1) 3anumninre clieAyOIIe JaHHbIC:

a) yJaJIeHHbIC Ha | CTaHJIapTHOE OTKIIOHEHUE OT CPE/IHETO 3HAYCHHUSI

b) ynaneHHble Ha 2 CTaHIAAPTHBIX OTKIIOHEHUS OT CPEIHETO 3HAUCHUS

C) yAaJieHHbIE Ha 3 CTaHAAPTHBIX OTKIIOHSHHUS OT CPEIHETO 3HAUCHUS

2) N300pa3ute KpUBYIO, COOTBETCTBYIOIIYI0 HOPMAIBLHOMY pacIpeleiIeHUIO.
TTokaxkuTe KaXKJblil MHTEpPBAJ B BUJIE MPOIIEHTA.

Pemenne: X = 72, cTaHapTHOE OTKJIOHEHUE 0 = 6 .
a) JlanHble, ynajneHHbIE Ha | cTaHIapTHOE OTKIOHEHNE OT CPEIHEro apudm.

xX—0;x+t0)=(72-6;72+ 6)=(66; 78)
b) JlanHble, ynaneHHbIC HA 2 CTAHAAPTHBIX OTKIOHEHHUS OT CPEIHETO apudM.
(X —207x + 20) = (60; 84) 2) KpuBas HOpMaJIbHOTO pachpe/e/eHus.

c) Jlaunsle, ynaneHnsie
Ha 3 CTaHJapTHBIX OTKJIO-
HEHUS OT CPETHETO
apudm. (54; 90)

VY.6. (cTp. 273.) Ha pucyHnke, B BHI€E
HOPMAJIBHOTO pacrpeieleHns, TOKa3aHbl
pe3yBTaThl TECTOB Ha KOOPIUHAIIHIO,
npoBeneHHbIX cpean 1800 moapocTKoB,
npu cpeaHeM 3HaueHuu 0,35 cexyHn u
cTaHgapTHOM oTkJIoHeHuH 0,05 cexyHabL.

02 025 03 035 04 045 05

a) [Ipo xakoe KOIMYECTBO MOAPOCTKOB MOYKHO CKa3aTh, YTO MX PEAKIIUS MEXKTY
0,25 n 0,45 cexynmamu? b) KakoBa BeposSTHOCTb, YTO peaKIHs CIy4YailHO BbI-
OpaHHOTO TIOAPOCTKA cocTaBiseT Oonee 0,4 cekyHna?

Pemenne: x =0,35,0=0,5

a) TaHHbIe, ronajaronre Bo BpeMeHHor unrepsai (0,25; 0,45) nomkHbI ObITh
yAaJIeHbl Ha 2 CTaHJJAPTHBIX OTKJIOHEHUS. (X — 20, x + 20)

B npouenTax ato cocraBut (13,5 + 34) - 2 = 95%. [IpubnuzurtensHO Komudec-

TBO IOJPOCTKOB BBIMOJIHSIOIIUX TECT TaK, paBHo 1800 - 00 — 18 - 95=1710.
b) To, uTo peakuus Ha KoopauHAIMIO cocTaisieT 0,4 CeKyHIbI, TOBOPUT, O TOM
YTO 3TO IMMOTAJIAeT B UHTEpBal (x + g, x + 20). A 310 13,5 +2 + 0,5 = 16%.
Torma, BEpOSATHOCTB TOTO, YTO PEAKIIHS CIYYaHO BBIOPAHHOTO TIOAPOCTKA
oompmie 0,4 cexynubl paBHa P (7; 0,4) = :Tfo =0,16
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Ypok 143 -144. /Ilnarpamma “suuk ¢ ycamu”. Yued.ctp. 274-277

Coaep:kaTeJIbHbIN CTAHIAPT
5.1. Cobupaert, cuctemMatusupyet, 00padaThIBaeT U MPEACTABISET CTATHCTUYC-
CKUE JIaHHEIC.
5.1.1.BpluucisieT Iucrnepcuio U CpeIHEKBAIPATUYHOE OTKIOHEHHE.
Hagppbiku yuamerocs:
m Jlenut naHHBIe HA KBApTHIIH,
m [Ipencrapnsier faHHbIE B BUJE AUArPaMMBI “ALIUK C ycamMu .

Menauana neauT JaHHbBIE HA IBE YACTU. JTU PABHbIC YACTH BHOBB ACIATCS HA
JIBE YaCTH 3HAYCHUSIMH, HA3bIBAIOIIUMHUCS KBAPTUISIMH (MEaHa COOTBETCTBYIO-
el 9acTn).

Haunmenbliiee Qi Memana 3 anboblee
3HaueHme ~ IVKHUM Bepxuuit 3HAYCHUE
KBapTl/lJlb KBapTl/lﬂb

I[aHHbIe, PacCIIOIOKEHHBIC CJIEBA OT MCIMAaHbl HA3bIBAIOTCA HUXKHUM KBapTH-
JIeM ¥ 0003Ha4YaroTCs KBapTuiieM Qi, CripaBa OT MEJMaHbl PACIIOI0XKEH BEPXHUH
KBapTHJIb, KOTOPBIN o0o3Hadaerca Qs. Qi m Qs AensAT naHHBIE YacTH Ha JIBE paB-
HbIe yacTU. Pa3sHOCTH HU)KHETO U BEPXHETO KBapTI/IJ'IeI\/'I - JaHHBIC, PACIIOJIOKCHHBIC
B LIeHTpanbHOo! yactu (50%) onpenenseT quana3oH n3MeHeHus. Meauana u KBap-
TUJIU OeJSIT JaHabe Ha 4 gactu (o 25%). PekomenyeTcsi, 9To0b1 yJaruecs Bbl-
TOJHUIN HECKOJIBKO 3aJJaHUi, Ha ONIPe/IeJIeHNE KBapTUIIEH.

Qi Meauana Q;
3 3 3
1% | 13 | zx | 2w | LI &

| 2 ! 4
Tax kak MOCTPOCHHE TUarpaMMBbl “SITUK C ycaMu~ OCHOBAH Ha OTPeIeIICHUH
KBapTHUieH.

k| 13

V.2. [IpeacraBbre JaHHBIE B BUJIE AUATPAMMBbI “SIIUK C yCaMU U OOBSICHUTE
Ha [IpUMeEpe peajibHOM )KU3HEHHOHN CUTyaluu.

206, 173,198, 241, 179, 236, 181, 231, 215, 222, 228

Pemienue: npeacTaBUM JaHHBIC B BUJIE JUAIPAMMBI “‘SIIHUK C ycaMu .
1-p1ii mar. Pacmonoxxum TaHHbIEC B TIOPSIKE BO3pACTaHUs U HalJleM MEHaHy,
a TaKKe BEPXHUI U HUKHUN KBAPTUIIH.

173,179, 181, 198, 206, 215, 222, 228, 231, 236, 241

HM3 ! Menunana Qs Hb3

Hwoxnuii kBapTHIL Bepxuuii kBapTHIb

2-0if mar. PacrosyoxuM JaHHbIE HA YUCIOBOM OCH.
OTtmeTnM Mennany, BEpXHUI 1 HUKHUNA KBapTUIIH.

1 1 1 1 1 1 1 1 L.

170 180 190 200 210 220 230 240
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3-mii mar. Ot 3HaueHus Qi 10 3Ha4YeHus1 Q3 U300paA3UM SIIUK.

v G a3

Ot 3nauenus ot Q1 1o HM3 napucyem neBsiii “yc”, ot Qs no HB3 - mpassiit “yc”.

170 180 190 200 210 220 230 240

Y

Hapsiny ¢ moctpoeHneM auarpaMMsl “SIIUK C ycaMu” HaJ0 0OpaTUTh BHUMaHUE
Ha YMEHHe MpeJICTaBIATh JaHHbIE B BUJIE KJIacTepa.

VYyamuecs: JOIKHBI YMETh MPEICTaBUT JIaHHBIE COOTBETCTBYIOIINE JTaHHBIM 3a-
JIa4¥ ¢ JUarpaMMoi “sIuK ¢ ycaMu’ CJIeIYHOIIUM 00pa3oMm.

[IpaBsiii “yc” smuka cooTBETCTBYET 25% JaHHBIX. 3HaU€HUE HUKHETO KBapPTUIIS
181 cexynn, 1.e. 25% necen menble 181 cexynm, 50% ot 181 no 231 cekyHnpl,
ete 25% Oonbiire 231 cekyH b, HO MeHbIie 24 1. JirHa IeBOro U MpaBoro “yc’-
a 3aBUCHT OT TOT'O HACKOJIKO OJIM3KO WIIM JaJIeKO pacloyioKeHbl JanHble. Ecim
JIAaHHBIC PACIIONIOKEHBI JAIEKO APYT OT Apyra, TO “yC” JUIMHHBIN, €CIU OIU3KO -
“yc” xopotkuil. [To quarpamMme “Ammk ¢ ycamu” OTUETIMBO BHJIHA HAMOOJbINIAs
pasHocTh. Taxke 10 CBEJICHUS yJalluXcs TOBOANUTCS, UTO €CJIM JaHHbIe B 1,5 pa3a
OoJiblIe 3HAYCHUS] pA3HOCTH KBAPTUIICH, TO OHU HA3bIBAIOTCSI BHIOPOCAMHU.

Ypok 145-149 Cayuaiinble coOObITHS U BEPOATHOCTb. @opMyJia BbI-
yucaeHus BeposiTHOCTH. O0o0maroniue 3a1anus. 5 4acos.
Yueb. cTp. 278-285

ConeprxaTenbHbIN CTaHIAPT.

5.2. [loHnMaeT 1 MpUMEeHseT OCHOBHBIE IOHATHS TEOPUU BEPOSTHOCTH.

5.2.1. IlpumensieT 3aKOH HOPMAJILHOTO PacIIpe/IeNeHs IPY BEIYUCIEHUH BEpO-
SITHOCTU COOBITHIA.

Hagbiku yuyamerocs:

* IEMOHCTPHUPYET IIOHUMAaHNE TTOHATUH CITy4alfHOTO COOBITHS, TPOCTPAHCTBA
CITy4aiHBIX COOBITHI M UCTIBITAHUS;

* MPUMEHSET TPABUJIIO CIOKEHHS BEPOATHOCTEH COBMECTHBIX M HECOBMECTHBIX
COOBITHIA ;

* MPUMEHSIET MPABUIIO0 YMHOKEHHSI BEPOSATHOCTEH HE3aBUCUMBIX COOBITHIA;

* IpuUMeHsieT GOPMYITy YCIIOBHOM BEPOSITHOCTH TIPH PEIICHUH 3a/1a4.

J4 K3 KypcCa MaTEMAaTUKN MJIaJHINX KJIACCOB yHallUECsA 3HAKOMbI C OCHOBHBIMH I10-
HATUAMUA TCOPUU BEPOATHOCTHU. Henecoo6pa3Ho IIPOBECTHU Pa3bsICHCHNUEC TaHHBIX
THOHATUN Ha mnmpuMepax COBMECTHO CO BCEM KJIACCOM. ITocne wero MoXxHO JaTb B
Ka4€CTBC AOJITOCPOYHOI'O JOMAIIHETO 3a1aHu.

Joarocpounsblie 3aganus 1Jas1 nopTdosano. 3anumure 0ObICHEHUE U TIPE]I-
CTaBbTC HAa NPUMEPAX OCHOBHBIC ITOHATUA TCOPUHN BEPOATHOCTH.

[Ipu oOcyxaeHnu ocoboe BHUMaHUE HYKHO 0OpaTHTh Ha TO, YTOObI BCIOMHHUTH
U 1aTh NPAaBWIBHOE OOBSCHEHUE CIACIYIOLUIMM IOHSITHSM.
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Cnyqafmoe co0bITHE- U3BECTCH pe3ysbTaT C06LITI/I$I, HO HEM3BECTHO C KaKoi

YaCTOTOM 9TO COOBITHE TMOBTOPACTCHA.
HWcnpiTanue - MOMNBITKA Ipr KOTOPOM MPOUCXOOUT cnyqaﬁﬂoe CO6I:ITI/IC, 9TO

MOXeET OBITh HAOMIOICHUE HITH OTIBIT.
Pesyabrar- pasmep BEJIMYUHBI, KOJTUYECTBO U T 1., TOIYYEHHOU B pe3ynbTare

HCTIBITAHUSI.
DJieMeHTapHoe co0bITHE - TPYIIa UCXOA0B (HapUMep, BBITIAIeHNE 2 0YKOB Ha

3ape) W HEBO3MOKHOCTH MX Pa3eIICHUS Ha NPYTHE COOBITHS.

ITpocTpaHCTBO 3JIEMEHTAPHBIX COOBITHII - MHOXKECTBO BCEX 3JIEMEHTAPHBIX
COOBITHIA.

HecoBmecTHbIe cOOBITHS - HE3aBUCHMBIC CiTydaiiHbie coObITHs. He nmerot
OOIIUX PEe3yabTATOB.

CoBMecTHBIE COOBITHS - COOBITHS, PE3YIBTATHI KOTOPHIX COBITAIAIOT.
3aBucumMbie cOOBITHS - PE3YJIBTAT OTHOTO COOBITHS BITUSIET HA PE3YNIBTAT IPYTOTO
COOBITHS.

Hezagucumeie coObITHS- pE3YJBTaT OXHOTO COOBITHS HE BIMSET HA Pe3yJIbTar
JIPYTOTO COOBITHSI.

JKCIMePUMEHTATBLHAS BePOSITHOCThL- BEPOITHOCTD, ITOTy4eHA JOJITOCPOIHBIM
HaOJIOZICHUEM MM MHOTOYMCIICHHBIM OITBITOM.

Teopernueckasi BepoOATHOCTh- ONMPEAEISAETCS MPU MTOMOIIN BHIYUCIUTEILHON
MOJIeNN.

IIpaBuiio ciaoskeHnst BEPOSITHOCTEN - TPUMEHSETCS IJIs1 IByX HECOBMECT-
HbIX coObITHH A 1 B. P(A unn B) = P(A) + P(B).

[IpaBuiio yMHOKeHNS BePOATHOCTEH - MPUMEHSETCS ISl HAXOXKICHUS BEPO-
SITHOCTH JIBYX He3aBUCHMBIX coObiTuii A 1 B. P(Au B) = P(A) x P(B)

OO0BbsicHEHNE YCIOBHOM BEPOSITHOCTH MOYKHO MTPOBECTH Ha CIEAYIOIUX TPUMe-
pax, onupasich Ha IPUMEPHI U3 YdeOHHUKa.

IMpumep. B memke HaxomsaTcs KapThl ¢ unciaamu oT 1 mo 10. Ecim n3BectHo, UTO
YUCJIO Ha CITy9aitHO BRIOpAaHHOU KapTe O0JbIe 3-X, TO KaKOBa BEPOSITHOCTH TOTO,
YTO TaHHOE YHCIIO SBISETCS YETHBIM.

Bo3moxwnsie coosrtus: U ={1,2,3,4,5,6,7,8,9, 10}

A - pe3ynbTarhl 15l COOBITHS, YTO YUCIIO YETHOE (HJTU TPOCTPAHCTBO AIIEMEHTap-
HBIX COOBITHIN)
A=1{2,4,6,8, 10},
B - pesymbrarst, uro gyucino 6omnbme 3-x: B={4,5,6,7,8,9, 10}
brnaronpusitHoe coObITHE - cOOBITHA A U B coBnmamaror: AN B = {4, 6, 8, 10}

5 10 4
P(A)=—— 7 _ 4 _ vt
(A) 10 P(B):—10 P(ANB)= 0 P(AB)= — 7

10
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? Pemienne HeKOTOPBIX 3aJaHUIT U3 y4eOHNKA:

V.3. (ctp 279) I'pynnsl kpoBU 00603Ha4Yar0TCs cieayromum oopasom: O (I
rpymnmna), A (I rpynma), B (IIl rpynma) u AB (IV rpynmna). [1o nanasiM opra-
HHU3alMU KPacHOro KpecTa B Topojie, Te Npou3onuia apapus, 45% xureneit
nMmeroT rpynmy kposu O, 40% - A, 11% - B, octanbHble - AB.

Haiimure BEposSTHOCTH TOTO, UTO JOOPOBOJIBHBIN JIOHOP KMEET TPYTIITY KPOBH:
a) AB (IV rpymma) ; b) A (I rpynma) nm B (11 rpymma) ; ¢) O (I rpymma).

Pemenne:

1) a) ropozackoe HaceneHue ¢ rpymmoit kpoBu AB cocrasisier

100% — (45% + 40% + 11%) =4%

a) BeposTHOCTB TOTO, YTO TOOPOBOJIBHBIN JOHOP UMEET Ipymny KpoBu AB
4

P (AB)= 100~ 0,04

b) AHanOrHYHBIMH YMO3AKIIOUEHUSIMH TPUXOIUM K TOMY, YTO BEPOSITHOCTh

rpynmnsl A win B Oyner

40 11
P (A B) =P (A) + P (B) =755+ To5 = 051 -

¢) BepositTHOCTB TOTO, YTO 1OOPOBOIBHBIN TOHOP UMEET TpyIiy kpoBu O

— 45
PO)=1-PO)=1- ——== .
paBHa P (O) (O) 100 0,55

V.3. (cTp.283) [1ycTh BEPOSATHOCTH TOTO, YTO KAKOH-TMOO YEIOBEK JTOKHBET
1o 80 net (coowrTre B) paBra P (B) = 0,3, a 1o 90 ner (codbiThe A)
P(A)=P(ANB)=0,2.

a) HaliguTe BEpOSATHOCTB TOTO, YTO YEJOBEK JOKUBIIUN 710 80 JIeT, TOKUBET
u 10 90 ner.

b) Bepostaocts P(B|A) paBHa 1. O60cHYy#iTe BbICKa3bIBAaHUE U OOBSCHUTE HA
puMepe KOHKPETHOHN CUTYyaI1H.

a) B - coObITHE, UTO YemoBeK qoKHUBET A0 80 JIeT, A - COOBITHE, YTO YEIOBEK
noxxuBeT 10 90 net. Torma coObITHE, YTO YEIOBEK, JOKUBIIUI 10 80, H0XKHU-
BeT U 110 90 net, coObiTHe B HacTynuT npu yciaoBuu coObITHS A.

[To popmyrie ycia0BHOI BEpOSTHOCTH ITOTYIHM:

P(ANB) 02 2

PB) 03 3°

P (AB) =
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UT0oOBI MPOBEPUTH SIBISIOTCS JIU COOBITHSI 3aBUCHUMBIMU MOYHO YCTAaHOBUTH
BIIMSICT JIU BEPOSITHOCTh HACTYIUICHUS OJJHOTO U3 HUX Ha BEPOSTHOCTh HACTYILIE-
Hus ipyroro. [TosicHUM 3TO ydanumcst Ha CIIIYIOIIEM pUMepe.

[Tyctb, cobbiTus E u F Takue coodsbrtus, uro, P (E u F)=0,24, P(E) = 0,4 u

P(F) = 0,6. SBnsrorcst mu coobitust E u F HesaBucumbiMu?

Ecnu E u F ne3zaBucumsie coowitusi, To P(E/F) = P(E).

IIposepum.

P(ENF
P(E/F) = W: 0.24 _ 0,40

0,60
P(E/F)=P(E)= 0,04
3uauut, coobiTus E u F He3aBHCHUMEIE.

V.4. 3apa 6pomena 3 paza. [Ipu 3TOM OTYIHITUCH CIIEAYIONINE COOBITHS:
Co0bITHE A : IIpH KaXI0M TPEThEM OpOCKE BbINaJacT 4 o4ka;

Co0biTHe B : xaxp1ii TIepBbIil OPOCOK aeT 6 OYKOB, KaX/IbIil BTOPOH - 5
oukoB. Haiinure BeposiTHOCTh COOBITUSL A TP YCI0BUU COOBITHSA B.

Permenue: 31ech KOIUYECTBO BCEX BOZMOXKHBIX COOBITHI 216.
CoObITHE A
(1,L4) (1,2,4) ... (1,6,4) (2,1,4) (2,2,4) ... (2,6,4)
(3,1,4) 3,2,4) ... (3,6,4) (4,1,4) (4,2,4) ...(4,6,4)
(5,1,4) (5,2,4) ... (5,6,4) (6,1,4) (6,2,4) ...(6,6,4)

CooniTHE B:
B = {(6,5,1), (6,5,2), (6,5.,3), (6,5,4), (6,5,5), (6,5,6)}, P(B) :2_?6
st cobbiTuit A 1 B cymecTByet o01iee coObITHE.
1
ANB={(6,54)}, P(ANB) =316 -
1
Toraa ycioBHast BEPOSITHOCTH TPeOyeMOoro 216 1
COOBITHS PaBHa: P(AIB) = 6 6

216
D.5. (cTp.283). ®upma 1Mo U3rOTOBICHHUIO aBTOMOOMIIBHBIX KOJIEC pacipocTpa-
HUJIa UTHPOPMALIUIO O BO3MOXKHOM Aedekte 2% npoaykuuu. Haiigure Bepo-
ATHOCTb TOTO, YTO U3 4 KyIJICHHBIX BaMH KOJIEC JAHHOH (PHPMBI, KAK MUHUMYM,
0JiHO Oy/ieT UMEeThb JIe(DeKT.

Pemenne: P(xoTst 661 07HO KoJieco ¢ eeKToM) =
=1 — P (Bce xoneca ¢ gedexrom) = 1 — (0,98)* = 0,078
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Pa6ouwnii muct Ne 1
Nwmsa damunans Jara

1) Anarpamma “sSimuk ¢ ycamMu®™ 0TOOpakaeT JaHHbIE O MPO/IaXKe aBTOMO-
ouneii nByx ¢upmM. Ilo nuarpamme Haiinute TpeOyemble TaHHBIE U pa3-
HOCTb OT MPOJaX ABYyX (GUPM.

Qupma A ® *
dupma B

- -
Konunuectso npo-
JTAaHHBIX aBTOMO-

oueit

-+ . -
-

1. HanmeHnbIitee 3HaueHME:

dbupma A ¢dbupma B
2. HuxHuil KBapTUIIb:

¢bupma A ¢upma B
3. Menuana:

bupma A ¢upma B

4. BepxHuii KBapTUIIb.
bupma A ¢upma B

5. HauOosbiiee 3HaueHue:
bupma A ¢dupma B

6. Pa3HOCTh MEXy BEpXHUM U HIXKHEM KBAPTHUJIEM:
bupma A ¢upma B

2) Bpomenst nBe 3apbl. Halinure BEposSTHOCTB, TOTO YTO:
a) XOTs OBl Ha OTHOM BBIMIAJIET OYKO 3;

b) XOTs1 ObI Ha OJTHOM TIOSIBUTCSI YETHOE YHCJIO.
3) B tabnurie npencTaBieHbl pe3yinbTaThl 0 3a0UTHIX rojax 10 urpokos

KOMAaH/IbI.

KOJINYECTBO 4 2 3 1
HUTPOKOB

KOJIMYECTBO 3a- 0 1 b 3
OHUTBIX TOJIOB

[To naHHBIM TaOMUIEI HAWIUTE MEIUAHY, MOAY, CpeaHee apupMeTHIe-
CKO€, HauOOJIBIITYI0 PA3HOCTh U IUCIIEPCHIO.
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Tabauna kpuTepues JAJIs CYMMATHBHOIO OLleHMBAaHMA 10 9 pa3jieiny.

3ameHTKH 00 y4a-

Ne Kpurepun
IHUXCHA
[IperncraBiseT cTaTUCTHYECKHUE TTOKA3ATENH, Pac-
1 [Tpe/eNsst JaHHBIE 110 XapaKTePUCTUKaM: Mepa
) [IEHTpaTBHBIX TCHACHIINN - CpeaHee apudmeTmye-
CKOe, MO/Ia M MeJTiaHa, U HanOOJbIIeH pa3HOCTH.
2 BerunciseT OTKIIOHEHHE, IUCIIEPCUIO U CTaHapT-
' HOE OTKJIOHEHHUE JUISl PA3INYHBIX HAOOPOB JAHHBIX.
CTpouT KpUBYIO HOPMaJIHHOTO pacipeeeH s
3. JUTS BEIOOPKH (COBOKYITHOCTH) M TIPE/ICTaBIISIeT
COOTBETCTBYIOIYIO PEaIbHYIO CUTYAIIHIO.
OnpezenseT Npu MOMOIIY BEIYUCIEHUN U MPeJi-
4. CTaBJsIeT TpeOyeMble COTNIACHO YCJIOBHIO JaHHBIC
[10 HOPMaJILHOMY PACIIPEICIIEHUIO.
5. Ctpout nuarpammy “sIuk ¢ ycamu”
/TeMOHCTpUpYET NOHMMAHUE MMOHATUH CIIy4aliHOTO
6. COOBITHS, IPOCTPAHCTBA AIEMEHTAPHBIX COOBITHI
1 ICTIBITAHMS.
[IprMeHseT paBUiI0 CIIOKEHUS TPU HAXOXKICHHE
7. BEPOSTHOCTH COBMECTHBIX 1 HECOBMECTHBIX COOBI-
TUIA.
2 [IprMeHsaeT npaBrUI0 YMHOXKEHHS I 3aBUCUMBIX
' COOBITHIA.
9. Perraer 3a7a4y Ha YCIIOBHYIO BEPOSTHOCTD.
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Ypok 150. 3aganust Ajast cyMMaTHBHOI'O OlleHUBaHUs 1o pazaey 10.

1) bpowens! aBe 3apbl. Eciu cymMMa BBIABIIMX OYKOB paBHa 6, TO KaKOBa BEpoO-
SITHOCTB TOTO, YTO XOTs ObI OIMH pa3 BbInajeT 4 ouxa?

2) Koneco opTyHsI IOACIIEHO Ha 4 paBHBIC YacTH. B TabmuIe HiKe
MPE/ICTABICHBI PE3yIbTAThI, MTOJyYSHHBIC TIPH BpaleHun koneca 20
pa3. CoBrniajiaet Jiv SKCIIEPUMEHTAIIbHAS BEPOSTHOCTh TOTO, HA KAKOM
IBETEC OCTAHOBUTCS CTPEJIKA, C TEOPETUUIECCKON BEPOSTHOCTHIO?

KoJieco ¢opTynsl
Kpacuprit | 3eneHbrii Cunnii Kentsiit
5 9 3 3

3) 30 y9acTHHKOB CEMUHApa pa3roBapyUBaIOT Ha aHTIINHACKOM sI3bIKe, 20 Ha HEMEIT-
KOM SI3bIKE. 5 U3 HUX BJIAJICIOT KaK aHIVIMHCKUM, TaK U HEMEUKHUM si3bIkoM. Hali-
JTUTE BEPOSITHOCTH TOTO, YTO CIyYaHBIN yIaCTHUK CEMUHAPa TOBOPHUT TOJIBKO Ha
HEMEIIKOM SI3BIKE.

4) 3apa Oporena 3 pasa.

a) Haiinure BeposTHOCTH, YTO B TIEPBBIN pa3 BhIMAET 1, BTOpOi pa3 - 2, a B Tpe-
TUH paz - 3.

b) Haligure BEpOSITHOCTD, YTO BBIMAJICT 4.

5) s Kax10ro citydas 3aluIInTe ABa MpuMepa:

a) AJIIEMEHTAPHOE COOBITHE;

b) ciokHOE COOBITHE;

C) COBMECTHOE CJI0XKHOE COOBITHE;

d) HecoBMeCTHOE CII0XKHOE COOBITHE.

6) Jlust crienyronyX JJaHHBIX 3AHIIUTE CPEIHEE apUPMETUIECKOE, JIUC-
[IEPCUI0 U CTAHJIAPTHOE OTKIIOHCHHE.

11 10 8 4 6 7 11 6 11 7

7) B nmpommom rogy Hawns kynmna 3 DVD nucka nio iene 4,50 manar, 5 DVD
JIMCKOB 110 LieHe 6,25 manar u 3 DVD nwucka no nene 3,80 manar. Halinure
cpeantoro ey DVD nuckoB v cTaHAapTHOE OTKJIIOHEHHE OT LEHBI.

8) OTMeTbTe TOUKH PACIIOIOKECHHBIE OT CPEeHEro apudmMeTHyecKoro Ha: a) 1
CTaHJAapTHOE OTKJIOHEHHE; b) 2 cTaHAAapPTHBIX OTKJIOHEHHH; C) 3 CTaHAaPTHBIX
OTKJIOHEHUH. [[71s1 Ka’KA0ro pacCTOsIHUSI OTMETBTE COOTBETCTBYIOIINN MIPOLIEHT
1 U300pa3uTe KPUBYIO HOPMAJIBHOTO PACIPEICICHUS.
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9) U3BecTHO, 4TO cpenHee apudMETHUSCKOE PaBHO 75, a CTaHIaPTHOE OTKJIOHE-
Hue paBHO 5. CKOJIBKO MPOLIEHTOB COOTBETCTBYET 3HaueHUto Oonee 697

10) Cpennee cpok ciyx6s1 10 000 6arapeek it pydHbIX JaMil paBeH 30 qacam
MIpH CTAaHJAAPTHOM OTKJIIOHEHHMH 3 yaca.
1) Haitnure Bpems ciryx05l, B ipesenax 1,2,3 craHgapTHBIX OTKJIOHEHUH.
2) CKOJIBKO TMIPOIEHTOB 0aTapeek UMEIOT CPOK CITYIKOBI:
a) mexxy 27 u 33 yacamu?
b) 6ostee 21 yaca u menee 24 yacos?
¢) 6onee 30 yacos?

11) Kaxkoii u3 rpaikoB COOTBETCTBYET OOJIBIIIEMY CTAHIAPTHOMY OTKIIOHE-
auro? O6ocHy#TE.

12AYacrora 12AYacrora
10 10
8 8
6 6
4 4
: =
| = o= .
03 456 78 91011 05 6 7 8 9 1011 1213

3HaueHus 3HaueHns

12) Hwxe nipencraBieHsl 0auibl, HAOpaHHBIE YUAIIUMKCS TIPU OICHUBAHHH.
MakcumanbsHO BO3MOXKHBIN 0ast paBeH 80.

68,59, 71, 65,75, 58, 46, 54, 67, 61, 51, 69, 56, 59, 78, 80, 64, 72

a) 3anumuTe 5 Ha3BaHWH, KOTOPbIE HEOOXOAUMBI [T IOCTPOCHHUS AUATPAMMBI
“AmMK ¢ ycamu” .

b) Onpenenute UX 3HAUCHUS AJIS BBILICYKA3aHHBIX JaHHBIX.

c¢) B xakom nnTepBane Haxonsres 25% ydammxcsi, HAOpaHHBIX HAaHOOJBILIUII
Oamn?

d) Haiigute HaubonpIyro pa3sHOCTb.

¢) CKOJIBKO TIPOLIEHTOB yualuxcs Hadbpanu oonee 65 6amuioB? (IpoBephTe)

f) Ecu BeI HabepeTe 70 OaniioB, TO cMOXKeETe JH MoMacTb B 25% HaOpaBIInx
HanOombIIre 6amib?
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Ta6auna niianupoBanus no 10 paseny

Kou-
OCHOBHBIE CTAHIAPTHI Yue0.
Ypok Ne Tema BO
¥ NMO/ICTAHIAPTHI cTp.
4acoB
UppanmonanbHble ypaBHE-
2.3.1. Pemaet cucremy| 151-152 ppal yp 2 [287-288
HUS U HEPaBCHCTBA
TPUTOHOMETPUUYECKUX
YypaBHEHU U CucreMa MnokasaTelbHBIX
2.3.2. Pemaer cu- ypaBHeHuil. Cucrtema Jo-
CTEeMy IOKa3aTeJIbHBIX rapuMUUYECKUX ypaBHE-
Y 153-155 | rapud yp 3 [289-290
1 TorapupMUIECKUX HHH. Cucrema
ypaBHEHUH TPUTOHOMETPHUUYECKUX
YpaBHEHUH.
OOoOmmaronye 3agaHus.
3agaHus IS CyMMAaTHB-
156-172 | >4 st ey 17 [291-311
HOTO OILIEHHBAHMSA 3a 2 II0-
JYToJine
Cymma 22

Ypoxk 151-155 UppaunoHajibHbie ypaBHeHUs! U HepaBeHcTBa. Cucrema
NOKa3aTeJbHbIX ypaBHeHnil. Cucrema jiorapupmMuyeckux ypaBHeHHUI.
5 yacoB. Yue0. cTp. 287-290

Coaep:kaTeJbHBIN CTAHIAPT
2.3.1. Pewiaer cucteMy TPUTOHOMETPUUECKUX YPaBHEHUI
2.3.2. Pemraet cucteMy IMOKa3aTeIbHBIX U JIOTAPU(PMHUUECKIX ypaBHEHUI

HasbIku yuyamerocs:

* pelaeT cucTeMy Moka3arebHbIX YpaBHEHUH

* pemaeTr CUCTeMY JIOTapUPMHUIESCKUX YpaBHEHHUH

* pelaeT cCuCTeMy TPUTOHOMETPUUECKHUX YpaBHEHUH
BrimonssaoTes 3a1aHus Ha pellieHre UppaldoHaIbHBIX YPaBHEHUN U Hepa-
BEHCTB, CHCTEM I10KA3aTeJIbHBIX 1 JOrapu(MUIECKUX YpaBHEHUH. [J1s1 kKaxknoit
CHCTEMbI IPEICTABICHBI MPUMEPHL. Y4Yaluecs: T0JDKHBI YMETh MPOBEPSThH
YIOBJIETBOPSIIOT JIM MHOXKECTBO peleHnii cucreme. Ilpu pemennn Tpurono-
METPHUUYECKUX CUCTEM ypaBHEHHUI 00paTnTe BHUMaHHUE HA IPABUIIbHBIN BEIOOD
nmpoMexyTka. Taxke peKOMEHyeTCsl pellaTh IPOCThie YpaBHEHUH rpaduye-

CKH.
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? PenieHue HeKOTOPBIX 32 IaHUI U3 YUeOHUKA:
| |

¥.3. CKOJIbKO I€MCTBUTENIbHBIX YNCEN YIOBIETBOPSIOT YPABHEHUIO?

)V4—x?—x—4=3

Pemenne: MHOXKECTBO BO3MOKHBIX 3HAYEHHUI MEPEMEHHON HAXOAUTCS

U3 CHCTEMBI HEPABEHCTB
4-x*>0,
—4>0

1-oMy HepaBEHCTBY CUCTEMbI YIOBIETBOPSIOT —2 <x <2, 2 - x > 4. Tak kak
[-2;2] N [4;+00) =, TO ypaBHEHWE HE UMEET AEHCTBUTEIBHBIX KOPHEH.

Y.4 Pemnte HEpaBEeHCTBA.

12) \x2—6x+ 9 <2

Penrenue: 3anumem HCEPABCHCTBO KaK IMOKA3aHO HUIKE.
V(x—3)<2

Ortcrona noimy4yaem HepaBeHCTBO |x — 3| < 2. Ero penienne npuBOIUT K pere-
HUIO JIBOIHOTO HEPaBEHCTBA
P r<x-3<2

Takum 06pazom, HaX0UM
1<x<5.
VY.1. (cTp. 289) Pemnte cucreMy ypaBHEHUH.
3+ 3=10,
x—y=2
Pemenue: u3 2-ro ypaBHeHUs CUCTEMbl HaxoauM y=x — 2. [logctaBum 310
B 1-0€ ypaBHEeHHUE. 3432210

3232+ 1)=10

32=1, x=2
[ToncraBum 370 B 3ameny. [lonyuaem y= 0. Pemiennem TaHHOW CUCTEMBI SIB-
asercs mapa (2;0).
VY.1. (cTp. 290) PCH_II/ITe CHUCTEMY YPaBHEHHI.

) { logzx +2 =0,

Pemenue: nponorapH(I)MpreM 00e 4acTu BTOPOro ypaBHEHHUs 10 OCHOBA-

HEO 2. log,x” = log,32,

y-logx=35
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VY4auThIBas OCHOBHOE JIOTAPU(PMHUYECKOE TOKIAECTBO, JAHHYIO CUCTEMY
MOYKHO MPUBECTH K pABHOMOIIIHOM cucTEME.

{ log,x +y=6,
y - log,x=5
Yucnamu, cyMMa KOTOPBIX paBHa 6, a MPOU3BEACHUE 5, ABISAIOTCS YHCIa
lus 1-b1# cityyait 2-o# ciyvait
{ log,x=5, { log,x=1,
y=1 y=35
x=32,y=1 x=2,y=5

PemienreM maHHOM CHCTEMBI SBISIOTCS clieaytontue mapsl (2; 5) u (32; 1).
Ypok 156-172 O6obmamue 3axanus. 3aJaHus JJI CYMMATUBHOTIO olle-
HMBaHus 3a 2 noayroaue. 17 yacos. Yued. cTp 291 - 311

OO6o0maromye 3a/1aHus 0XBATHIBAIOT COJIEPIKATEIHHBIC CTAHIAPTHI
5-11 xmaccos.

? Penienue HeKOTOPBIX 3aJaHUI U3 yYeOHHKA:
n

VY.13. (cTp. 292)
CpaBHUTE uncha.
1) a=75%p=330 =280 2) m = logs3, n = logs4

Pemenue: 1) 3anucas uncia g = 529 = (52)100= 25100 gye
b = 3300 = (33)100: 27100
c =280

CTaHOBHTCSI SICHO, UTO a < b < c.

2) IlousatHo, uto ecim m > 0, n > 0, TO MOYKHO 3aIUCaTh CJIEIYOIIee:

nﬁ: igiﬁ =logi3 - logs5
[lo Teopeme 0 cpeHEM apUPMETHIECKOM 1 CPEIHEM TEOMETPHHECKOM MpH
a>0,b6>0 a;bz\/E.
Orcrona, yuutbiBast ab < ( ‘Hz' b )2

m
3HauwuT, " <l,tre.m<n
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VY. 90. (cTp. 300)

Pemenme: ecau o1HO U3 TpeEX YHCEN, 0OPA3YIOIIUX T€OMETPUUECKYIO IIPO-
IPECCHIO PaBHO 71, TO IO YCIOBHIO BTOpoe Oynet # + 3. Torga TpeThe 4ucio
mycTh OyzeT paBHo x. Uucna n; n + 3; x 00pa3yroT reoMeTpUUYECKYIO IIpo-
rpeccuto. [To cBoiicTBY reomerpudeckoit (n + 3)*= nx.

(n+3) nmt+oén+9 9

= =nt+6+_—
Orcroma x p p n

[To ycnoButo x 10MKHO OBITH HaTypajbHBIM uKciaoM. Toraa n2 TaKxXe
JIOJDKHO SIBJIATBCS HATyPaJbHBIM YHCIIOM, T.€. YUCIIO 7 SBISETCS IEIUTEIEM
yucna 9. 9t1o 1; 3 u 9. 3HauuT, KOIUYECTBO MPOTPECCUM, YAOBIETBOPSIIOLINX
YCIJIOBHIO, paBHO 3.

V.109.b) Vx+ 2% — 1+ Vx -2V — 1

Pemenne:

Nx+2Ww—T4+Vx=2%—-1 =Vx—1+2% -1+ 1+Vx—1-2% -1+ 1=

VA T+ 12+ Vo — - 1p=Nx—1+ |+ Vx—1-1 =

_{2\/ ~1,x>2
=45

I<x<2

V. 189. (ctp. 311)

Pemenne:

a) sin18° - sin54° = sinl§° - cos36o = —— 818" SInl8” - cos36”
2 cosl8°

_ sin36° - c0s36° _ 25sin36° - cos36° _ _sin72° _ 1

2 cosl8° 4 cos18° 4 sin72° 4
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3a[laHl/lﬂ AJIst CYMMATUBHOI'0 OLICHUBAHUA 34 I'0/1

1) TloctpoiiTe rpaduk GyHKIINN U YCTAHOBHUTE CYIIECTBYET MU HET TIpe-
nen mpu x — 0.

X, x<2
0= 15 Yoo b) g(x) =[xt 1
2) Bwruucaure npeensl. s
a) lim 2x+1 b) lim, X —2¥=8
x——2 x+3 x— -2 x+2

3) Haiigure paccrosaue mexty Toukamu A (0; —1; 4) u B (8; 8; —8).

4) Jlansl Touku A (—1; 2; 0) u B (5; 8; —12). Haiinure xoopAHHATBI TOUKU
M, xotopas penut orpe3ok AB B otHomennn AM : MB = 2 : 1.

5) Ocrarok mpu JeneHnd MHoTowIeHa P(x) = x* — 2x2 + x + m Ha IBywiIeH (x
— 2) paBen 3. Haiinure m.

6) Kopuu ypaBuenust 2x* — x* — 8x + 4 = () ABISFOTCSI PAIIMOHATBHBIMH YHC-
namu. Haligute 3T KOpHHU.
7) Hansl Touku A (2; 0; 1), B (4; 2; 1), M (x; —1; 3). 3Has1, 4T0 BEKTOPHI

> 8
AB uBM NEepIEHIUKYISAPHBI, HaliinTe abcuncchl TOUKu M.

8) Haunbl Touku A (0; 2; —1) u B (3; —1; 0). 3anumuTte ypaBHeHHE TIIOCKO-
CTH, IPOXOJSILIEH uepe3 TOUKy A U NepleHIuKYIIpHOM BekTopy AB.

9) Jana ¢yhxkmus £ (x) =2 *'. [Ipu KakoM 3HAYEHWH XBHITIONHACTCS PABEH-

cTBO f'(x) =f(x) ?

10) dana ¢pynkius f (x) = cos2x + Bx. [Tpu KaKuX 3HAYEHUSIX X CIIPABEINBO
paBeHCTBO f'(x) = 0.

11) Haiinute HaubombIIee U HAUMEHbIIee 3HaYeHHE (DYHKITHH
f(x)=x>—3x + 2 na orpeske [-1; 2].

12) Teno maccoil m =5 Kr ABMXKETCS NPAMOIMHEIHO 110 3aKOHY

s (£)=3F—t (m). BolYuCIuTe KHHETHUYCCKYIO SHEPTHUIO Yepe3 5 MUHYT
MocJjie Havaa JIBUKCHHS.

13) Hnst dyskmum f(x) = 2e*+ % HaliiuTe nepBooOpa3Hyto, rpauk KOTo-

poii mpoxoaut yepe3 Touky B(1; 0).
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14) Beruncnute onpeaeieHHbIH HHTETpal

2 | J—
a) {(4x3 —2x+1Ddx b) ({ Ax* dx
15) Haiiaure miomaib, OrpaHHYCHHYO JIHHUIMHA y =4 —x? 1y = 0.

16) Haiiaure o0beM pUrypsl, HOTYYECHHON BpalleHUEeM (PUTyphI, OTpaHU-
YEHHOW CJICAYIOMIMMH JTUHUSAMHU BOKPYT OCH a0CIIHCC.
y=x+1, y=0, x=0, x=1

17) Pa3BepTkol KOHYca SIBISETCS KPyTOBOW CEKTOP C paJnyCcoM 8 ¢M U
yriom 90°. Haiinure miomaas 0CEBOTO CeUSHUSI.

18) W3 Touku M, HaxopsImencss Ha pacCTOsTHAH 9 cM OT cepbl, TpoBeIeHa
KacarenbHas. Paccrosiare oT Touku M 10 Kaxkaoi Touku cepsl paBHO 15
cM. HaiinuTe rutomans moBepXHOCTH CQepHl.

19) Haiigute o0beM HMIMH/PA, TOJYYSCHHOTO BpAllleHHEeM KBaJipaTa ¢ Aua-
TOHANBI0 32 CM BOKPYT CBOCH CTOPOHBL.

o Scm A
20) Haiigure HOIHYIO MOBEPXHOCTH U 00BEM TeJa, A 3 om
HM300paKEHHOTO Ha PUCYHKE. 4 -

21) Merannnueckyo MoHeTy Opocuiu 10 pa3. Haliaure BeposTHOCTB TOTO,
4TO 6 pa3 MOHETA yIaJeT BBEpX KapTOi.

22) Jlns ciaemyromux TaHHBIX HAWIUTE cpeiHee apudMeTHIeCcKoe, TUcIep-
CHIO U CTaHJAPTHOE OTKJIOHEHHE.
11;8;10; 12;9; 6; 11; 10, 8; 5

23) Tlocrpoiite rpaduk pyukmwn [ (x) = x> — 3x%.

24) Ilnomane ceyeHus IIapa, pacroIOKEHHOTO Ha PACCTOSHUM 9 ¢M OT
1eHTpa pasHa 144n cm?. HaiiinTe mioraas MOBEpXHOCTH IIapa U €ro 00beM.
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Buraxilis malumati

RIYAZIYYAT 11

Umumtohsil moktoblorinin 11-ci sinfi iigiin
Riyaziyyat fonni iizra dorsliyin

Metodik Vasaiti
(Rus dilindo)
Tartibg¢i heyat:
Miiolliflor: Nayma Mustafa qiz1 Qohramanova
Mohommad Agahasan oglu Karimov
Ibdiirrahim Forman oglu Quliyev
Torciimogi: Viktoriya Abdullayeva
Elmi redaktoru: Ibdiirrahim Quliyev
Kompiiter tortibati: Mustafa Qahramanov
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Radius nasriyyati
Baki sohori, Binoqadi sossesi, 53
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